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The reinforced concrete corbel is widely used in assembled concrete 
structures as a convenient cantilever support member. In this paper, 
eight double-corbel specimens with the same design load capacity 
were obtained according to the strut-and-tie method (STM) in 
ACI 318-19. Corbels with different dimensional parameters were 
produced by varying the concrete compressive strength or shear 
span separately. The differences in actual bearing capacity and 
mechanical performance among the corbels were then compared to 
assess the accuracy and safety of the STM under the two variables. 
In addition, as the horizontal stirrups are not taken into consider-
ation in the nominal design capacity of the STM, three non-stirrup 
corbel specimens were designed to investigate the effect of stir-
rups on the load-bearing capacity under different shear span-
depth ratios. The results show that changing the concrete strength 
or shear span significantly affects the actual bearing capacity of 
the corbels, despite the design load capacity remaining constant. 
Increased compressive strength of the concrete or decreased shear 
span at the design stage results in a higher level of safety for 
the STM. The larger the shear span-depth ratio, the greater the 
strengthening effect of the stirrups on the corbels’ bearing capacity.

Keywords: concrete compressive strength; horizontal stirrups; reinforced 
concrete corbel; shear span-depth ratio; strut-and-tie method (STM).

INTRODUCTION
Reinforced concrete corbels are widely used in assembled 

concrete structures for supporting crane beams and joists. 
As a typical D-zone member, the stress and strain distri-
bution inside the corbels is quite complex.1-3 The strain 
compatibility equation cannot be directly applied to load-
bearing calculations as shear-type failure usually occurs 
in corbels.4-7 The strut-and-tie method (STM) is employed 
to design the corbels and evaluate the bearing capacity. 
The STM can be traced back to 1899 or earlier.8 Schlaich 
et al.5 refined and improved the STM by applying it to the 
design of deep beams, corbels, and other D-zone members. 
The STM was later adopted by ACI Committee 318. The 
STM treats the corbel as an ideal truss, with the longitudinal 
steel bars acting as a tension tie and the inclined concrete 
acting as a compression strut. The tie and strut then transmit 
the force flow through the nodal connections, as shown in 
Fig. 1. The corbel is composed of three components: the tie, 
strut, and node. Based on the bearing strength of the indi-
vidual components and then on the conditions for the force 
balance, the load-bearing capacity of a given corbel can be 
inversely calculated.

ACI 318-199 specifies that all components defined in 
the STM should be checked for strength. The corbel spec-
imen reaches its ultimate load-bearing capacity when any 

components in the ties, struts, and nodes reach their ultimate 
strength. The capacity of the tension tie is calculated by

	 Ftie = fyAs	 (1)

where fy is the yield strength of the longitudinal bars; and As 
is the area of the longitudinal bars.

The angle (θ) between the tie and strut is calculated by

	​ θ  =  arctan​ ​h​ 0​​ − a/2 _ ​a​ v​​ + ​B​ t​​/2
 ​​	 (2)

where h0 is the effective depth of the corbel section, which 
can be determined using Eq. (3), as specified in ACI 318-19 
for normalweight concrete corbels; av is the shear span; Bt 
is the bearing width; and a is the equivalent height of the 
compression zone,10 calculated by Eq. (4). ACI 318-19 spec-
ifies that θ is not less than 25 degrees.
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where Vu is the design shear load; ϕ is the strength reduc-
tion factor, taken as 0.75 (Reference 9); fc′ is the concrete 
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Fig. 1—Strut-and-tie method.
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cylindrical compressive strength, which can be calculated 
by converting the concrete cubic compressive strength 
according to the fib Model Code11; and b is the thickness of 
the corbel.

	​ a  =  ​ 
​f​ y​​​A​ s​​ _________ 0.85​fc ′ ​b

 ​​	 (4)

The nominal capacity of the concrete compression strut is 
calculated by

	 Fstr = 0.85βcβsfc′wsb	 (5)

where βc is the improvement coefficient of strength caused 
by local compression, taken as 1.0 in this test12; βs is the 
effective strength coefficient for the concrete strut and is 
taken as 0.75 when the reinforcement rate of the stirrups 
passing through the strut satisfies Eq. (6)—otherwise, it is 
taken as 0.4 (Reference 9); and ws is the width of the strut, 
calculated by Eq. (10).

	​ ​ρ​ st​​  ≥  ​ 0.0025 _ ​sin​​ 2​θ  ​​	 (6)

The nominal compressive capacity of the nodal zone is 
calculated by

	 Fno = 0.85βcβnfc′Ano	 (7)

where βn is the effective strength coefficient for the nodal 
zone, assigned a value of 1.0 for CCC nodes (nodes without 
ties, exemplified by Node B in Fig. 1) and 0.8 for CCT nodes 
(nodes with a single tie, as shown by Node A in Fig. 1); and 
Ano is the area of the bearing surfaces in the nodal zone. 
Nodes A and B both contain three bearing surfaces, and the 
area of each surface is calculated by

	​​ Ano,A = 
( cos sin )

ba t

be t

inc t t

A w b
A B b
A w B b

  
   =   
   θ+ θ  

	 (8)

	​​	  (9)

where Aba and Bba are the areas of the surfaces perpendicular 
to the direction of the horizontal tie; Abe and Bbe are the areas 
of the surfaces perpendicular to the direction of the vertical 
load; Ainc and Binc are the areas of the surfaces perpendicular 
to the axis of the concrete strut; wt is taken as two times the 
distance from the edge of the specimen to the center of the 
cross section of the longitudinal bars9; and bz is the width of 
the column.

The width of the compression strut is taken from the 
minimum width of the contact surfaces between Node A and 
the strut or Node B and the strut, expressed by

	 ws = min{(wtcosθ + Btsinθ), (acosθ + bzsinθ/2)}	 (10)

The bearing capacity of the individual components can 
be calculated according to Eq. (1) to (10). Then, the corre-
sponding vertical loads can be inversely calculated based 
on the force balance conditions, and the minimum value is 
taken as the calculated load capacity of the corbel.

Scholars13-16 have explored the effects of various factors on 
the load-bearing capacity of corbels. Kriz and Raths13 inves-
tigated the relationship between corbels’ bearing capacity 
and factors such as the shear span-depth ratio, reinforcement 
ratio of longitudinal bars, concrete strength, and so on. The 
test results showed that the load-bearing capacity increased 
with an increase in the longitudinal reinforcement ratio and 
concrete compressive strength but decreased with an increase 
in the shear span-depth ratio. Al-Shaarbaf et al.14 explored 
the effects of factors such as the shear span-depth ratio, 
reinforcement ratio of horizontal stirrups, concrete strength, 
and concrete type on the load-bearing capacity of corbels. 
The test results indicated that increasing the area of hori-
zontal stirrups enhanced the load-bearing capacity. Abdul-
Razzaq et al.15 analyzed experimental data to summarize 
the impact of various parameters on corbels’ load-bearing 
capacity. They concluded that horizontal stirrups enhanced 
the corbels’ ductility and were more effective in enhancing 
the corbels’ bearing capacity than the vertical stirrups when 
the shear span-depth ratio was no more than one.15 Hamoodi 
et al.16 studied the effects of factors such as the compres-
sive strength of the concrete containing recycled aggregate, 
the shear span-depth ratio, and the replacement ratio of the 
recycled aggregate on the corbels’ bearing capacity. The test 
results showed that increasing the compressive strength of the 
concrete and decreasing the shear span-depth ratio improved 
the corbels’ bearing capacity, while the variation in the 
replacement rate of the recycled aggregates had little effect. 
Additionally, various design methods for corbels have been 
studied and compared.10,17,19,20 For instance, Khosravikia 
et al.10 investigated the STM in AASHTO LRFD,18 while 
Wilson et al.17 and Abdul-Razzaq and Dawood19 compared 
the accuracy of the shear-friction method (also referred to as 
the empirical method) and the STM method in ACI 318-14. 
Furthermore, Abdul-Razzaq and Dawood20 proposed a new 
method that involves only placing steel bars in the struts and 
ties and removing the concrete through which they do not 
pass. The proposed corbels20 were slightly lower in load-
bearing capacity than conventional corbels designed by the 
STM but were also 13 to 52% lighter in weight.

To sum up, scholars have mainly studied the influence 
of various factors on the load-bearing capacity of corbels. 
Some researchers have also explored the accuracy of the 
STM or other methods by comparing corbels’ calculated and 
tested bearing capacity. However, to the authors’ knowledge, 
there is still a lack of research into the accuracy of the STM 
under the variations of a given factor, such as the concrete 
compressive strength and the shear span, specifically in the 
case of maintaining the same design load capacity. When the 
design load capacity is the same in engineering design, it is 
unknown whether the actual bearing capacity and mechan-
ical properties of corbels designed by the STM are still the 
same if choosing different concrete strengths or shear spans. 
Research on this aspect is still lacking. Previous studies 

, / 2
( cos sin / 2)

ba

no B be z

zinc

B ab
A B b b

a b bB

  
   = =   
   θ+ θ  
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have shown that both concrete strength and shear span have 
a noticeable effect on the corbels’ bearing capacity.13-16 
It is, therefore, necessary to investigate the effect of the 
two design parameters on the actual bearing capacity and 
mechanical performance of corbels with the same design 
load capacity. In addition, the nominal design capacity of 
the STM in ACI 318-19 does not take horizontal stirrups into 
consideration. However, the setting of horizontal stirrups not 
only strengthens the bearing capacity but may also change 
the failure pattern of the corbels with large shear span-depth 
ratios.13-15,21 It is thus necessary to investigate the strength-
ening effect of horizontal stirrups on the bearing capacity of 
corbels for different shear span-depth ratios with the design 
of the STM.

This paper used the STM in ACI 318-19 to design eight 
double-corbel specimens with the same design load capacity. 
The concrete compressive strength or shear span was taken 
as the independent variable, and then different design param-
eters were produced for the corbels. Three non-stirrup corbel 
specimens with the corresponding shear span-depth ratios 
were included to help investigate the strengthening effect of 
horizontal stirrups. The accuracy of the STM was verified 
under parameter variations.

RESEARCH SIGNIFICANCE
The main objective of this paper is to assess the accuracy 

and safety of the STM in ACI 318-19 in designing corbels 
with the same design load capacity for varying concrete 
compressive strengths and shear span-depth ratios. The 
results can provide a reference for designers. In addition, 
this paper also investigates the strengthening effect of hori-
zontal stirrups on the load-bearing capacity under different 
shear span-depth ratios, as the horizontal stirrups are not 
considered in the nominal design capacity of the STM.

EXPERIMENTAL INVESTIGATION
Design of corbel specimens

A total of eight double-corbel specimens were designed 
for this test. Regarding the common bearing magnitude of 

corbels and crane beams in engineering, the design load 
capacity for the specimens was 750 kN (168.61 kip).22,23 
Design parameters such as concrete strength, shear span, and 
reinforcement details are listed in Table 1. The design gradi-
ents for concrete cubic compressive strength were set at 30, 
45, and 60 MPa (4.35, 6.53, and 8.70 ksi). Subsequently, the 
effective depths of 350, 300, and 275 mm (13.78, 11.81, and 
10.83 in.) were selected by Eq. (3), corresponding to shear 
span-depth ratios of 0.57, 0.67, and 0.73, respectively. All 
three had a common shear span of 200 mm (7.87 in.) and a 
design bearing capacity of 750 kN (168.61 kip). The design 
gradients for the shear span were 100, 200, and 300 mm (3.94, 
7.87, and 11.81 in.). The effective depths selected were 300, 
300, and 375 mm (11.81, 11.81, and 14.76 in.), respectively, 
corresponding to the shear span-depth ratios of 0.33, 0.67, 
and 0.80. It is worth noting that the effective depth of the 
corbel with a shear span of 300 mm (11.81 in.) was selected 
as 375 mm (14.76 in.) rather than 300 mm (11.81 in.). The 
reasons are as follows: 1) if the effective depth were 300 mm 
(11.81 in.), the angle between the compression strut and the 
stirrups only in the horizontal direction would be 35 degrees, 
which is contrary to the rules specified in ACI 318-19, which 
requires the angle not to be less than 40 degrees; and 2) if the 
effective depth were 300 mm (11.81 in.), the clear spacing 
between the horizontal stirrups would be less than 40 mm 
(1.57 in.), making it difficult to place an internal concrete 
vibrator and potentially damaging the strain gauges on the 
reinforcements. Three non-stirrup corbel specimens were 
designed as the comparison specimens with the aforemen-
tioned shear span-depth ratios. The design parameters of the 
non-stirrup specimens were identical to the hooped speci-
mens under the same shear span-depth ratio, except for the 
horizontal stirrups. The thickness of all corbels was 300 mm 
(11.81 in.). The reinforcement details are shown in Fig. 2. 
The longitudinal bars were welded to the transverse rein-
forcing bar to ensure sufficient anchoring resistance at the 
ends.9 Strain gauges were applied to the longitudinal bars 
and stirrups at the vertical intersection between the corbels 
and the center column. The specimen names consist of two 

Table 1—Design parameters of corbel specimens

ID
fcu,de, 

MPa (ksi) av, mm (in.) h, mm (in.) h0, mm (in.)
Longitudinal bars, 

mm (in.) Stirrups, mm (in.) ρl, % ρs, %

CY24-S0.57 30 (4.35) 200 (7.87) 375 (14.76) 350 (13.78) 4D16 (4D0.63) 2D10@100
(2D0.39@3.94) 0.766 0.449

CY54-S0.67 45 (6.53) 200 (7.87) 325 (12.80) 300 (11.81) 3D20 (3D0.79) 2D10@80
(2D0.39@3.15) 1.047 0.523

CY44-S0.73 60 (8.70) 200 (7.87) 300 (11.81) 275 (10.83) 4D18 (4D0.71) 2D10@70
(2D0.39@2.76) 1.233 0.571

CY54-S0.33 45 (6.53) 100 (3.94) 325 (12.80) 300 (11.81) 4D14 (4D0.55) 2D10@80
(2D0.39@3.15) 0.684 0.523

CY54-S0.80 45 (6.53) 300 (11.81) 400 (15.75) 375 (14.76) 4D18 (4D0.71) 2D10@80
(2D0.39@3.15) 0.904 0.558

CY54-S0.33* 45 (6.53) 100 (3.94) 325 (12.80) 300 (11.81) 4D14 (4D0.55) 0 (0) 0.684 0

CY54-S0.67* 45 (6.53) 200 (7.87) 325 (12.80) 300 (11.81) 3D20 (3D0.79) 0 (0) 1.047 0

CY54-S0.80* 45 (6.53) 300 (11.81) 400 (15.75) 375 (14.76) 4D18 (4D0.71) 0 (0) 0.904 0

Note: fcu,de is design cubic compressive strength of concrete; av is shear span; h and h0 are overall depth and effective depth of corbels’ section, respectively; ρl and ρs are reinforce-
ment ratio of longitudinal bars and horizontal stirrups, respectively.
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parts: the first represents the tested cylindrical compressive 
strength of the concrete, and the second represents the shear 
span-depth ratio. The names of the non-stirrup specimens 
were labeled with an asterisk.

Material properties
The concrete composition and properties are listed in 

Table 2. Three ø150 x 300 mm (ø5.91 x 11.81 in., where 
ø represents the diameter of the cross section) cylindrical 
test blocks and three 150 mm (5.91 in.) cubic test blocks 
were reserved. The compressive strength of the blocks on 
the loading day was tested according to ASTM C39/C39M-
17.24 Both longitudinal bars and stirrups are HRB400 

reinforcement, where HRB stands for hot-rolled ribbed bars, 
and 400 is the nominal yield strength in MPa. The properties 
of the steel bars were tested according to ASTM A370-1725 
and are listed in Table 3.

Note that the actual design load capacity (Fde,A) may differ 
from the initial design load capacity (Fde,P) due to various 
factors, such as the casting and curing environment in the 
laboratory. Therefore, the specimens have been designated 
based on their tested cylindrical compressive strength and 
shear span-depth ratio. In addition, small deviations exist 
between the measured and the design values of the rein-
forcing bar yield strength. However, the Fde,A does not 
deviate significantly among specimens under the same 

Fig. 2—Layout of reinforcements and position of strain gauges. (Note: All dimensions in mm; 1 mm = 0.039 in.)

Table 2—Mixture proportions

Concrete 
strength grade

Water, 
kg/m3 (lb/yd3)

Cement, 
kg/m3 (lb/yd3)

Gravel, 
kg/m3 (lb/yd3)

Sand, 
kg/m3 (lb/yd3)

Fly ash, 
kg/m3 (lb/yd3) fcu, MPa (ksi) fc′, MPa (ksi)

C30 185 (312) 345 (582) 1195 (2015) 670 (1130) 0 (0) 38.6 (5.60) 23.8 (3.45)

C45 150 (253) 500 (843) 1188 (2003) 612 (1032) 0 (0) 65.3 (9.47) 54.2 (7.86)

C60 164 (277) 459 (774) 1086 (1831) 649 (1094) 114 (192) 59.7 (8.66) 44.2 (6.41)

Note: fcu is actual cubic compressive strength of concrete blocks with dimensions of 150 x 150 x 150 mm (5.91 x 5.91 x 5.91 in.); fc′ is actual cylindrical compressive strength of 
blocks with ø150 x 300 mm (ø5.91 x 11.81 in.).
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variable, as shown in Table 4. To improve the reliability of 
the test results, Fde,A is used for the subsequent calculations, 
such as for the safety factors.

Test setup
The loading devices are shown in Fig. 3. A 5000 kN 

(1124 kip) hydraulic jack was used to apply vertical load. 
A spherical hinge support was placed at the top. Two linear 
variable differential transformers (LVDTs) were set at the 
base of the center column to monitor the vertical displace-
ment. A data acquisition instrument was used to simulta-
neously acquire load, vertical displacement, and strain on 
reinforcements.

A preload of 30 kN (6.74 kip) was initially applied to elim-
inate any gaps between the devices and sand bedding. The 
vertical load was then applied in steps of 50 kN (11.24 kip), 
with a 3-minute interval required between each load step. 
Crack patterns were documented at each load step, and 
the crack width was measured using a crack observer with 
0.02 mm (7.87 × 10–4 in.) accuracy. Crack width measure-
ments were mainly taken near the intersections of the corbel 
and the column (for flexural cracks) and on the surface of the 
compression strut (for diagonal cracks).

EXPERIMENTAL RESULTS AND ANALYSIS
Failure mode and process

Two types of failure modes were distinguished, one for 
tension tie and compression strut (TT&CS) failure9 and the 
other for diagonal splitting (DS) failure.13 TT&CS was char-
acterized by a slow rise in the load-bearing capacity after 
the longitudinal bars yielded until the inclined concrete was 
suddenly crushed. This failure type began after the longitu-
dinal bars had yielded, which coincided with the failure mode 
defined by the STM for the yielding of the tie. DS failure 
was characterized by the sudden splitting of the concrete 
along the line from the support to the corbel root without 
yielding of the longitudinal bars. DS failure was triggered 
by the splitting and tension damage to the concrete instead 
of crushing. TT&CS failure occurred in all specimens except 
CY54-S0.80*, which had the largest shear span-depth ratio 
and no horizontal stirrup. The two typical failure patterns are 
shown in Fig. 4. The surfaces of the specimens with TT&CS 
failure were covered with small cracks and a main crushing 

crack; the surfaces of the specimen with DS failure had 
only a few small cracks and two major splitting cracks. The 
actual failure mode, predicted failure mode, first cracking 
load, load corresponding to the start of yielding and the 
complete yielding of the longitudinal bars, and ultimate load 
are listed in Table 5. Only the actual failure pattern of CY54-
S0.80* differed from the prediction by the STM, which was 
mainly due to the premature damage caused by the lack of 
horizontal stirrups. CY54-S0.80 and CY54-S0.80* are taken 
as examples to illustrate the damage process under the two 
failure types.

For Specimen CY54-S0.80, the first flexural crack 
appeared at a load of 199 kN (44.74 kip) (0.15Vt, where Vt 
is the ultimate load) at the interface between the right corbel 
and the column and slowly propagated upwards. As the load 
increased to 399 kN (89.70 kip) (0.30Vt), the first diagonal 
crack appeared in the right corbel in a direction roughly 
parallel to the line from the inner side of the support to the 

Table 3—Steel bar properties

Diameter, 
mm (in.)

As, mm2 
(in.2)

fy, MPa 
(ksi)

fu, MPa 
(ksi)

Es, GPa 
(ksi) εy, 10–6

10 (0.39) 78.5 
(0.12)

471 
(68.31)

611 
(88.62)

206 
(29,878) 2286

14 (0.55) 153.9 
(0.24)

452 
(65.56)

610 
(88.47)

206 
(29,878) 2194

16 (0.63) 201.1 
(0.31)

425 
(61.64)

583 
(84.56)

206 
(29,878) 2063

18 (0.71) 254.5 
(0.39)

492 
(71.36)

612 
(88.76)

206 
(29,878) 2388

20 (0.79) 314.2 
(0.49)

423 
(61.35)

613 
(88.91)

206 
(29,878) 2053

Note: As is cross-sectional area of steel bars; fy and fu are yield strength and tensile 
strength, respectively; Es is elastic modulus; εy is yield strain.

Table 4—Comparison between actual and initial 
design load

ID Fde,P, kN (kip) Fde,A, kN (kip) Fde,A/Fde,P

CY24-S0.57 375 (84.30) 404 (90.82) 1.08

CY54-S0.67 375 (84.30) 416 (93.52) 1.11

CY44-S0.73 375 (84.30) 414 (93.07) 1.10

CY54-S0.33 375 (84.30) 467 (104.99) 1.25

CY54-S0.80 375 (84.30) 475 (106.78) 1.27

CY54-S0.33* 375 (84.30) 467 (104.99) 1.25

CY54-S0.67* 375 (84.30) 415 (93.30) 1.11

CY54-S0.80* 375 (84.30) 475 (106.78) 1.27

Note: Fde,P and Fde,A are initial design load capacity and actual design load capacity, 
respectively.

Fig. 3—Test setup.
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corbel root. The width of the first diagonal crack was wider 
than that of the first flexural crack in subsequent loading 
steps. This is because the shear load tends to be transferred 
directly from the load point to the column point through 
the compression strut,20 resulting in wider diagonal cracks 
on the strut with increased load. When the load increased 
to 625 kN (140.51 kip) (0.47Vt), a similar diagonal crack 
appeared in the left corbel. New parallel diagonal cracks then 
continued to appear. When the load increased to 1202 kN 
(270.22 kip) (0.91Vt), the longitudinal bars began to yield, 
and the diagonal cracks continued to develop and widen. 
When the load increased to 1324 kN (297.65 kip) (0.99Vt), 
all the longitudinal bars yielded. Soon after, a large diagonal 
crack suddenly appeared in the right corbel, accompanied by 
crushing and spalling of the concrete.

For Specimen CY54-S0.80*, two flexural cracks appeared 
simultaneously at a load of 251 kN (56.43 kip) (0.28Vt) at 
the corbel-column interface on the left and right sides. As 
the load increased to 446 kN (100.26 kip) (0.50Vt), two diag-
onal cracks first appeared simultaneously on the right and 
left corbels. When the load increased to 890 kN (200.08 kip) 
(1.00Vt), two diagonal cracks in the left corbel passed 
through the front and rear almost simultaneously, and the 
specimen lost the bearing capacity immediately. No yielding 
of the longitudinal bars occurred before the damage, and 
a little spalling of the concrete was observed. Due to the 
absence of horizontal stirrups, the load-bearing capacity of 
Specimen CY54-S0.80* was approximately 67% of that of 
CY54-S0.80.

Fig. 4—Typical failure modes and crack distributions: (a) CY54-S0.80 (tension tie and compression strut failure); and (b) CY54-
S0.80* (diagonal splitting failure). (Note: 1 kN = 0.225 kip.)

Table 5—Test results of corbels

ID Vcr, kN (kip) Vy,st, kN (kip) Vy,al, kN (kip) Vt, kN (kip) ω0, mm (in.)
Predicted 

failure modes
Actual 

failure modes

CY24-S0.57 99 (22.3) 446 (100.3) 475 (106.8) 492 (110.6) 0.20 (0.0079) TT TT&CS

CY54-S0.67 100 (22.5) 504 (113.3) 645 (145.0) 730 (164.1) 0.18 (0.0071) TT TT&CS

CY44-S0.73 126 (28.3) 575 (129.3) 754 (169.5) 754 (169.5) 0.13 (0.0051) TT TT&CS

CY54-S0.33 126 (28.3) 534 (120.0) 670 (150.6) 824 (185.2) 0.09 (0.0035) TT TT&CS

CY54-S0.80 100 (22.5) 601 (135.1) 662 (148.8) 662 (148.8) 0.23 (0.0091) TT TT&CS

CY54-S0.33* 149 (33.5) 470 (105.7) 611 (137.4) 658 (147.9) 0.12 (0.0047) TT TT&CS

CY54-S0.67* 123 (27.7) 448 (100.7) 550 (123.6) 611 (137.4) 0.19 (0.0075) TT TT&CS

CY54-S0.80* 125 (28.1) —† —† 445 (100.0) 0.41 (0.0161) TT DS

†Longitudinal bars did not yield when Specimen CY54-S0.80* was damaged.

Note: Vcr is first cracking load; Vy,st and Vy,al are load corresponding to start of yielding and complete yielding of longitudinal bars, respectively; Vt is ultimate load; ω0 is crack width 
under serviceability limit state; TT is tension tie failure mode defined by STM; TT&CS is tension tie and compression strut failure mode; DS is diagonal splitting failure mode.
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Load-displacement curves
The load-displacement curves are shown in Fig. 5. When 

the load increased to 20% of the peak, the corbel was 
cracked, and the slope of the curves began to decrease. 
When the load increased to approximately 70% of the peak, 
the longitudinal bars began to yield (except CY54-S0.80*), 
and the slope of the curve decreased at a faster pace. When 
the load was over 90% of the peak, all the longitudinal bars 
yielded, and the slope of the curves decreased even further. 
Due to the brittle character of the failure, the curves abruptly 
dropped off after reaching the peak.

According to the STM, if the compressive strength of the 
concrete is improved while keeping the design load capacity 
constant, the effective depth of the corbel section needs to be 
decreased, and the area of the longitudinal bars needs to be 
increased. As the shear span remains constant, improving the 
design value of concrete strength will cause an increase in 
the shear span-depth ratio for the corbels. Figure 5(a) shows 
that improving the compressive strength of the concrete has 
little effect on the stiffness of the specimens but significantly 
enhances the load-bearing capacity. The combined effect of 
increased compressive strength and increased area of longi-
tudinal bars on the improvement in load-bearing capacity 
is greater than the reduction effect caused by the decreased 
section depth.

According to the STM, if the shear span is increased while 
keeping the design load capacity constant, the area of the 
longitudinal bars needs to be increased. Figure 5(b) shows 
that the vertical displacements of the specimens with larger 
shear span-depth ratios are more significant under the same 
load. The reason is that an increase in the shear span will 
aggravate the midspan deflection of the specimens.

In addition, Fig. 5(b) shows that the stiffness and load-
bearing capacity of the hooped specimens are greater than 
those of the non-stirrup specimens. The discrepancy is 
particularly significant between CY54-S0.80 and CY54-
S0.80*, which have the largest shear span-depth ratio. This 
phenomenon shows that the setting of horizontal stirrups can 
improve the stiffness of corbels, especially with a large shear 
span-depth ratio.

Crack width
Figure 6(a) shows that the cracks were thinner overall 

for the specimens with higher compressive strength at the 
same load. During the test, the widest cracks appeared on the 
surfaces of the compression strut. Improving the compres-
sive strength of the concrete strengthens the compression 
strut.

Figure 6(b) shows that the specimens with larger shear 
spans have wider cracks at the same load. The crack width of 
the specimens equipped with horizontal stirrups was smaller 

Fig. 5—Load-displacement curves and characteristic points under variables: (a) concrete strength; and (b) shear span-depth 
ratio.

Fig. 6—Load-crack width curves under two variables: (a) concrete strength; and (b) shear span-depth ratio.
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than that of the non-stirrup specimens. The crack widths at 
the serviceability limit state are listed in Table 5. The load 
at the serviceability limit state was calculated by dividing 
the actual designed load by 1.4.17,23 The larger the shear 
span-depth ratio, the more effectively the horizontal stirrups 
controlled the crack width. For example, the crack width of 
CY54-S0.80 under the serviceability limit state was approx-
imately half that of CY54-S0.80*.

Strain on reinforcement
All the longitudinal bars in the corbel specimens except 

CY54-S0.80* yielded before failure. The typical strain 
trends of longitudinal bars and stirrups are shown in Fig. 7, 
and CY54-S0.80 and CY54-S0.80* are selected to show the 
difference. For CY54-S0.80, before cracking, the strain on 
longitudinal bars and stirrups developed slowly; the stress 
in stirrups-4 (the fourth layer of the horizontal stirrups, as 
shown in Fig. 7(a)) was initially compressive. The reason is 
the flexure of the specimen at the initial load stage, resulting 
in tension at the top and compression at the bottom. After 
cracking, the strain on the longitudinal bars in stirrups-1 (the 
first layer) and stirrups-2 (the second layer) developed at a 
noticeably faster rate. After all the longitudinal bars yielded, 
stirrups-1 and stirrups-2 successively yielded. Near failure, 
the strain on stirrups-3 and stirrups-4 was still lower, with 
a corresponding stress of approximately 200 and 50  MPa 
(29.01 and 7.25 ksi) (the yield stress of the stirrups is 
471 MPa [68.31 ksi]), showing that the longitudinal bars and 
the horizontal stirrups within the upper half of the section 
depth carried the majority of the load. Compared to CY54-
S0.80, the change rate of the strain on the longitudinal bars 
of non-yielding specimen CY54-S0.80* is slightly lower 
with load growth, as shown in Fig. 7(b). Due to the lack 
of constraint from the horizontal stirrups, the concrete strut 

underwent premature splitting-tension damage, resulting in 
insufficient development of stress in the longitudinal bars.

CODE FORMULAS EVALUATION
A safety factor αt is defined to evaluate the accuracy and 

safety of the STM under each variable—that is, the ratio of 
the actual bearing capacity to the design load capacity. The 
factor is expressed in Eq. (11). The larger the factor values, 
the higher the level of conservatism of the STM. The factor 
values for each specimen are listed in Table 6.

	​ ​α​ t​​  =  ​  ​V​ t​​ _ ​F​ de,A​​ ​​	 (11)

Influence of concrete compressive strength
Figure 8(a) shows that when the concrete compressive 

strength increases from 23.8 to 54.2 MPa (3.45 to 7.86 ksi), 
the safety factor increases from 1.22 to 1.75. The actual 
bearing capacity of the corbels designed by the STM will be 

Fig. 7—Strain development of longitudinal bars and stirrups: (a) CY54-S0.80; and (b) CY54-S0.80*.

Table 6—Comparison of design and measured 
capacities

ID Vt, kN (kip) Fde,A, kN (kip) Vt/Fde,A

CY24-S0.57 492 (110.6) 404 (90.8) 1.22

CY54-S0.67 730 (164.1) 416 (93.5) 1.75

CY44-S0.73 754 (169.5) 414 (93.1) 1.82

CY54-S0.33 824 (185.2) 467 (105.0) 1.76

CY54-S0.80 662 (148.8) 475 (106.8) 1.39

CY54-S0.33* 658 (147.9) 467 (105.0) 1.41

CY54-S0.67* 611 (137.4) 415 (93.3) 1.47

CY54-S0.80* 445 (100.0) 475 (106.8) 0.94

Note: Vt is actual bearing capacity; Fde,A is actual design load capacity.
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enhanced by increasing the concrete compressive strength 
while keeping the design load and shear span constant. It 
also indicates that when using the STM to design corbels, 
the increase in the concrete strength and the increase in the 
area of the longitudinal bars, together, have a more signifi-
cant effect on the enhancement of load-bearing capacity than 
the reduction effect caused by the decrease in section depth.

Influence of shear span-depth ratio
Figure 8(b) shows that when the shear span-depth ratio 

increases from 0.33 to 0.80, the safety factor decreases from 
1.76 to 1.39. The actual bearing capacity of the corbels 
designed by the STM will be reduced by increasing the shear 
span-depth ratio while keeping the design load and concrete 
strength constant. It also indicates that when using the STM 
to design corbels, the increase in the area of longitudinal 
bars has a lower effect on the enhancement of load-bearing 
capacity than the reduction effect caused by the increase in 
the shear span-depth ratio.

Influence of horizontal stirrups
The nominal design capacity of the STM does not 

consider the presence of horizontal stirrups but only takes 
into account the influence of the stirrup reinforcement ratio 
on the strength coefficient (βs) of the concrete compression 
strut. For specimens with horizontal stirrups ratios greater 
than 0.0025/(sin2θ) (where θ is the angle between the tie and 
the strut), βs was assumed to be 0.75; otherwise, it was taken 
as 0.40.9 In this test, all hooped corbels had a βs of 0.75. Based 
on the same design parameters, the actual bearing capacity 
of non-stirrup specimens was significantly lower than that of 
hooped specimens. As the shear span-depth ratio increased 
from 0.33 to 0.80, the ratio of load-bearing capacity between 
the non-stirrup corbels and the hooped corbels generally 
tended to decrease from 84 to 67%, as shown in Fig. 9. This 
indicates that the strengthening effect of the horizontal stir-
rups on the load-bearing capacity became more significant 
as the shear span-depth ratio increased.

Moreover, the horizontal stirrups restricted the cracks in the 
compression strut and reduced the crack width, as depicted 
in Fig. 6(b). The cracks were more prominent in non-stirrup 
specimens, such as CY54-S0.80*, which failed due to DS 
failure, while hooped specimens, like CY54-S0.80, failed 
due to TT&CS failure. The actual load-bearing capacity of 

CY54-S0.80* was 94% of its designed load capacity. There-
fore, to enhance the load-bearing capacity and improve the 
visibility of corbel failure, horizontal stirrups should be used 
to improve the strength of the compression strut, and the βs 
should be increased to 0.7.

Comparison with previous studies
To verify the reliability of the test results in this paper, 

a comparison was made with previous studies13,14,16,17,20,26-29 
involving 44 corbels. The compressive strength or shear 
span-depth ratio of the 44 corbels was close to that of the 
specimens in this paper, ensuring comparability among test 
data. Table 7 lists the corbels’ details and calculated safety 
factors. The comparison was made by keeping one of the 
two variables constant while comparing the safety factor at 
the concrete compressive strength or the shear span-depth 
ratio.

Figure 8(a) indicates that the safety factor generally 
increased with an increase in the compressive strength of 
the concrete in most of the tests conducted by Al-Shaarbaf 
et al.,14 Hamoodi et al.,16 and Othman and Aziz.27 Figure 8(b) 
shows that the safety factor generally decreased with an 
increase in the shear span-depth ratio in most of the tests 

Fig. 8—Influence of variables on safety factor: (a) concrete strength; and (b) shear span-depth ratio. (Note: 1 MPa = 0.145 ksi.)

Fig. 9—Ratio of load-bearing capacity between corbels with 
and without stirrups under various shear span-depth ratios.
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Table 7—Corbels’ details in previous studies and calculated safety factor

Sources Label h0, mm b, mm av, mm av/h0 fc′, MPa fy, MPa As, mm2 Vt, kN VSTM, kN αt

Kriz and Raths13

2S 409 203 241 0.59 32 304 773 484 265 1.83

3S 409 203 241 0.59 31 311 773 487 270 1.80

5S 409 203 152 0.37 30 305 773 602 358 1.68

6S 409 203 152 0.37 31 305 773 665 359 1.85

10S 409 203 121 0.30 29 328 773 694 437 1.59

Al-Shaarbaf et al.14

HSCC1 215 150 108 0.50 48 532 339 229 229 1.00

LNC5 215 150 151 0.70 35 532 339 175 175 1.00

HNC5 215 150 151 0.70 46 532 339 190 180 1.06

HNC6 215 150 65 0.30 46 532 339 410 314 1.31

Hamoodi et al.16

C1 275 200 138 0.50 28 440 339 345 257 1.34

C2 275 200 138 0.50 28 440 339 340 257 1.32

C3 275 200 138 0.50 36 440 339 389 263 1.48

C4 275 200 138 0.50 35 440 339 375 263 1.42

C5 275 200 138 0.50 46 440 339 433 266 1.63

C6 275 200 138 0.50 44 440 339 403 266 1.51

C7 275 200 96 0.35 29 440 339 363 283 1.28

C8 275 200 96 0.35 46 440 339 520 293 1.77

Wilson et al.17

C0 559 356 368 0.66 37 506 2039 1427 1156 1.23

C1 559 356 330 0.59 45 487 2039 1678 1032 1.63

C2 559 356 330 0.59 47 487 2039 1785 1241 1.44

C3 559 356 330 0.59 39 487 2039 1545 920 1.68

Abdul-Razzaq and Dawood20

RI0.5 360 120 180 0.50 32 440 452 596 447 1.33

RI1 360 120 360 1.00 31 440 452 473 319 1.48

RE0.5 360 120 180 0.50 31 440 452 560 439 1.28

RE1 360 120 360 1.00 30 440 452 466 312 1.49

Li26

N02 410 200 41 0.10 20 378 452 500 212 2.36

N03 410 200 82 0.20 20 378 452 460 215 2.14

N04 410 200 123 0.30 20 378 452 330 214 1.54

Othman and Aziz27

C11 239 180 135 0.56 40 415 452 351 227 1.55

C12 239 180 135 0.56 50 415 452 383 230 1.67

C13 239 180 135 0.56 60 415 452 424 232 1.83

C21 239 180 135 0.56 40 415 452 373 227 1.64

C22 239 180 135 0.56 50 415 452 406 230 1.77

C23 239 180 135 0.56 60 415 452 476 232 2.05

C31 239 180 135 0.56 40 415 452 402 227 1.77

C32 239 180 135 0.56 50 415 452 425 230 1.85

C33 239 180 135 0.56 60 415 452 476 232 2.05

Foster et al.28

SC1–3 600 125 300 0.50 90 430 762 700 477 1.47

SC2–3 600 125 300 0.50 62 430 762 580 471 1.23

PC2 500 150 150 0.30 53 420 762 1040 610 1.70

PF2 500 150 150 0.30 105 420 762 1050 625 1.68

Mattock et al.29

B1 226 152 102 0.45 25 335 258 209 103 2.03

B2 226 152 152 0.67 24 321 400 173 115 1.50

G4 228 127 229 1.00 26 442 426 107 84 1.27

Note: VSTM is calculated load-bearing capacity according to STM; αt is safety factor, calculated by dividing VSTM into Vt; 1 mm = 0.039 in.; 1 MPa = 0.145 ksi; 1 kN = 0.225 kip.



13ACI Structural Journal/May 2024

conducted by Al-Shaarbaf et al.,14 Hamoodi et al.,16 Wilson 
et al.,17 Li,26 Foster et al.,28 and Mattock et al.29 The trend of 
the safety factor in this paper was similar to that of most of 
the cited studies. The change rate of the safety factor under 
the two variables was also within the range of the change of 
the cited studies. However, the change rate varied in these 
studies due to different settings of the design parameters and 
some experimental errors. The difference in the change rate 
may also be due to the fact that the design bearing capacity 
of the corbels in this paper was the same, while the design 
bearing capacity (or the calculated bearing capacity by the 
STM) in other tests under a variable was different.

CONCLUSIONS
This paper designed eight double-corbel specimens 

according to the strut-and-tie method (STM) in ACI 318-19. 
The accuracy and safety of the STM were evaluated under 
the given variables. In addition, under the different shear 
span-depth ratios, the strengthening effect of the horizontal 
stirrups on the load-bearing capacity was also investigated. 
Conclusions can be drawn as follows:

1. Keeping the design load constant and improving the 
compressive strength of the concrete results in a higher 
level of safety in the STM. For example, the safety factor 
increased from 1.22 to 1.75 once the compressive strength 
of the concrete increased from 23.8 to 54.2 MPa (3.45 to 
7.86 ksi).

2. Keeping the design load constant and increasing the 
shear span of the corbels results in a lower level of safety 
in the STM. For example, the safety factor decreased from 
1.76 to 1.39 once the shear span-depth ratio increased from 
0.33 to 0.80.

3. The horizontal stirrups’ strengthening effect on the 
load-bearing capacity becomes more significant as the shear 
span-depth ratio increases. The setting of horizontal stirrups 
(ensuring βs of 0.7) helps to avoid premature failure of the 
corbels with large shear span-depth ratios (such as 0.80 in 
this test).

4. At the design stage, choosing a higher concrete strength 
or a lower shear span can help mitigate the crack width under 
the serviceability limit state for the corbels. In addition, the 
larger the shear span-depth ratio of a corbel, the more effec-
tive the mitigation for the crack width by the horizontal stir-
rups under the serviceability limit state.

5. The horizontal stirrups within the upper half of the 
corbels’ section depth can fully develop the tensile stress. 
The farther away the stirrups are from the longitudinal bars, 
the lower the degree of stress development.
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High-strength concrete (HSC) with a low water-cement ratio (w/c) 
may experience large autogenous shrinkage (AS). When shrinkage 
of concrete is restrained by the subgrade, foundation, or other part 
of the structure, HSC is more prone to crack. However, studies 
devoted to the early-age cracking resistance of reinforced HSC 
under uniaxial restrained conditions and adiabatic conditions are 
still lacking. In the current research, the effect of reinforcement 
percentage and reinforcement configuration on the temperature 
history, shrinkage, stress, and creep behavior of reinforced HSC at 
early age was analyzed using the temperature-stress test machine. 
Test results showed that reinforcement could effectively restrain the 
development of concrete shrinkage and creep. The cracking resis-
tance of HSC increased with increasing reinforcement percentage, 
evaluated by the integrated criterion. With the same reinforcement 
percentage, reinforced HSC with distributed reinforcement along 
with a proper thickness of concrete cover exhibited higher cracking 
resistance compared with that of central reinforcement.

Keywords: cracking resistance; early age; high-strength concrete (HSC); 
reinforcement; temperature-stress test machine (TSTM).

INTRODUCTION
Nowadays, high-strength concrete (HSC) is widely used 

in practical engineering. However, the low water-cement 
ratio (w/c) of HSC brings about serious self-desiccation and 
large autogenous shrinkage (AS) of concrete.1 Due to the 
time-dependent behavior of concrete, such as the tensile 
strength, shrinkage, creep, and thermal deformation, the 
tensile stress of concrete is generated when the tempera-
ture of concrete gradually decreases. Cracks occur when the 
tensile stress of concrete reaches its tensile strength.2 Cracks 
can penetrate deeply into the structure and shorten its service 
life due to the penetration of chemical components.3 In engi-
neering practices, reinforced concrete structures are the most 
common structural form.4 The role of reinforcement is to 
serve as a kind of restraint source and limit the crack width 
of reinforced concrete members.5 When various constraints 
restrict concrete shrinkage, reinforcing bars can not only 
contribute to the evolution of shrinkage stress, but also serve 
a significant function in resisting the shrinkage stress arising 
from other constraints.6 Many studies have indicated that 
reinforced concrete buildings have a higher failure proba-
bility during construction than during the service period.7 
Therefore, the effect of reinforcement on the cracking resis-
tance of HSC at early age needs to be studied.

Investigation on AS of concrete is critical for estimating 
the cracking resistance. Several studies have reported the 
influence of reinforcement on concrete shrinkage. Huang 
et al.6 found that the restraining effect of reinforcement on 
the shrinkage of concrete declined with increasing distance 

to the reinforcing bar. Yoo et al.8 revealed that reinforcing 
bars with a relatively lower stiffness cause a decline in the 
AS stress, the degree of restraint, and the cracking potential 
of concrete. Many classical models have been established 
for the prediction of the AS of concrete. However, the influ-
ence of reinforcement on the time-dependent AS of concrete 
is not considered. Therefore, in-depth investigations are 
necessary to predict the AS of reinforced HSC.

Cracking highly depends on creep denoting the visco-
elastic response of concrete under a constant load.9,10 
Early-age tensile creep (TC) is the time-dependent deforma-
tion caused by the sustained shrinkage stress in restrained 
concrete, which plays an important role in relaxing shrinkage- 
induced tensile stresses and delaying the time to cracking.11 
Investigations of early-age TC are crucial for the in-depth anal-
ysis of the cracking resistance of concrete. The effect of rein-
forcement on concrete creep behavior under long-term loading 
has been investigated.12 However, relevant research concerning 
early-age TC is limited due to measurement difficulties.13 
Thus, investigations on early-age TC of reinforced HSC are 
necessary for further estimating the cracking resistance.

Many factors, such as restraint degree, temperature vari-
ations, and shrinkage deformation, can lead to the cracking 
of structures at early age. Test methods such as the ring 
and doubly restrained plate have been adopted to investi-
gate the cracking resistance of reinforced concrete.14,15 
Briffaut et al.16 indicated that reinforcing bars can postpone 
cracking through the thermal active restrained shrinkage 
ring test. However, some limitations of the aforementioned 
methods exist, such as uncontrolled temperature history and 
restraint degree. To overcome these limitations, a tempera-
ture-stress test machine (TSTM) is developed to investigate 
the early-age behavior and cracking resistance of concrete. 
Recent findings are reported on the cracking resistance of 
concrete by using the TSTM.17,18 The adiabatic condition 
is required in the test so that the actual thermal behavior 
in concrete can be reflected because the interior of real 
mass concrete is close to the state of adiabatic temperature 
rise.19 The creep behavior in real concrete structures varies 
under different restrained conditions, and the controllable 
restraint degree is necessary for precise investigation.20 
Experimental studies on early-age cracking resistance of 
reinforced normal-strength concrete have been investigated 
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using the TSTM.5,21 However, the strength development of 
HSC is different from that of normal-strength concrete, and 
the bond behavior between concrete and reinforcing bars 
is different. Therefore, investigations on the influence of 
reinforcement on the early-age cracking resistance of HSC 
under adiabatic conditions and uniaxial restraint using the 
TSTM are imperative. For a better judgment of the cracking 
resistance of concrete structures, single evaluation indexes 
and comprehensive evaluation indexes should be analyzed 
under different reinforcement conditions.

Previously, researchers have conducted studies on the 
properties of reinforced HSC, such as the pore structure,22 
bond behavior,23 and shrinkage of reinforced concrete.24 
However, investigations on the early-age cracking resistance 
of reinforced HSC considering the influence of reinforce-
ment based on the comprehensive analyses of temperature, 
shrinkage, stress, and creep behavior remain lacking. There-
fore, the early-age behavior of real concrete was analyzed 
under adiabatic conditions and uniaxial constant restraint 
degree by using the TSTM.

RESEARCH SIGNIFICANCE
Reinforced concrete structures are common in engineering 

practices. Studies on the early-age cracking resistance of 
reinforced HSC under uniaxial restrained conditions and 

adiabatic conditions are lacking. The influence of four kinds 
of reinforcement percentage and three kinds of reinforce-
ment configuration on the early-age cracking resistance of 
reinforced HSC was comprehensively studied using the 
TSTM. The specific objectives of the current research were 
to provide guidance and reference for the application of rein-
forced HSC in practical engineering.

EXPERIMENTAL PROCEDURE
Materials and sample preparation

As per Chinese standard GB 175-2007/XG3-2018,25 
portland cement (P.II 52.5R) was used. Fine aggregate 
of traditional river sand had a fineness modulus of 2.3. 
Coarse aggregate of crushed limestone was evenly distrib-
uted in the range of 4.75 to 25.0 mm (0.19 to 0.98 in.). The 
liquid high-range water-reducing admixture (HRWRA) 
was polycarboxylate-based, and the mixing water was 
tap. Mixture proportions by weight were given as follows. 
Water:cement:coarse aggregate:fine aggregate:HRWRA = 
158.4:480:1131:636:3.84.

The specimens were reinforced with HRB 400 reinforcing 
bars, with four different percentages of longitudinal rein-
forcement (0, 0.50, 0.89, and 1.40%). Figure 1 depicts that 
0.50% reinforcement is realized with different configura-
tions of reinforcing bars—that is, four reinforcing bars in 

Fig. 1—Three different configurations of reinforcing bars.
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the corners of the specimen with a concrete cover of 20 mm 
(0.79 in.), four reinforcing bars in the corners of the spec-
imen with a concrete cover of 34.5 mm (1.36 in.), and one 
reinforcing bar at the center. Specimen labels and parame-
ters are shown in Table 1.

TSTM test
The TSTM system is developed to measure the uniaxial 

restrained shrinkage for sealed specimens, as well as to 
evaluate the cracking resistance of concrete quantitatively, 
which often assumes simplified boundary conditions.26,27 
The TSTM test is controlled by a closed-loop system with 
high accuracy and smooth loading. The reliability of the 
system and reproducibility of test results were extensively 
examined in references by repeating the test or by simula-
tion, and satisfactory results were obtained.28 To substan-
tiate the lab tests, further study needs to consider field 

and large-scale specimen validations. The actual photo 
and schematic diagram of the TSTM is shown in Fig. 2. 
The horizontal steel frame is designed as the TSTM mold, 
which consisted of a fixed steelhead, a moving end, as well 
as a central straight part. Restrained and free specimens 
possessed the same dog-bone mold, which was characterized 
by a cross section measuring 150 x 150 mm (5.9 x 5.9 in.) in 
the central part and measuring 150 x 280 mm (5.9 x 11.0 in.) 
at the heads. The length of the central part was 1500 mm 
(59 in.). Uniform stress distribution in the central part of the 
specimen could be assumed owing to the design of enlarged 
ends. Concrete was directly placed into the TSTM molds 
after mixing. The specimen was sealed with a plastic sheet 
to maintain a constant humidity. Measurements started after 
concrete placement and stopped when the concrete cracked.

Temperature control—The temperature in restrained 
samples was monitored in real time, transformed into 
data, and fed back to the computer-control system. Then, 
the temperature of the circulating liquid in the outer part 
of the mold was adjusted by a heating-cooling system to 
ensure that the temperature in the free sample was consis-
tent with that in the restrained sample. The tested spec-
imen went through three temperature phases: an adiabatic 
temperature phase, an isothermal temperature phase, and a 
cooling temperature phase. The temperature of the specimen 
increased to peak value, and kept isothermal for 36 hours. 
Then, the concrete sample cooled down at the cooling rate of 
0.75°C/h (1.35°F/h) until the restrained specimen cracked.29 
With this specific cooling rate, the thermal gradient would 

Table 1—Specimen labels and parameters

Label Reinforcement percentage Reinforcement configuration

HP-00 0 —
HRB-A-06 0.50% 4  6 (Fig. 1(a))

HRB-A-08 0.89% 4  8 (Fig. 1(a))

HRB-A-10 1.40% 4  10 (Fig. 1(a))

HRB-B-06 0.50% 4  6 (Fig. 1(b))

HRB-C-12 0.50% 1  12 (Fig. 1(c))

Fig. 2—TSTM used in experiment: (a) actual photo; and (b) schematic diagram.
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not generate in the cross section of specimens due to exces-
sively rapid cooling.15

Free strain measurement—One end of the free sample is 
free to move, and the other end is restrained by a fixed steel-
head. The total strain of free specimens was calculated with 
Eq. (1)

	​ ​ε​ total​​  =  ​ Δl _ L ​​	 (1)

where Δl is recorded in real time by the linear variable defor-
mation transducer (LVDT) fixed on the free end of the spec-
imen; and L is the effective length of free specimen.

Restrained strain measurement—The restrained spec-
imen was loaded by the computer-controlled stepper motor 
connected to the moving end, and the load was applied auto-
matically to control the specimen at the initial length. The 
restrained sample was free to move until the strain reached a 
predetermined limit after time-zero. Once the strain reached 
this threshold, the deformation was set back to zero, resulting 
in an increase in the restrained stress of the restrained 
sample. The stepper motor maintained a constant load, and 
the restrained sample kept deforming until the strain reached 
the threshold value again and started a new compensation 
cycle. This procedure facilitated the accumulation of stress, 
elastic strain, and creep in the restrained sample, as shown 
in Fig. 3.

Restrained stress measurement—The specimen could 
achieve 100% restraint degree because the allowed deforma-
tion was very small. There was a load cell connected between 
the tested restrained specimen and the stepper motor, which 
could measure the stress of the specimen under the fully 
restraint degree, so that the stress development process of 
the restrained specimen under the corresponding tempera-
ture history could be recorded.

Calculation of test results
Early-age AS—Early-age AS was analyzed from time-

zero, which was set as the starting time of restrained stress 
development.30 The prediction of the coefficient of thermal 
expansion (CTE) could be calculated with Eq. (2)31

	 αΤ(t) = αk × (1 + 41 × t–m)	 (2)

where αT(t) is the CTE of HSC, in με/°C; αk is the 28-day 
CTE of HSC, in με/°C; t is the age, in days; and m is the 
parameter that depends on the concrete sample, taken as 2.0.

The total deformation of tested HSC specimens during 
the cooling stage was composed of thermal deformation and 
AS. However, the AS mainly occurred in the initial 24 hours 
after casting, and the duration of the forced cooling stage 
was short. Therefore, the AS of concrete was minimal at this 
stage. The CTE of HSC specimens was obtained by regres-
sion analysis of the deformation versus temperature curve in 
the forced cooling stage. The CTE of HSC increases initially 
and tends to be stable within 1 day. Thus, the CTE during the 
forced cooling stage was taken as the 28-day CTE.

Thermal deformation was non-constant due to the 
temperature variations over time. The AS was obtained by 
subtracting the thermal deformation from the total strain in 
the free specimens, as given in Eq. (3).32

	 εas(t) = εtotal – αT(t) × [T(t) – Ttime–zero]	 (3)

where εas(t) is the AS at time t, in με; εtotal is the total strain of 
free specimens, in με; T(t) is the temperature of HSC, in °C; 
and Ttime–zero is the temperature of HSC at time-zero, in °C.

Equivalent age—The equivalent age of concrete was 
determined based on the maturity of the concrete, as given 
in Eq. (4).33

	​ ​t​ e​​  =  ​∫ 0​ t ​ exp​[​ ​E​ a​​​(T)​ _ R  ​​(​  1 _ ​T​ ref​​ + 273 ​ − ​  1 _ T​(t)​ + 273 ​)​]​​ dt​	 (4)

where Ea(T) is the activation energy and can be calculated by 
the method reported in Xin et al.,2 in kJ∙mol−1; R is the ideal 
gas constant (8.315 J/(mol·K)); Tref is the reference tempera-
ture, in °C; and T(t) is the real temperature, in °C.

Early-age creep—The total strain for the 100% restrained 
specimen included free deformation, elastic strain, and basic 
creep. Because the specimen was tightly sealed with the 
plastic films and covered with the mold lid to prevent water 
evaporation, drying creep could be ignored. The incremental 
load during the compensation cycle was applied to keep the 
zero total strain. As shown in Fig. 3, subtracting the strain of 
free specimens and the elastic strain from the total strain of 
restrained specimens gives the creep strain.26 Equation (5) was 
used to calculate the basic creep of the restrained specimen.27

	 εcr = −εe − εsh	 (5)

where εcr is the basic creep, in με; εe is the accumulation of 
elastic strain increments during each compensation cycle, in 
με; and εsh is determined from the free specimen, in με.

EXPERIMENTAL RESULTS AND DISCUSSION
Temperature history and deformation

The primary factor affecting the thermal deformation and 
thermal stress of HSC is the heat released by cement hydra-
tion. In the case of mass concrete, the cement hydration 
heat is hard to dissipate, leading to a rapid rise in internal 
temperature. Figure 4 shows the temperature history of 
reinforced HSC specimens. The internal temperature of the 

Fig. 3—Schematic diagram of strain and stress in TSTM 
test.26
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tested HSC specimens increased rapidly due to the intense 
cement hydration. The highest temperature kept constant 
for 36 hours and was then forced to cool down. The casting 
temperature was 19.27, 20.30, 16.30, 15.21, 19.52, and 
20.91°C (66.69, 68.54, 61.34, 59.38, 67.14, and 69.64°F) 
for samples HP-00, HRB-A-06, HRB-A-08, HRB-A-10, 
HRB-B-06, and HRB-C-12, respectively. The current 
research did not consider the effect of casting temperature 
on the cracking resistance of HSC. The adiabatic tempera-
ture rise was obtained by subtracting the casting tempera-
ture from the peak temperature of HSC specimens.34 The 
adiabatic temperature rise of samples HP-00, HRB-A-06, 
HRB-A-08, HRB-A-10, HRB-B-06, and HRB-C-12 was 
37.26, 35.20, 35.20, 34.57, 33.85, and 36.28°C (99.07, 
95.36, 95.36, 94.23, 92.93, and 97.30°F), respectively.

During the forced cooling stage, the concrete underwent 
contraction, and stress developed when HSC was restrained. 
The temperature drop could reflect the ability of concrete 
to resist cracking in the forced cooling stage. The higher 
temperature drop corresponded to the stronger ability of 
concrete to resist cracking caused by temperature change. 
The temperature drop could be calculated by subtracting 

the cracking temperature from the peak temperature of HSC 
specimens.20 The cracking temperature and the tempera-
ture drop of samples are shown in Table 2. When the rein-
forcement percentage increased from 0 to 0.50%, 0.89%, 
and 1.40%, the cracking temperature of HSC specimens 
decreased by 21.1%, 80.5%, and 133.0%, while the tempera-
ture drop increased by 1.9%, 4.9%, and 11.4%, respec-
tively. For samples HRB-A-06, HRB-B-06, and HRB-C-
12, the maximum temperature drop was obtained in sample 
HRB-B-06. Results of temperature drop indicated that the 
early-age cracking resistance of the tested HSC specimens 
strengthened with increasing reinforcement percentage and 
a more appropriate reinforcement configuration. The reason 
was that reinforcement helped to alter the temperature distri-
bution within the concrete.

The total strain of restrained specimens is shown in Fig. 5. 
Negative values indicated contraction, while the positive 
ones indicated expansion. The total strain of restrained 
specimens increased during the temperature rising stage 
since time-zero. After entering the constant temperature 
stage, almost no thermal strain occurred. When the concrete 
cooled down, the total strain of restrained specimens 
decreased continuously, and finally changed from expansion 
to contraction. The total strain of restrained specimens at the 
age when sample HP-00 cracked was −106, −52, −73, −31, 
−47, and −74 με for samples HP-00, HRB-A-06, HRB-A-
08, HRB-A-10, HRB-B-06, and HRB-C-12, respectively. 
Reinforcement effectively restrained the total strain of the 
restrained specimens. For samples HRB-A-06, HRB-B-06, 
and HRB-C-12, the minimum absolute value of the total 
strain of restrained specimens is obtained in sample HRB-B-
06. The inhibition effect of four reinforcing bars on the total 
strain of restrained specimens was greater than that of one 
reinforcing bar. The total strain of free specimens is depicted 
in Fig. 6. The total strain of free specimens increased contin-
uously with the elapse of age. The maximum free total strain 
was 216, 250, 270, 297, 263, and 225 με for samples HP-00, 
HRB-A-06, HRB-A-08, and HRB-A-10, respectively.

Analysis and modeling of early-age AS
Influence of reinforcement percentage—Figure 7 depicts the 

AS of the tested HSC specimens. The AS of reinforced HSC Fig. 4—Temperature history of reinforced HSC. (Note: tF = 
1.8tC + 32.)

Table 2—Main parameters for evaluating cracking resistance of concrete

Label HP-00 HRB-A-06 HRB-A-08 HRB-A-10 HRB-B-06 HRB-C-12

Peak temperature, °C 56.53 55.50 51.50 49.78 53.37 57.19

Cracking temperature, °C 9.14 7.21 1.78 −3.02 2.00 7.82

Temperature drop, °C 47.39 48.29 49.72 52.80 51.37 49.37

Maximum compressive stress, MPa 1.77 2.29 2.41 2.64 2.35 1.87

Second-zero-stress temperature, °C 46.02 45.92 44.37 42.33 43.75 45.75

Restrained tensile stress rate, MPa/days 1.22 1.16 1.14 1.11 1.14 1.17

Cracking stress, MPa 2.54 2.66 2.80 3.02 2.75 2.58

Cracking age, hours 124.5 127.5 129.5 134.5 133.5 128.5

Net time of cracking, days 2.08 2.29 2.46 2.71 2.42 2.21

Integrated criterion of cracking resistance, MPa/days2 0.587 0.507 0.463 0.410 0.471 0.529

Note: tF = 1.8tC + 32; 1 MPa = 145 psi.
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specimens developed significantly in the very early stage (<20 
hours). With the increase of age, the development rate of AS 
of specimens slowed down gradually. Sample HP-00 cracked 
first at 124.5 hours. The AS for samples at the cracking age of 
sample HP-00 was −174, −109, −92, and −58με, respectively, 
the absolute value of which decreased by 37.4%, 47.1%, and 
66.7% when the reinforcement percentage increased from 0% 
to 0.50%, 0.89%, and 1.40%, respectively. Reinforcement 
had a certain inhibition effect on the AS of HSC specimens, 
and the AS decreased with the increase in reinforcement 
percentage. Similar results reported by Gao et al.35 indicate 
that the higher the reinforcement ratio, the greater the restraint 
against the shrinkage of concrete. Huang et al.36 reported the 
shrinkage mitigation effect of the reinforcing bar on concrete. 
The decrease in AS with increasing reinforcement percentage 
can be attributed to the reason that a higher reinforcement 
percentage leads to a greater restraint against shrinkage of 
concrete near the reinforcing bar.37

Influence of reinforcement configuration—The AS of 
the tested HSC specimens with different reinforcement 
configurations is given in Fig. 7. For samples HRB-A-06, 

HRB-B-06, and HRB-C-12, the AS at the cracking age of 
sample HP-00 (124.5 hours) is −109, −82, and −131 με, 
respectively. The absolute value of the AS of HRB-B-06 
(four reinforcing bars in the corners with 34.5 mm [1.36 in.] 
concrete cover) at 124.5 hours was smaller than that of 
Specimen HRB-A-06 (four reinforcing bars in the corners 
with 20 mm [0.79 in.] concrete cover) and HRB-C-12 (one 
reinforcing bar at the center) by 27 and 49 με, respectively. 
Similar results reported by Huang et al.6 suggest that with 
the same reinforcement percentage, four reinforcing bars 
placed at the corners of a concrete member can restrain the 
shrinkage better than a single central reinforcing bar. Four 
reinforcing bars restrained AS more than one reinforcing bar. 
The reason is that four reinforcing bars placed in the corners 
provide a more uniform restraining effect than one rein-
forcing bar placed at the center.6 Besides, four reinforcing 
bars had a bigger specific surface than one reinforcing 
bar with the same reinforcement percentage, which meant 
higher interaction between concrete and the reinforcing bar, 
thus generating more restraint, as reported by Sule and van 
Breugel.38

Modeling of early-age AS considering reinforcement 
percentage—To predict the AS of reinforced HSC, the actual 
age of the tested HSC specimens was transformed to  the 
equivalent age at 20°C (68°F). Figure 8 shows the devel-
opment of AS with the equivalent age. The AS at the equiv-
alent cracking age of sample HRB-A-10 was −147, −103, 
−84, and −57 με for samples HP-00, HRB-A-06, HRB-A-
08, and HRB-A-10, respectively. The predictive model for 
AS of reinforced HSC with different reinforcement percent-
ages was established based on classical models, as shown in 
Eq. (6) through (9).39-41

	​ ​ε​ sh​ s ​ ( ​t​ e​​ )   =  ​ 
​ε​ sh​ c ​ ( ​t​ e​​ ) _ 1 + K' ⋅ θ ​​	 (6)

	​ ​ε​ sh​ c ​ ( ​t​ e​​ )   =  ​ε​ sh​ c ​ (0 )  ⋅ ​β​ a​​ ( ​t​ e​​ )​	 (7)

	 βa(te) = 1 – exp(−a ∙ te
b)	 (8)

Fig. 6—Total strain of free specimens.

Fig. 7—AS of reinforced HSC specimens.
Fig. 5—Total strain of restrained specimens.
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	​ K' =  m ⋅ ​ 1 _ ​t​ e​​ ​ + n​	 (9)

where ​​ε​ sh​ s ​ ( ​t​ e​​ )​ is the AS of reinforced concrete, in με; ​​ε​ sh​ c ​ ( ​
t​ e​​ )​ is the AS of unreinforced concrete, in με; te is the equiva-
lent age, in days; K′ is the correction factor; θ is the reinforce-
ment percentage, in %; ​​ε​ sh​ c ​ (0)​ is the AS of sample HP-00 at 
equivalent cracking age, taken as −174 με; βa(te) is the devel-
opment coefficient of AS; a and b are fitting parameters; and m 
and n are parameters related to the reinforcement percentage.

The fitting results of a and b were 0.088 and −0.565, 
respectively. The average values of m and n were 2.016 and 
1.128, respectively. Equation (10) present the model for 
predicting AS of reinforced HSC considering the reinforce-
ment percentage.

​  

       ​ε​ sh​ s ​ (​t​ e​​) =  ​ 
​ε​ sh​ c ​ (0 )  ⋅ (1 − exp ( −0.088 ⋅ ​​t​ e​​​​ −0.565​ ) )

   ______________________________   
1 + (2.016 ⋅ ​ 1 _ ​t​ e​​ ​ + 1.128 )  ⋅ θ

  ​​	 (10)

The predicted AS at the equivalent cracking age of sample 
HRB-A-10 was −151, −109, −74, and −50 με when the rein-
forcement percentage increased from 0 to 0.50%, 0.89%, 
and 1.40%, respectively. The deviation between the fitting 
results and test results was 2.7%, 5.8%, −11.9%, and −12.3% 
for samples HP-00, HRB-A-06, HRB-A-08, and HRB-A-10, 
respectively, which were in the applicable range. Thus, the 
proposed model could be used to predict the AS of reinforced 
HSC considering the reinforcement percentage. Notably, 
further investigation is necessary to reveal the influence 
mechanism of the reinforcing bars on concrete and consider 
the influence of reinforcement configuration in the model.

Analysis of restrained stress
Figure 9 exhibits the evolution of restrained stress of 

restrained specimens. The abrupt stress drop indicated the 
cracking of specimens. Table 2 shows that the maximum 
compressive stress of reinforced HSC specimens increased 
with increasing reinforcement percentage from 0 to 1.4%. 
For samples HRB-A-06, HRB-B-06, and HRB-C-12, the 

highest maximum compressive stress was obtained in 
sample HRB-B-06. The compressive stress increased due 
to thermal expansion caused by cement hydration, and this 
stress decreased after the temperature peak.42 The rise in 
compressive stress was highly beneficial in postponing the 
onset of tensile stress triggered by thermal strain during the 
subsequent cooling stage under the restrained condition.

The critical moment when the tensile stress generated is 
defined as the point of second-zero-stress age.43,44 The corre-
sponding temperature at this critical moment was defined as 
Tsecond-zero-stress. The second-zero-stress temperature is given 
in Table 2. Compared with sample HP-00, the second-zero-
stress temperature decreased by 0.2%, 3.6%, 8.0%, 4.9%, 
and 0.6% for samples HRB-A-06, HRB-A-08, HRB-A-10, 
HRB-B-06, and HRB-C-12, respectively. Concrete with 
a higher tensile stress rate is more susceptible to cracking. 
The result of the restrained tensile stress rate declined with 
increasing reinforcement percentage, as given in Table 2. For 
samples HRB-A-06, HRB-B-06, and HRB-C-12, the lowest 
restrained tensile stress rate was obtained in sample HRB-B-
06. Similar results reported by Sule and van Breugel38 indi-
cate that concrete with higher reinforcement percentages 
demonstrate lower stress rates.

The cracking stress of the restrained specimens increased 
by 4.7%, 10.2%, and 18.9% when the reinforcement 
percentage increased from 0% to 0.50%, 0.89%, and 
1.40%, respectively. With the same reinforcement ratio, 
sample HRB-B-06 showed the highest cracking stress. The 
reason was that placing reinforcing bars at four corners of 
the concrete exhibited a more uniform restraining effect 
throughout the cross section than that of one bar placed at 
the center.6 The cracking age of samples is listed in Table 2. 
An increase of 2.4%, 4.0%, and 8.0% in the cracking age 
was observed with increasing reinforcement percentages 
from 0 to 0.50%, 0.89%, and 1.40%. For samples HRB-A-
06, HRB-B-06, and HRB-C-12, the longest cracking age is 
obtained in sample HRB-B-06. Similar results reported by 
Sdiri et al.45 suggest that the presence of the reinforcing bars 
delays the cracking time. Sule and van Breugel38 reported 

Fig. 8—Test results and predicted values of AS of reinforced 
HSC specimens.

Fig. 9—Development of restrained stress of restrained spec-
imens. (Note: 1 MPa = 145 psi.)
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that four reinforcing bars in the corners of the tested spec-
imens postpone the moment of through-cracking, whereas 
specimens with one centrally placed reinforcing bar cracked 
nearly as suddenly as plain specimens.

Analysis of early-age creep behavior
Figure 10 illustrates the basic TC of reinforced HSC spec-

imens. The basic TC at the cracking age of sample HP-00 
was 182, 177, 174, 171, 169, and 180 µɛ for samples HP-00, 
HRB-A-06, HRB-A-08, HRB-A-10, HRB-B-06, and 
HRB-C-12, respectively. However, the creep of concrete 
was affected by the applied stress level. Therefore, for 
normalizing the creep of concrete with different stresses, the 
specific basic TC (that is, the cumulative basic TC per unit 
tensile stress) was analyzed. The development of specific 
basic TC of reinforced HSC specimens is depicted in Fig. 11. 
The specific basic TC increased first and then dropped to 
stable values. The specific basic TC at the cracking age of 
sample HP-00 was 71.7, 68.8, 63.3, 61.1, 64.0, and 73.5 µɛ 
for samples HP-00, HRB-A-06, HRB-A-08, HRB-A-10, 
HRB-B-06, and HRB-C-12, respectively. When the rein-
forcement percentage increased from 0% to 0.50%, 0.89%, 
and 1.40%, the specific basic TC decreased by 4.0%, 11.7%, 
and 14.8%, respectively. The reinforcing bar effectively 
restrained the specific basic TC of concrete, and the effect 
is more obvious with a higher reinforcement percentage, 
which was in line with the results reported by Gosaye et al.46 
Similar results reported by Sun et al.47 suggest that the creep 
and shrinkage strain of concrete with a high reinforcement 
ratio are lower than those in plain concrete. For samples 
HRB-A-06, HRB-B-06, and HRB-C-12, the minimum 
specific TC is obtained in sample HRB-B-06. The results 
demonstrated that with the same reinforcement ratio, four 
reinforcing bars placed at the corners of HSC restrained the 
specific basic TC better than a single reinforcing bar placed 
at the center.

Estimation of cracking potential
Single criteria, such as cracking age,48 stress rate at 

cracking,49 cracking temperature drop,50 and cracking stress/

axial tensile strength,51 have been used to assess the cracking 
resistance of concrete. The integrated criterion of cracking 
resistance could also be used to evaluate the cracking resis-
tance of HSC. The integrated criterion of cracking resis-
tance is obtained with Eq. (11) by dividing the restrained 
tensile stress rate by the net time of cracking, which was also 
adopted by many researchers.2,52

	​ ​φ​ N​​  =  ​ S _ ​t​ tcr​​ ​​	 (11)

where φN is the integrated criterion of cracking resistance, 
in MPa/days2; S is the restrained tensile stress rate, in MPa/
days; and ttcr is the net time of cracking, which is calculated 
from the time at which the tensile stress occurs, in days.

The age when the restrained specimens converted from the 
compression state to the tension state was 74.5, 72.5, 70.5, 
69.5, 75.5, and 75.5 hours for samples HP-00, HRB-A-06, 
HRB-A-08, HRB-A-10, HRB-B-06, and HRB-C-12, respec-
tively. Thus, the results of the net time of cracking and the 
calculated integrated criterion of cracking resistance could 
be obtained and are depicted in Table 2. When the rein-
forcement percentage increased from 0 to 0.50%, 0.89%, 
and 1.40%, the integrated criterion of cracking resistance 
decreased by 13.6%, 21.1%, and 30.2%, respectively. For 
samples HRB-A-06, HRB-B-06, and HRB-C-12, the lowest 
integrated criterion of cracking resistance was obtained in 
sample HRB-B-06. The lower integrated criterion indi-
cated a higher cracking resistance of concrete. Similar 
results reported by Shi et al.5 suggest that reinforcement can 
improve the cracking resistance of concrete by nearly 20%. 
The results reported by Huang et al.6 suggest that placing 
reinforcing bars at the four corners can decrease the cracking 
potential of concrete with the same reinforcement ratio. The 
following aspects could be used to explain the mechanism 
that the reinforcement increased the cracking resistance of 
concrete. On one hand, with the reinforcement of finer and 
denser bars, microcracks appear before the initiation of the 
primary crack, which results in a delay before the major 

Fig. 10—Development of TC of reinforced HSC specimens.
Fig. 11—Development of specific basic TC of reinforced 
HSC specimens. (Note: 1 MPa = 145 psi.)
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crack formation, during which the tensile strength of the 
concrete further develops.53 On the other hand, when the 
reinforcement percentage was in the range of 0 to 1.4%, the 
use of finer and denser reinforcing bars increased the contact 
area between the reinforcing bar and concrete, leading to a 
more evenly distributed stress in reinforced HSC. Conse-
quently, the improvement in stress distribution enhances the 
cracking resistance of the HSC.

CONCLUSIONS
The current research presented findings on the effects of 

reinforcement percentage and configuration on the early-age 
behavior and cracking resistance of reinforced high-strength 
concrete (HSC). Analyses of the temperature history, 
shrinkage, stress, and creep behavior were conducted by the 
temperature-stress test machine (TSTM) test on reinforced 
HSC. The following conclusions were drawn.

1. Reinforcement significantly affects the early-age behavior 
of HSC. The temperature drop, cracking age, and cracking 
stress increased when the reinforcement percentage increased 
from 0 to 0.50%, 0.89%, and 1.40%. Among different rein-
forcement configurations with the same reinforcement 
percentage, reinforced HSC with distributed reinforcement 
along with a proper thickness of concrete cover exhibited 
higher temperature drop, longer cracking age, and higher 
cracking stress compared with that of central reinforcement.

2. Reinforcement decreased the autogenous shrinkage 
(AS) of HSC when the reinforcement percentage is in the 
range of 0 to 1.4%. With the same reinforcement percentage, 
four reinforcing bars with a proper thickness of concrete 
cover restrained AS more than one reinforcing bar. A predic-
tion model of early-age AS of HSC with different reinforce-
ment percentages was proposed.

3. The specific basic tensile creep (TC) of reinforced HSC 
decreased with the increase of reinforcement percentage. 
When the reinforcement percentage was the same, reinforced 
HSC with distributed reinforcement along with a proper 
thickness of concrete cover exhibited a lower early-age TC 
when compared with that of central reinforcement.

4. When the reinforcement percentage is in the range of 0 
to 1.4%, finer and denser reinforcing bars could improve the 
cracking resistance of the reinforced HSC. The integrated 
criterion of cracking resistance decreased with increasing 
reinforcement percentage. With the same reinforcement 
percentage, reinforced HSC with distributed reinforcement 
along with a proper thickness of concrete cover exhibited 
higher cracking resistance compared with that of central 
reinforcement.

Notably, the comparison between early-age cracking 
resistance of normal-strength concrete and HSC needs to 
be further studied in follow-up research. Recognizing the 
limitations of the TSTM setup, it is essential to conduct 
further research to consider the scale effect, volume of 
concrete effect, mass enthalpy effect, and real-life two- or 
three-dimensional restrained effect in the TSTM test.
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In the present research, an experimental study was performed to 
investigate the punching shear strength of isolated concrete column 
footings having low shear span-depth ratios (a/d). The primary 
test parameters included the a/d, concrete compressive strength, 
and soil-bearing stiffness. Twelve column footings were tested for 
a/d ranging from 1.0 to 2.5. A support system using rubber-wood 
composite blocks was designed to simulate the equivalent soil-
bearing stiffness. The test results showed that as the a/d decreased, 
the punching shear strength of the footings significantly increased 
with a change in the angle of the punching failure surface. 
Contrarily, the soil-bearing stiffness did not significantly affect 
the punching shear strength, although it did affect the stiffness and 
deflection of the footings, as well as the contact pressure distribu-
tion beneath the footings. Furthermore, to evaluate the punching 
shear strength of footings with low a/d, an analytical model was 
proposed based on the web-shear cracking mechanism.

Keywords: analytical model; design codes; punching shear; reinforced 
concrete (RC) footings; soil-bearing stiffness.

INTRODUCTION
Reinforced concrete (RC) footings are an essential 

component of concrete structures, which support columns 
and walls that transfer the load from the upper structure to 
the ground beneath. The number and dimensions of footings 
are relatively large, leading to a heavy workload for exca-
vation and construction work. Therefore, column footings 
should be appropriately designed to achieve structural safety 
and economic efficiency in construction.

Figure 1 illustrates the distribution of the footing number 
according to the shear aspect ratio based on a statistical 
investigation of typical RC office buildings in South Korea.1 
The dimensions of the footing slabs vary from 1.5 to 5 m 
(59 to 196.9 in.), with the thickness varying from 0.5 to 2 m 
(19.7 to 78.7 in.). The results implied that approximately 
90% of the investigated footings have shear span-depth 
ratios (a/d) lower than 2.5. Therefore, it is necessary to pay 
more attention to footings with a low a/d.

According to previous studies, punching shear failure is 
the governing failure mechanism considered in the shear 
design of RC column footings. Currently, in existing design 
codes such as ACI 318-19,2 Eurocode 2 (EC2),3 or KDS 14 
20 22,4 the punching shear strength models of column foot-
ings are mainly based on previous empirical and theoretical 
investigations5,6 on slab-column connections with high a/d 
ranging from 5 to 10. Notably, in EC2,3 in the punching 
shear strength evaluation of the column footings, an iterative 
calculation method is used to determine the control perim-
eter within a distance of 2d from the column face. For this 

reason, for footings with low a/d ≤ 2.0, the applicability of 
the current design equations must be evaluated.

Figure 2 shows a comparison of the punching failure 
modes between column footings and flat slabs.7 This differ-
ence is caused by two main aspects. First, in slender slabs 
with high a/d (Fig. 2(b)), punching shear failure occurred 
after the slab-column connections suffered severe damage 
induced by flexural cracking or yielding. Thus, punching 
shear strength is affected by the contributions of the intact 
compression zone depth, flexural reinforcement ratio, and 
concrete compressive strength.8,9 In contrast, in column 
footings with low a/d (Fig. 2(a)), prior to flexural yielding, 
sudden punching shear failure is caused by major critical 
shear cracks in the web part of the footings without severe 
flexural cracking. Thus, the effect of flexural damage on the 
punching shear strength is insignificant. Second, the load 
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distributions at the critical section were different. In slab-
column connections, the magnitude of the punching shear 
force is determined by the gravitational load applied to the 
slab. However, the magnitude of the punching shear force in 
column footings depends on the soil-bearing pressure distri-
bution.10-12 Moreover, in short foundation slabs, a portion of 
the column load is directly transferred to the soil underneath 
the column by direct bearing.

Thus far, numerous studies have been conducted to inves-
tigate the punching shear behavior of RC column footings. 
Hegger et al.13,14 investigated influencing parameters such 
as soil pressure distribution, concrete compressive strength, 
the area of shear reinforcement, footing dimensions, a/d, 
and effective depth of the footings. The results revealed that 
the punching shear strength of the footings increased as the 
a/d decreased and was significantly influenced by the soil 
stiffness and the distribution of the soil pressure underneath. 
Punching failure loads of footings with a wide range of 
design parameters (concrete compressive strengths of 15.4 
to 38.1 MPa [2.23 to 5.53 ksi], a/d of 1.27 to 2.70, and effec-
tive depths of the footings of 100 to 470 mm [3.9 to 18.5 in.]) 
were evaluated and compared with the predictions of current 
design codes by Abdrabbo et al.15 Additionally, the detailed 
contributions of concrete and shear reinforcement to the 
overall punching shear resistance of column footings were 
comprehensively investigated by Schmidt et al.16 To simu-
late a more realistic support condition, Bonić et al.17 investi-
gated column footings resting on the subgrade cohesionless 
soil and compared their punching shear capacity with evalu-
ation by existing design codes.

In recent publications,18,19 the effects of eccentric loads 
on the punching shear behavior of RC footings have been 
investigated. The studies revealed a substantial influence 
of load eccentricity on the punching shear capacity of the 
footings, with up to a 60% decrease in the punching shear 
capacity induced by the tested eccentricity. Furthermore, it 
was experimentally observed that the eccentric load effect 
considered in the current design codes was underestimated 
in EC2, fib Model Code 2010,20 and the forthcoming updated 
version of EC2. Despite previous endeavors, the investiga-
tions of footings with low a/d are limited.

Although a large portion of the column footings of 
concrete buildings are designed with low a/d, the punching 
shear strength used in the current design codes is based on 

the test results for slender slabs. Therefore, the current study 
investigated the punching shear strength of footings with 
low a/d. Twelve column footings were tested considering 
a/d ranging from 1.0 to 2.5 and various soil-bearing stiff-
nesses. Furthermore, to evaluate the punching shear strength 
of footings with low a/d, an analytical model based on the 
web shear cracking mechanism was developed considering 
the effective web area.

RESEARCH SIGNIFICANCE
The punching shear failure mechanism of column footings 

with low a/d is different from that of slender slabs, which 
is the basis of the current punching shear design methods. 
Thus, an experimental study was performed to investigate a 
rational punching shear design method for column footings 
with low a/d. Based on the test results, an analytical model 
was developed to evaluate the punching shear strength of 
footings. The proposed model is expected to be beneficial 
for the safe and economical design of column footings with 
low a/d, which are susceptible to punching shear.

EXPERIMENTAL PLAN
Materials properties

Footing specimens were fabricated using ready mixed 
normalweight concrete with a maximum coarse aggregate 
size of 25 mm (0.98 in.). Two types of concrete mixtures with 
compressive strengths of 24 and 32 MPa (3.48 and 4.64 ksi) 
were used according to KS F 2405.21 The details of the 
mixture proportions are listed in Table A1 in Appendix A.*

Grade 600 deformed bars D25 were used for the longi-
tudinal reinforcement of the footing slabs. Grade 500 
deformed bars D19 and Grade 400 deformed bars D10 were 
used for the longitudinal and transverse reinforcements of 
the column stubs, respectively. The actual tensile strengths 
of the steel reinforcing bars were obtained based on KS B 
080222 and are summarized in Table A2 in Appendix A.

Specimen details
Twelve half-scale square footing specimens were designed 

and fabricated for punching shear tests. Figure 3 and Table 1 

*The Appendix is available at www.concrete.org/publications in PDF format, 
appended to the online version of the published paper. It is also available in hard copy 
from ACI headquarters for a fee equal to the cost of reproduction plus handling at the 
time of the request.

Fig. 2—Comparison of punching shear failure modes of footings with low a/d and flat slabs with high a/d.
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show the geometrical characteristics and reinforcement 
configurations of the test specimens, respectively. Each 
column footing specimen consisted of a footing slab with 
a longitudinal reinforcement ratio of 0.64% and a square 
column stub with cross-sectional dimensions of 300  x 
300 mm (11.81 x 11.81 in.).

As indicated in Table 1, the primary test parameters 
included the concrete compressive strength (fc′), a/d, and 
soil stiffness. The test specimens were named in “CX-Y” 
format, where X indicates the concrete compressive strength 
and Y indicates the value of the a/d. For the first group (C24-
1.0, C24-1.33, and C24-1.67), the footings were fabricated 
with a concrete compressive strength of 24 MPa (3.48 ksi) 
and footing depth of 500 mm (19.7 in.). In this group, the 
effects of different a/d (1.0 to 1.67) were investigated. In 
addition, each specimen was tested with two different soil-
bearing stiffnesses of 0.25k0 and 0.56k0. The calculation of 

k0 is detailed in the following subsections. For the second 
group (C32-1.0, C32-1.33, and C32-1.67), the footings 
were fabricated with a higher concrete strength of 32 MPa 
(4.64 ksi) and the same footing depth of 500 mm (19.7 in.) 
as that of the first group. In this group, the effect of a/d of 
1.0 to 1.67 was investigated using a uniform soil-bearing 
stiffness of k0. For the third group (C32-1.5, C32-2.0, and 
C32-2.5), to investigate the influence of the size effect, all 
specimens were fabricated with a smaller footing depth of 
300 mm (11.81 in.) with a/d widely ranging from 1.5 to 2.5.

Test setup and support condition
Figure 4 shows the test setup for the footing specimens. 

The vertical loading system comprises a hinge support, 
hydraulic actuator, and load cell. The punching shear was 
induced by the vertical load applied to the column stub using 
a hydraulic actuator with a capacity of 5000 kN (1124 kip) 

Fig. 3—Geometric characteristics and reinforcement layout of test specimens. (Note: Units in mm; 1 mm = 0.039 in.)
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and mounted into a strong reaction steel frame. A load 
was  applied at a rate of 0.05 mm/s (0.039 in./s) using a 
displacement-controlled method.

To simulate soil-bearing condition of the footings, the 
rubber-wood composite block system proposed by Zhang 
et  al.23 was employed. The characteristics of the block 
system are presented in Fig. A1 in Appendix A. The rubber 
blocks simulate the bearing stiffness of the soil and control 
the deformation of the footing slabs, while the wooden 
blocks support the reaction forces. Figures A1(b) and (c) 
present the global load-displacement relationships of the 
composite blocks and the stress-strain relationships of the 
wood in the composite blocks, respectively. To simulate the 
confinement of real soil and to restrain the lateral movement 
of test specimens, the composite blocks were placed into 
preformed holes on the plywood base plate (Fig. 4(b)). The 
equivalent elastic stiffness,24 k, of the soil beneath the foot-
ings was defined based on the stiffness coefficient, Kb, of the 

composite blocks. Considering different layouts of distrib-
uted blocks (Fig. 5), this study investigated three typical soil 
stiffnesses in foundation design, simulating humus soil or 
peat, fine or slightly compacted soil, and well-compacted 
sand. The detailed calculations are presented in Appendix B.

Measuring apparatus
Figure 6 shows the representative measuring apparatus 

layout of specimen C24-1.0. During testing, the radial 
concrete compression strain was measured at several loca-
tions on the slab surface using four to six concrete strain 
gauges (Fig. 6(a)), and the flexural reinforcement strain was 
measured in the radial directions (XR and YR) and tangen-
tial directions (XT and YT) at several locations parallel 
to the footing edges (Fig. 6(b)). In addition, as shown in 
Fig. 6(c), the vertical displacement of the footing specimens 
was measured at 11 locations using linear variable differen-
tial transformers (LVDTs): the periphery of the column stubs 

Table 1—Test specimens and parameters

Specimens h, mm d, mm c, mm L, m D, mm a/d fc′, MPa ρl, % Soil stiffness

C24-1.0 500 450 300 1.2 25 1.00 24 0.64 0.25k0 or 0.56k0

C24-1.33 500 450 300 1.5 25 1.33 24 0.64 0.25k0 or 0.56k0

C24-1.67 500 450 300 1.8 25 1.67 24 0.64 0.25k0 or 0.56k0

C32-1.0 500 450 300 1.2 25 1.00 32 0.64 k0

C32-1.33 500 450 300 1.5 25 1.33 32 0.64 k0

C32-1.67 500 450 300 1.8 25 1.67 32 0.64 k0

C32-1.5 350 300 300 1.2 25 1.50 32 0.64 k0

C32-2.0 350 300 300 1.5 25 2.00 32 0.64 k0

C32-2.5 350 300 300 1.8 25 2.50 32 0.64 k0

Note: h is footing height; d is effective depth; c is square column dimensions; L is square footing dimensions; D is diameter of flexural reinforcement; ρl is flexural reinforcement 
ratio of footings; k0 is soil-bearing stiffness corresponding to well-compacted soil (= 0.051 N/mm3 [0.184 kip/in.3]). 1 kN = 0.225 kip; 1 mm = 0.039 in.; 1 MPa = 0.145 ksi.

Fig. 4—Test setup.
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(L1 to L3) and footing edges and corners (L4 to L11). The 
number of strain gauges was different for the test specimens 
depending on the footing slab dimensions. In addition, two 
strain gauges were attached to both sides of composite blocks 
to evaluate the distribution of reaction pressure beneath the 
footings (Fig. 6(d)). The detailed calculations are presented 
in Appendix C.

EXPERIMENTAL RESULTS AND DISCUSSION
Crack patterns and failure modes

Figure 7 shows the crack patterns and failure surfaces of the 
representative footing specimens at the end of the test. After 

saw cuts at the column edges, crack patterns were observed 
at the bottom faces of the footings and inside the specimens, 
and punching failure angles were measured. In general, the 
crack patterns indicated that the slope angle of the main 
punching cone with respect to the horizontal plane decreased 
as the a/d increased. Specifically, for C24-1.0, C24-1.33, and 
C24-1.67, with soil stiffness of 0.56k0 (Fig. 7(a), (b), and 
(c), respectively), the average crack angles in the web part 
of the left and right sides were 44, 37.5, and 36 degrees, 
respectively. The crack angles of C32-1.0, C32-1.33, and 
C32-1.67, with a soil stiffness of 1.0k0 (Fig. 7(d), (e), and (f), 
respectively) were 49, 48.5, and 42.5 degrees, respectively; 

Fig. 5—Layout of rubber-wood composite blocks simulating different soil stiffnesses (footing dimensions of 1200 x 1200 mm). 
(Note: Units in mm; 1 mm = 0.039 in.)

Fig. 6—Layout of measuring apparatus.
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and the crack angles of C32-1.5, C32-2.0, and C32-2.5, with 
soil stiffness of 1.0k0 (Fig. 7(g), (h), and (i), respectively) 
were 45, 32.5, and 30.5 degrees, respectively.

For all the specimens, immediately after the peak load, 
punching shear failure was caused by inclined web-shear 
cracking, as shown from the crack patterns in Fig. 7. Such 
web-shear cracking is mainly caused by splitting of the 
concrete in the web of the footing slabs.25,26 Furthermore, 
for most footings with low a/d, vertical penetration cracking 
and/or concrete crushing occurred at the upper part of the 
footing slabs (Fig. 7(a) to (c)). As the diagonal web cracking 
propagated to the column face, causing vertical cracking 
under a high level of punching load,10,26 the column partially 
penetrated the footing slab. As the a/d decreased, the vertical 
cracking penetration in the upper part of the footing slabs 
became more severe. At the lower part of the footing slabs, 
diagonal web cracking propagated to horizontal splitting 
cracks along the longitudinal reinforcing bar. Flexural 
cracking was insignificant because of the low a/d of the 
footing specimens.

Furthermore, the bottom surfaces of the test specimens 
exhibited numerous radial cracks that propagated toward 
the footing slab edges; however, the crack width was not 
large. The bold solid lines represent the critical perimeter of 
the punching cone observed at the ultimate punching failure 

of the specimens. Generally, footing specimens with higher 
a/d showed larger critical perimeters than specimens with 
lower a/d, which is attributed to the low slope angle of web 
cracking.

Strain in concrete and flexural reinforcement
Figure 8 shows the representative radial concrete compres-

sion strain measured at the top surfaces of the footings. In 
general, the strain at the top surfaces reached maximum near 
the column face and gradually decreased toward the slab 
edges. In specimens C32-2.0 and C32-2.5 (Fig. 8(a) and (b), 
respectively), the compressive strain of the concrete near the 
column face exceeded 300 με. However, different behaviors 
were observed in specimens C32-1.0 and C32-1.33, with 
lower a/d (Fig. 8(c) and (d), respectively), wherein tension 
strain was measured at the top of the footing slabs. In footing 
slabs with low a/d, the effect of flexural action decreases 
while that of shear action increases. Thus, at the top surface 
of the slabs, the flexural compression strain decreased, and 
the tension strain caused by the diagonal tension increased. 
Vacev et al.26 indicated an analogous phenomenon using a 
finite element analysis (FEA) of three-dimensional (3-D) 
footing models.

Figure 9 shows the strain profiles of the longitudinal rein-
forcing bars arranged in the directions orthogonal (XR) and 

Fig. 7—Crack patterns of footing specimens at end of testing.
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parallel (YT) to the column face for representative test spec-
imens at different loading levels. The strain of the flexural 
reinforcing bars closer to the columns was greater than those 
far from the columns. For most specimens, at the peak load, 
the strain in the flexural reinforcing bars did not reach the 
yield strain, confirming that punching shear failure occurred 
before flexural yielding. The reinforcing bar strain in the YT 
direction is slightly higher than that in the XR direction.

Influence of a/d
The peak load (Ptest) and corresponding displacement of 

the test specimens are summarized in Table 2. Figure 10 
shows the effect of the a/d on the load-displacement rela-
tionships of the specimens. The displacement indicates the 
average vertical deflection measured at the column faces of 
the footing slabs (Fig. 6). Each figure shows the test results 
for uniform soil stiffness. As the a/d decreased, the peak 
strength increased, and the stiffness decreased. The observed 
behavior slightly differs from previous literature using the 
support condition as uniform loading points.12,18,27 This is 
because of the same soil stiffness per unit area of the foot-
ings; the area of the footing increases as the a/d increases, 
accompanied by the increase of installed block numbers. 
Consequently, global stiffness increases over the entire 
footing area. However, the column load is transferred by 
a diagonal strut (that is, direct bearing) rather than flexural 
action. Thus, the peak strength increased as flexural damage 
decreased. For specimen C32-1.0, which was subjected to 
soil bearing stiffness k0 (Fig. 10(c)), the test was intention-
ally terminated before punching failure, as the maximum 
load reached the actuator capacity.

Figure 11 illustrates the effect of the a/d on the punching 
failure load and stiffness of footings with different soil stiff-
nesses. The stiffness (K30) of the test specimens was eval-
uated from the load-displacement relationships as follows

	​ ​K​ 30​​  =  ​ ​P​ 30​​ − ​P​ 10​​ _ ​δ​ 30​​ − ​δ​ 10​​ ​​	 (1)

where P30 and P10 are the applied load values with respect to 
10% and 30% of the peak load, respectively; and δ30 and δ10 
are the corresponding displacements. In addition, to inves-
tigate the effect of the a/d on the punching failure load, the 
peak loads (Ptest) in Fig. 11(a) were normalized by ​​√ 

_
 fc' ​​b0d, 

where b0 [= 2c1 + 2c2 + 4d] is the critical perimeter according 
to ACI 318-19,2 where c1 and c2 are the column dimensions 
and d is the effective depth of the footing slabs.

In Fig. 11(a), regardless of soil stiffness, footings with an 
a/d of 1.0 showed the highest normalized punching failure 
load of 0.6 to 0.7. As the a/d increased from 1.0 to 1.33, 
the normalized punching failure load decreased by approx-
imately 25%. However, the decrease in the normalized 
punching load was insignificant when the a/d increased 
from 1.33 to 1.67. In Fig. 11(b), footings having higher a/d 
showed higher stiffness, and this trend was more pronounced 
for the footing groups with higher soil stiffness of 0.56k0 and 
1.0k0. This is attributed to the high settlement of the rubber 
part of the composite block and the large deformation of the 
slab under high vertical axial stress when the a/d decreased. 
Generally, the stiffness K30 increased proportionally with the 
soil stiffness k.

Figure 12 shows the representative reaction pressure distri-
bution beneath footing specimens measured in section A-A 
of specimens C32-1.0, C32-1.33, C32-1.67, and C32-2.5, 
subjected to soil bearing stiffness k0. Overall, the lower the 
a/d, the higher the reaction pressure due to the peak strength 
increase. In addition, the non-uniformly distributed contact 
pressure was observed. As the applied load increased, the 
contact pressure concentration was recorded beneath the 
column at the central part of the footings, which conforms to 
the theoretical background of previous literature.10,11

Furthermore, Fig. 12 indicated that the degree of pres-
sure concentration is significantly affected by the a/d. For 

Fig. 8—Concrete strains at top surfaces of footings.
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the footing specimens with low a/d of 1.0 and 1.33 (refer 
to Fig.  12(a) and (b)), the contact pressure concentra-
tion was insignificant at the peak load; the ratios between 
the maximum pressure measured beneath the central part 
and the minimum pressure measured at the footing edges 
were approximately 1.42 and 1.36, respectively. For the 
footing specimens with higher a/d of 1.67 and 2.5 (refer to 
Fig. 12(c) and (d), respectively), such values were 3.65 and 
8.62, respectively, indicating a significant contact pressure 
concentration under the punching body. This is because as 
the a/d increased, the effect of flexural cracking was more 
pronounced, decreasing the rigidity of the footings in the 
region outside the critical perimeter, leading to the contact 
pressure concentration toward the central part of the foot-
ings under the punching cone. Analogous observations were 
observed by Fouda et al.28

Influence of soil stiffness
Figure 13 indicates the effect of soil stiffness on the 

load-displacement relationships of the footing specimens 
under each uniform value of the a/d. In Fig. 13, the soil 
stiffness affected the stiffness and deflection of the footings 
rather than the punching failure load, except for C24-1.0-
0.25k0. Figure 14 shows the specific effect of the soil stiff-
ness on the normalized peak loads and stiffness for each 
footing group with uniform a/d of 1.0, 1.33, or 1.67.

In Fig. 14(a), for footing groups with a/d of 1.33 and 1.67, 
the effect of soil stiffness on the normalized punching failure 
load was insignificant. Meanwhile, for the footing group with 
a/d of 1.0, the normalized punching failure load increased as 
the soil stiffness increased from 0.25k0 to 0.56k0 and 1.0k0. 
Further research is required for higher soil stiffness, as the 
test of Specimen C32-1.0-1.0k0 was intentionally terminated 
owing to the limited capacity of the actuator.

As shown in Fig. 14(b), the stiffness K30 of the foot-
ings increased proportionally with soil stiffness. As soil 

Fig. 9—Distribution of strains in flexural reinforcing bars. (Note: 1 mm = 0.039 in.; 1 kN = 0.225 kip.)
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stiffness increased, the stiffness exhibited an increasing trend.  
Analogous observations were made by Bonić et al.29 for 
column footings tested on a cohesionless soil layer. For all 
test groups, compared to the footing specimens with soil 
stiffness of 0.25k0, K30 of footing specimens with soil stiff-
ness of 0.56k0 and 1.0k0 increased by approximately two and 
four times, respectively.

Figure 15 shows the effect of soil-bearing stiffness on reac-
tion pressure distribution beneath the footing measured in 
section A-A of Specimen C24-1.33. The results showed that 
the stiffness of the soil significantly affected contact pressure 
distribution beneath the footings. As shown in Fig.  15(a), 

for footings resting on the ground with low bearing stiff-
ness of 0.25k0, uniform distribution of contact pressure was 
observed at the low level of the applied load. As the applied 
load increased, the contact pressure was developed and 
more concentrated at the central part of the footings than the 
region toward the edges, in particular at high loading levels 
(2500 kN [562.5 kip] and peak load).

Meanwhile, as shown in Fig. 15(b) and (c), when the soil 
stiffness increased with the higher density of composite 
blocks, the contact pressure decreased and was more 
uniformly redistributed with insignificant pressure concen-
tration beneath the central part of the footing. Analogous 

Table 2—Test results for column footings

Specimens Soil stiffness Ptest, kN δ, mm Mean of xc, mm
Mean of θ, 

degrees Ppred, kN Ptest/Ppred

C24-1.0 0.25k0 3347.0 76.7 144.0 45.0 3243.5 1.03

C24-1.33 0.25k0 3340.0 61.6 217.5 42.0 3335.9 1.00

C24-1.67 0.25k0 2862.5 53 360.0 39.0 3263.4 0.88

C24-1.0 0.56k0 4537.5 64.9 132.0 44.0 3243.5 1.40

C24-1.33 0.56k0 3393.5 49.7 262.5 38.0 3335.9 1.02

C24-1.67 0.56k0 3219.9 36.4 333.0 37.0 3263.4 0.99

C32-1.0 k0 4595.9 51.2 126.0 49.0 3745.2 1.23

C32-1.33 k0 3470.0 29.5 202.5 48.5 3852.0 0.90

C32-1.67 k0 3458.3 19.5 333.0 42.5 3768.3 0.92

C32-1.5 k0 2373.3 31.3 192.0 45.0 2084.7 1.16

C32-2.0 k0 2220.6 20.4 292.5 32.5 1851.8 1.25

C32-2.5 k0 1628.2 15.6 495.0 30.5 1465.7 0.93

Average 1.06

COV 0.155

Note: xc is distance from the footing edge to the end of the inclined web-shear cracking; k0 = 0.051 N/mm3 (0.184 kip/in.3). 1 kN = 0.225 kip; 1 mm = 0.039 in.

Fig. 10—Effect of a/d on load-displacement relationships of footing specimens.
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observations were observed by Bonić et al.11,17 for column 
footings tested on the natural ground with different compac-
tion degrees of soil layers.

ANALYTICAL MODEL FOR PUNCHING SHEAR 
STRENGTH OF FOOTINGS WITH LOW A/D

In the existing design codes, various approaches are used 
to evaluate the punching shear strength of column foot-
ings. In ACI 318-19,2 EC2,3 and fib Model Code 2010,20 
empirical methods considering average shear stress around 
a critical  perimeter are used, whereas the method used 
in KDS 14 20 224 is based on the theory of compression 
zone failure mechanism originally developed by Park et 

al.30 and Choi  et al.31 Furthermore, the critical perimeters 
(b0) are defined differently in the existing design codes, 
as presented in Fig.  16. In ACI 318-19,2 fib Model Code 
2010,20 and KDS  14 20 22,4 b0 is considered located at a 
distance of 0.5d from the column face. On the other hand, 
in BS 8110-1:1997,32 a greater distance of 1.5d is consid-
ered, and in EC2,3 the control perimeter is determined by 
an iterative process in a range of 2.0d from the column face. 
As previously mentioned, regardless of the a/d and soil stiff-
ness, the punching shear strength models of existing design 
codes such as ACI 318-19,2 EC2,3 or KDS 14 20 224 are 
mainly based on the previous empirical and theoretical 
investigations5,6 on slab-column connections with high a/d. 

Fig. 11—Effect of a/d on punching failure load and stiffness K30. (Note: 1 mm = 0.039 in.; 1 kN = 0.225 kip.)

Fig. 12—Effect of a/d on reaction pressure distribution beneath footing specimens (section A-A). (Note: 1 mm = 0.039 in.; 
1 kPa = 0.000145 ksi.)
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However, the current test results showed that the punching 
load of column footings with low a/d was greater than that 
of specimens with higher a/d.

Further, the column footing specimens with low a/d failed 
due to the inclined web-shear cracking caused by the split-
ting of the concrete25,26 and vertical penetration cracking due 
to high stress concentration at the upper part of the footing 
slabs.25 This failure mechanism differs from that of slender 
flat slabs or foundations with high a/d. Thus, an analytical 
model for footing slabs with low a/d was developed based 
on the web-shear cracking mechanism owing to concrete 
splitting.

Model development
Figure 17 shows the proposed punching shear model 

based on the web-shear cracking mechanism for column 
footings with low a/d subjected to axial vertical loads from 
the column stub P. The inclined failure surface of the footing 
web is defined by the slope θi originating from the column 
center, based on the observations of the present tests (refer 

to Fig. 7). The depth of the vertical penetration cracking is 
denoted as d0i, and the effective web depth contributing to 
the punching shear resistance is denoted as dei. Accordingly, 
the punching shear strength Vc contributed by the concrete 
splitting within the effective web depth can be determined 
as follows

	​ ​V​ c​​  =  ​∑ 
i=1

​ 
2
 ​​​f​ tc​​ ′ ​ ​A​ 0i​​ cos ​θ​ i​​​​	 (2)

where ftc′ [= 0.292​​√ 
__

 ​​f​ c​​ ′ ​ ​​ MPa (= 3.5​​√ 
__

 ​​f​ c​​ ′ ​ ​​ psi)] denotes the 
splitting tensile strength of the concrete33; A0i denotes the 
area of the effective web in two orthogonal directions; and 
θi denotes the inclination angle of the failure surface with 
respect to the horizontal axis.

From Fig. 17, the effective web area in the form of a trun-
cated cone in two orthogonal directions (area AA′C′C or 
A′B′D′C′) is evaluated as follows

	​ ​A​ 0i​​  =  (2 ​c​ i​​ + 2 ​d​ ei​​ ⋅ cot ​θ​ i​​ ) ​ 
​d​ ei​​ _ sin ​θ​ i​​

 ​​	 (3)

Fig. 13—Effect of soil stiffness on load-displacement relationships of footing specimens. (Note: 1 mm = 0.039 in.)

Fig. 14—Effect of soil stiffness on punching failure load and stiffness K30. (Note: 1 mm = 0.039 in.; 1 kN = 0.225 kip.)
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where ci (i = 1 or 2) is the column dimension. Inserting 
Eq. (3) into Eq. (2), the punching shear strength of the foot-
ings can be defined as follows

	​ ​V​ c​​  =  ​∑​​2 ​​f​ tc​​ ′ ​ ( ​c​ i​​ + ​d​ ei​​ ⋅ cot ​θ​ i​​ ) ​d​ ei​​ cot ​θ​ i​​​​	 (4)

Equation (4) is redefined to consider the size effect factor, 
ks, as follows

	​ ​V​ c​​  =  ​∑ 
i=1

​ 
2
 ​2 ​k​ s​​ ​​f​ tc​​ ′ ​ ( ​c​ i​​ + ​d​ ei​​ ⋅ cot ​θ​ i​​ ) ​d​ ei​​ cot ​θ​ i​​​​	 (5)

where ks (=​​
4
 √ 
_

 300/d ​​ ≤ 1.1, d is in mm [=​​
4
 √ 
_

 11.7/d ​​ ≤ 1.1, d is in 
in.]) is defined according to KDS 14 20 22.4

In Fig. 17, the applied column load P at punching failure 
is evaluated by considering the influence of the reaction 

pressure p0 in the effective bearing area enclosed by the 
critical perimeter. Assuming that p0 is uniformly distributed 
beneath the footings (that is, P/Afoot=Vc/(Afoot – Ac0)), P can 
be computed as follows

	​ P  =  ​  ​V​ c​​ _ 
1 − ​ ​A​ c0​​ _ ​A​ foot​​ ​

 ​   =  ​ 
​∑ 
i=1

​ 
2
 ​2 ​k​ s​​ ​​f​ tc​​ ′ ​ ( ​c​ i​​ + ​d​ ei​​ ⋅ cot ​θ​ i​​ ) ​d​ ei​​ cot ​θ​ i​​​

   ________________________________   
1 − ​ 

( ​c​ 1​​ + 2​d​ e1​​ cot ​θ​ 1​​ ) ( ​c​ 2​​ + 2​d​ e2​​ cot ​θ​ 2​​ )   ____________________________  ​L​ 1​​ ​L​ 2​​  ​
 ​​	

		  (6)

where Ac0 [= (c1 + 2de1cotθ1)(c2 + 2de2cotθ2)] is the area 
within the considered critical perimeter (area CDD′C′); L1 
and L2 are the footing dimensions; and Afoot [= L1L2] is the 
area of the footing slabs. In this study, the proposed model 

Fig. 15—Effect of soil stiffness on reaction pressure distribution beneath specimen C24-1.33 (section A-A). (Note: 1 mm = 
0.039 in.; 1 kPa = 0.000145 ksi.)

Fig. 16—Different critical perimeters considered in existing design codes.
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was applied to square footing slabs and columns; thus, c [= 
c1 = c2] and L [= L1 = L2] were used in the calculation.

Figure 18 shows the failure surfaces of the representative 
specimens observed by saw cuts at the end of the testing. 
The current test results, as well as previous literature,25,34,35 
showed that the inclination angle θ of the failure surface 
significantly varied and was affected by the a/d of the foot-
ings. Thus, the distance xc [= a – decotθ] from the footing 
edge to the end of the inclined web-shear cracking caused by 
concrete splitting in the web of footings was affected by the 
a/d. Campione et al.35 reported that xc is affected by many 
parameters, including the distribution of the reaction stress 
of the ground, and thus is very complicated to theoretically 
evaluate. Thus, in this study, xc was determined based on the 
test results.

The average results of xc on the left and right sides of the 
footings measured from the cross sections of the specimens 
are summarized in Table 2. Based on the test results, Fig. 19 
shows the relationship between the parameters xc and a/d. 
The results imply a strong relationship between the param-
eters xc and a/d, which can be expressed by the following 
best-fitted equation

	 xc = 0.11(a/d)L ≤ 0.275L	 (7)

By using xc in Eq. (11), inclination angle θ can be esti-
mated as follows

	​ θ  =  atan​(​  2d _ L − 2 ​x​ c​​ ​)​​	 (8)

Figure 20 compares the predicted inclination angle θ 
of the failure surface and the test results from the present 
study (refer to Table 2) and previous studies.14,36 Overall, the 
predicted θ varied from 25 to 45 degrees with increasing a/d, 
showing a reasonable correlation with the test results. The 
decreasing trend of θ with increasing a/d was also reported 
in previous literature.25,34,35

From Fig. 17, by inserting decotθ[= (L – c)/2 – xc] into 
Eq. (3) and (5), the punching shear strength, Vc, and punching 
failure load, P, were redefined by considering the variable xc 
as follows

	 Vc = ksftc′(L – 2xc + c)(L – 2xc – c)	 (9)

	​ P  =  ​ 
​k​ s​​ ​​f​ tc​​ ′ ​​(L − 2 ​x​ c​​ + c)​​(L − 2 ​x​ c​​ − c)​

   ________________________  
1 − ​ 

​(L − 2 ​x​ c​​ )​​ 2​ _ ​L​​ 2​  ​
 ​​	  (10)

Fig. 17—Web-shear cracking-based punching shear model 
for column footings with low a/d.

Fig. 18—Failure surfaces of representative footing speci-
mens. (Note: Units in mm; 1 mm = 0.039 in.)
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Verification of proposed model and discussion
The proposed analytical model was applied to the test 

specimens. Table 2 compares the predicted punching failure 
load and the tested peak strength. Overall, the predicted 
results agreed with the test results, showing a mean ratio 
(Ptest/Ppred) of 1.06 and a coefficient of variation (COV) of 
0.155.

To evaluate the reliability, the proposed analytical model 
was applied to a database collected from previous tests of 
concrete column footings without shear reinforcement, as 
summarized in Table D1 in Appendix D. For comparison, 
the existing design codes KDS 14 20 224 and ACI 318-192 
were also applied to the test specimens. The details of the 
design equations for KDS 14 20 224 and ACI 318-192 are 
summarized in Appendix E. To predict the design codes, the 
punching failure load P was evaluated considering the effect 
of the reaction pressure within the area Apr inside the consid-
ered perimeter, as follows

	​ P  =  ​  ​V​ c​​ _ 
1 − ​ 

​A​ pr​​ _ ​A​ foot​​ ​
 ​​	 (11)

where Apr is taken at a distance of 0.5d from the column 
face in ACI 318-19,2 and at a distance of 0.75d in KDS 14 
20 22.4 It should be noted that in the case of the KDS 14 
code, the punching shear strength is calculated at the critical 
section located at a distance of 0.5d, whereas the punching 
failure load (demand) is calculated at a distance of 0.75d 
considering the inclined failure surface (that is, the soil 
pressure within the perimeter at 0.75d from the column face 
is neglected when evaluating the applied punching shear 
demand).

Figure 21 shows the punching failure load ratio Ptest/Ppred 
between the test and predicted results according to the a/d 
for various support types: spring, soil, and block (the present 
study). In Fig. 21, statistical analysis was performed sepa-
rately for the groups with low a/d ≤ 2.0 and higher a/d ≥ 
2.0. For each group, the minimum, maximum, and average 
values and COV of Ptest/Ppred are presented in detail. In addi-
tion, the 5% fractile (P0.05), which is generally accepted as a 
nominal value of the resistance in the theory of limit states 

(EN 1990:200236), was assessed for safety design with an 
assumption of normal distribution of the Ptest/Ppred. A value 
of the 5% fractile than 1.0 implies an unsafe design.

In Fig. 21(a), for low a/d ≤ 2.0, the proposed method 
showed better accuracy in strength predictions than the 
current design codes. For this group, the mean value of Ptest/
Ppred was 1.25, with a COV of 0.140 and an acceptable value 
of a 5% fractile of 0.88, which is close to the target value of 
1.0. For the group with a/d ≥ 2.0, the analytical method also 
showed accurate predictions with more scattering, a COV 
of 0.151, and a lower 5% fractile value of 0.92. However, 
as the a/d increased, the strength ratio tended to decrease 
below 1.0, which was in the unsafe zone. In the case of KDS 
14 20 224 (Fig. 21(b)), the predictions generally agreed with 
the test results. However, at the low a/d of 1.0, the strength 
ratio was very low. Compared with the proposed model, for 
low a/d ≤ 2.0, the mean value of Ptest/Ppred is 1.04, with a 
larger scattering (COV of 0.194) and a lower value of 5% 
fractile of 0.71. Meanwhile, for high a/d ≥ 2.0, the KDS 14 
code showed more reasonable and conservative predicted 
results, with a 5% fractile of 1.11, an average value of 1.36, 
and a smaller COV of 0.110. This is because the KDS 14 
code was developed based on the compression zone failure 
mechanism considering severe flexural damage, which is 
appropriate for footings with a high shear slenderness. In the 
case of ACI 318-192 (Fig. 21(c)), the prediction showed high 
safety for both a/d ≤ 2.0 and a/d ≥ 2.0, a mean value of 1.48 
and COV of 0.138 for a/d ≤ 2.0, and a mean value of 1.40 
and COV of 0.186 for a/d ≥ 2.0. As the a/d increased, the 
strength ratio also increased.

Parametric study and design consideration
Figure 22 shows the results of a parametric study using 

the proposed model to understand the influence of the 
design parameters on the punching failure load of column 
footings with low a/d. In Fig. 22(a), the main variable was 
the a/d of 1.26 to 2.0, and the other parameters were kept 
constant, similar to the specimens tested by Hegger et al.14 In 
Fig. 22(b), the main variable was the concrete compressive 
strength of 19.0 to 52.0 MPa (2.76 to 7.54 ksi), and the other 
parameters were kept constant, similar to specimens tested 
by Siburg and Hegger.37 As shown in Fig. 22(a), the predicted 

Fig. 19—Relationship between xc/L and a/d derived from 
test results.

Fig. 20—Comparison of inclination angles predicted by 
proposed model and obtained from test results.
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punching failure load decreased as the a/d increased, which 
coincides with the test results. In Fig. 22(b), the punching 
failure load increased as the compressive strength increased 
owing to the increase in the tensile strength of the concrete.

Figure 23 presents a parametric study of the punching 
shear strength (Vc) predicted by the proposed model and 
KDS 144 model. The main variable was the a/d of the foot-
ings. The analytical footing models have identical column 
dimensions of 200 x 200 mm (7.87 x 7.87 in.), effective depth 
(d) of 400 mm (15.7 in.), concrete compressive strength (fc′) 
of 27 MPa (3.92 ksi), and longitudinal reinforcing bar ratio 
(ρ) of 0.01. The results in Fig. 23 indicate that as the a/d 
increased, the proposed model showed an increasing trend 
of the punching shear strength. This is because, as the a/d 
increases, the depth of the effective region of the footing web 
contributing to the punching shear resistance (de) increases 
along with the decrease in the inclination angle (θ) of the 
failure surface (refer to Eq. (8)). Conversely, the punching 
shear strength predicted by the KDS 14 model exhibited a 
uniform value because the model did not consider the effect 
of inclination angle θ according to the a/d.

As shown in Fig. 23, the accuracy and safety of the predic-
tions differed according to the range of the a/d because the 
failure mechanisms considered in the methods were different. 
Thus, for safe and economical design, the use of a combined 
method using multiple design methods could be better. 
Figure 21(d) presents the prediction of the punching failure 
loads of the column footings using the proposed method 
for a/d ≤ 2.0 and the KDS 14 code for a/d > 2.0. When the 

combined method is used, the prediction is reasonable for a 
wide range of a/d showing low scattering (COV values of 
0.133 and 0.139 corresponding to the footing groups with 
a/d ≤ 2.0 and a/d > 2.0, respectively). Further, the combined 
method provides safe design, showing 5% fractile values of 
0.90 and 1.21 for the footing groups with a/d ≤ 2.0 and a/d > 
2.0, respectively.

SUMMARY AND CONCLUSIONS
In this study, experimental investigations were conducted 

to understand the punching shear behavior of isolated 
concrete column footings with low shear span-depth ratios 
(a/d). The influencing parameters, including the a/d, concrete 
compressive strength, and soil stiffness, were investigated 
and analyzed. The primary conclusions drawn from this 
study are as follows.

1. For footings with low a/d, punching shear failure 
occurred immediately after the peak load, with a limited 
occurrence of flexural cracks. Such a failure mode was char-
acterized by inclined web-shear cracking mainly caused 
by the splitting of the concrete in the web of the foot-
ings. The inclined cracks of the punching cone exhibited 
a decreased  slope angle as the a/d increased. In addition, 
vertical penetration cracking originating from the column 
face occurred in the upper part of the footing slabs because 
of the high stress concentration.

2. The punching shear load of the footings decreased as 
the a/d increased. The test results showed a pronounced 
reduction in the punching shear load when the a/d increased 

Fig. 21—Verification of proposed model and comparison with existing design codes.
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from 1.0 to 1.33, while showing an insignificant reduc-
tion when the a/d increased from 1.33 to 2.0. However, 
specimens with higher a/d showed higher stiffness of the 
load-displacement relationship when compared to those with 
lower a/d, which can be attributed to the high settlement of 
the composite block caused by high bearing stress occurring 
beneath the footings. Additionally, the test results revealed 
a high concentration of contact pressure beneath the central 
part of the footings for the cases of high a/d of 1.67 and 2.5. 
This phenomenon could be the result of pronounced flexural 
cracking decreasing the rigidity of the footing body, espe-
cially in the region outside the critical perimeter.

3. Soil stiffness did not significantly affect the punching 
shear strength of the footings, although the higher soil 
stiffness decreased the deflection of the foundation. Addi-
tionally, the test results showed that the stiffness of the soil 
significantly affected contact pressure distribution beneath 
the footings. As the soil stiffness increased with the higher 
density of composite blocks, the contact pressure decreased 
gradually and was more uniformly redistributed with insig-
nificant pressure concentration beneath the central part of 
the footings.

4. An analytical model based on the web-shear cracking 
mechanism was developed to evaluate the punching shear 
strength of footings with low a/d considering an effective 
web area. The prediction showed reasonable agreement with 
the test results of existing studies as well as the present study 

and showed better accuracy than current design codes for 
footings with low a/d ≤ 2.0.
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Finding the minimum height of reinforced concrete (RC) slabs and 
beams at the early stages of design is critical for efficient mate-
rial use. Hence, methods are needed for determining the maximum 
slenderness, L/h, that are both easy to use and able to consider as 
many influencing factors as possible, given that deflection typically 
controls the design of this kind of structure. One such method is 
the “long method of Rangan-Scanlon,” with recent advances in 
new closed-form solutions enabling direct calculation. This study 
builds on those advances, presenting a parametric study for RC 
beams and one-way slabs to determine the effect of key factors 
(compressive strength of concrete, reinforcement cover, span, tribu-
tary width, load, and boundary conditions) on the effective moment 
of inertia factor α and slenderness L/h. The results provide prac-
tical design tools for determining the maximum slenderness of RC 
one-way slabs by previously finding the α factor and directly deter-
mining the maximum slenderness for RC beams.

Keywords: beam; deflection control; maximum slenderness; one-way solid 
slab; reinforced concrete (RC); serviceability; stiffness.

INTRODUCTION
Deflection control is an increasingly governing param-

eter for a wide range of structural reinforced concrete 
(RC) members, particularly RC beams and one-way slabs.1 
However, deflection calculation, especially in the early 
stages of design, can be tedious and time-consuming, with 
available models and the intrinsic scatter of input data still 
not allowing sufficient precision to justify the effort.2 More-
over, optimization typically requires an iterative process, 
making the procedure even more time-consuming. There-
fore, indirect deflection control through the establishment of 
appropriate minimum heights of the elements is currently 
the most general practice among engineers when designing 
RC beams and slabs.

The most common form of indirect deflection control 
in codes is the provision of constant slenderness ratios in 
the form of L/h and Ln/h. Nonetheless, constant slender-
ness limits easily lead to either excessively heavy and 
resource-inefficient solutions or excessively slender and 
deformable members.3-8 To overcome this drawback, several 
authors and codes have been proposing alternatives3,4,9-12 to 
integrate different parameters into the proposed slenderness 
limits to make them variable.

A particularly versatile method for determining slender-
ness limits was originally proposed by Rangan13 and subse-
quently expanded by Scanlon and Choi14 and Scanlon and 
Lee,15 allowing the direct consideration of principal factors 
such as boundary conditions, span, load, concrete modulus 
of elasticity, and allowable deflection. The developed 

method was also adapted to different member types (beams 
and one- and two-way slabs).

The core of the method is the expression of the effec-
tive moment of inertia Ie as a portion of the gross concrete 
moment of inertia Ig, through multiplication by an effective 
moment of inertia factor α. When the method was originally 
proposed, there was no way to easily calculate or estimate 
α—it was proposed as a constant value,8,9 even though over 
time, this was recognized as probably insufficient.9 The key 
advantage of the method based on a known value of α is 
that the minimum height of RC members can be established 
based exclusively on those parameters that are known at the 
early stages of design, and in particular, it makes slenderness 
independent of the reinforcement ratio. Therefore, despite 
the fact that it has been acknowledged that a constant value 
of α is not a sufficient solution, it has been proposed that a set 
of values of α could be found depending on the main param-
eters governing the deflection control of RC members.4,5

Recently, a novel closed-form solution for α was proposed, 
enabling straightforward and direct calculation of α for RC 
solid sections and fiber-reinforced concrete (FRC) solid 
sections.10 This formulation sets the basis for the systematic 
study of the value of α depending on the main parameters 
governing deflection control (span, load, modulus of elas-
ticity of concrete, concrete shrinkage, concrete creep, rein-
forcement cover, boundary conditions, or deflection limit).

With this in mind, and based on the newly developed 
formulation, this study presents a parametric study of RC 
beams and one-way slabs—members for which deflection 
control is most critical—using the newly proposed formula-
tion for calculating α, and leads to a practical design tool for 
finding the minimum height of these members in accordance 
with ACI 318-19.16 The ultimate goal is to enable easy and 
fast calculation of minimum height, with flexibility at the 
early stages of design, while directly considering as many 
influencing factors as possible. These results may serve as 
a very precise and expedient tool for engineers already in 
the early design stages. Because the decisions at these early 
design stages most influence a structure’s economic and 
environmental impact, the method can lead to more efficient 
solutions and thus be economically and environmentally 
advantageous.
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The paper proceeds as follows: first, an overview of the 
method (the “long method of Rangan-Scanlon”8 and the 
“short method of Rangan-Scanlon”9) is presented, and its 
adaptation to RC beams and one-way slabs is demonstrated 
(for example, the inclusion of compressive reinforcement 
and tributary width for RC beams). Then, a parametric study 
is performed on both types of elements, out of which several 
design tools (tables, plots, and formulas) are given that lead 
either to the direct determination of the maximum slender-
ness (L/h) of the member or to determining the α factor as 
a step before finding the L/h of the member. Finally, the 
results and their implications are discussed, and conclusions 
are drawn.

RESEARCH SIGNIFICANCE
The availability of practical design tools for finding the 

minimum height of RC beams and one-way slabs is a crit-
ical step toward more material-efficient design of concrete 
structures. The newly developed formulation for calculating 
the effective moment of inertia factor α within the Rangan-
Scanlon method needs to be translated into easy-to-use tools 
for designers to use in their daily practice. The parametric 
study performed in this research and the resulting graphs, 
tables, and formulas for the α factor and the slenderness L/h 
are comprehensive tools for easy and direct application in 
practice.

CLOSED-FORM SOLUTION FOR EFFECTIVE 
MOMENT OF INERTIA FACTOR α

Overview of formulation
Herein, only a brief recapitulation of the Rangan-Scanlon 

method is given,13,14 as well as of the novel closed-form 
solution for the factor α.17

The starting point for the Rangan-Scanlon method is the 
incremental deflection Δinc, defined by Eq. (1)

	​ ​Δ​ inc​​  =  ​ ​λ​ Δ​​κ​W​ sus​​​L​​ 4​ _ 384​E​ c​​​I​ e​​  ​ + ​ κ​W​ sl​​​L​​ 4​ _ 384​E​ c​​​I​ e​​ ​​	 (1)

The key parameter in the expression is the effective 
moment of inertia Ie that is calculated as

​​ 
I​ e​​  =  ​

⎧

 
⎪

 ⎨ 
⎪

 

⎩

​

​I​ g​​                                                   for  ​M​ a​​   ≤  ​(2/3)​​M​ cr​​

​    ​  ​I​ cr​​  ______________________  
1 − ​​(​ ​

(2/3)​​M​ cr​​ _ ​M​ a​​  ​)​​​ 
2

​​(1 − ​ ​I​ cr​​ _ ​I​ g​​ ​)​
 ​            for  ​M​ a​​  >  ​(2/3)​​M​ cr​​ ​​​		

		  (2)

For a rectangular cross section, the cracking moment Mcr 
is calculated as

	​ ​M​ cr​​  =  ​W​ g​​​f​ r​​  =  ​ b​h​​ 2​ _ 6  ​​f​ r​​​	 (3)

To obtain an expression in terms of span-depth ratio based 
on Eq. (1), the following is assumed:

1. Δinc is equated with the maximum allowable value of the 
incremental deflection (Δinc)allow;

2. Ig is taken as bh3/12, assuming a rectangular solid cross 
section; and

3. Ie is taken as αIg.

Then

	​ ​​(​Δ​ inc​​)​​ allow​​  =  ​ 12​λ​ Δ​​κ​W​ sus​​​L​​ 4​ ____________ 384​E​ c​​αb​h​​ 3​  ​ + ​  12​W​ sl​​​L​​ 4​ _ 384​E​ c​​αb​h​​ 3​ ​ =

                            ​ κ _ 32 ​ ​ 
​(​λ​ Δ​​​W​ sus​​ + ​W​ sl​​)​L  _____________ α​E​ c​​b

  ​​​(​ L _ h ​)​​​ 
3
​​		

		  (4)

	​ ​ L _ h ​  =  ​​[​​(​ ​Δ​ inc​​ _ L  ​)​​ 
allow

​​ ​  32α​E​ c​​b _____________  κ​(​λ​ Δ​​​W​ sus​​ + ​W​ sl​​)​
 ​]​​​ 

​ 1 _ 3 ​

​​	 (5)

The general or “long method of Rangan-Scanlon” consists 
of the following steps9: 1) initial choice of h to account for 
self-weight (for example, from current code-recommended 
L/h ratios); 2) calculation of the required steel area for 
strength requirements; 3) calculation of Ie to determine α; 
4) use of the computed α in Eq. (5) to find h; and 5) check 
for convergence between the obtained and assumed h and 
iteration until convergence.

As can be seen, the method is unsuitable for establishing 
element depths at early design stages as it requires knowing 
the reinforcement ratio.4 To overcome this drawback, 
several researchers proposed the “short method of Rangan-
Scanlon,” which adopts a preestablished value of α. Scanlon 
and Choi14 were the first to suggest a preestablished value 
of α, taking a constant value of 0.4. However, later, Scanlon 
and Lee15 suggested a constant value of 0.52. Even though 
taking a constant value for α in the “short method of Rangan-
Scanlon” already provides better results than other existing 
methods included in current codes,4 the accuracy and appli-
cability of this criteria to all cases of RC members (beams 
and one- and two-way slabs) is questionable.4,9

With this in mind, Tošić et al.17 developed a novel closed-
form solution to find α, enabling a fast and easy use of 
the “long method of Rangan-Scanlon,” thereby making 
feasible parametric studies that may lead to finding a set of 
values of α to be ultimately used in the “short method of 
Rangan-Scanlon.”

The starting point for the closed-form solution for α was 
Eq. (2), which can be rewritten in terms of μ = Mcr/Ma and 
δ = Icr/Ig

	​ ​ ​I​ e​​ _ ​I​ g​​ ​  =  α  =  ​

⎧

 
⎪

 ⎨ 
⎪

 
⎩

​

1                                   for μ ≥ 1.5

​   ​  δ _______________  
1 − ​​(​ 2 _ 3 ​μ)​​​ 

2
​​(1 − δ)​

 ​         for μ < 1.5 ​​​	 (6)

First, the cracking moment can be determined as

	​ ​M​ cr​​  =  ​ b​h​​ 2​ _ 6  ​​f​ r​​  =  ​ b​h​​ 2​ _ 6  ​​(0.62​√ 
____

 ​fc ′ ​ ​)​ =  ​ 0.62 _ 6  ​b​h​​ 2​​√ 
____

 ​fc ′ ​ ​​ (N∙mm)	(7)

It should be noted that Eq. (7) is valid only for SI units; 
for U.S. customary units, 0.62 should be replaced by 7.5. 
Considering an assumed value of ρ, the applied moment 
Ma = ηMn can be determined as
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	​ ​M​ a​​  =  η​M​ n​​  =  η​​(​ d _ h ​)​​​ 
2
​b​h​​ 2​ρ​f​ y​​​(1 − ​ 

ρ​f​ y​​ ________ 1.7​fc ′ ​
 ​)​ ​ (N∙mm)	 (8)

Then, for SI units, μ is obtained as

	​ μ  =  ​ ​M​ cr​​ _ ​M​ a​​ ​  =  ​ 
0.62​√ 

____
 ​fc ′ ​ ​  _______________________  

6η​​(​ d _ h ​)​​​ 
2
​ρ​f​ y​​​(1 − ​ 

ρ​f​ y​​ ________ 1.7​fc ′ ​
 ​)​

 ​​	 (9)

whereas, for U.S. customary units, 0.62 should be replaced 
by 7.5. As for δ = Icr/Ig, it is calculated from Ig = bh3/12.

For an RC cross section under bending moments (without 
an axial force), the position of the neutral axis is indepen-
dent of the applied load (hence, of M) and can be expressed 
through the neutral axis coefficient ξ = c/d, where c is the 
depth of the compressed zone

	​ ​I​ cr​​  =  ​ b​h​​ 3​ _ 12 ​​[12​​(​ d _ h ​)​​​ 
3
​nρ​(1 − ξ)​​(1 − ​ 

ξ
 _ 3 ​)​]​​ (mm4)	 (10)

Then, δ can be obtained as

	​ δ  =  ​ ​I​ cr​​ _ ​I​ g​​ ​  =  12​​(​ d _ h ​)​​​ 
3
​nρ​(1 − ξ)​​(1 − ​ 

ξ
 _ 3 ​)​​	 (11)

For RC sections under bending with only tensile rein-
forcement and under service load, the neutral axis coefficient 
ξ can be directly calculated as

	​ ξ  =  − nρ + ​√ 
_

 ​​(nρ)​​​ 2​ + 2nρ ​  =  nρ​(− 1 + ​√ 
_

 1 + ​ 2 _ nρ ​ ​)​​	 (12)

Therefore, using Eq. (9), (11), and (12), α can be calcu-
lated as a function of the specified concrete strength (from 
which Ec is determined), steel grade (from which fy and Es 
are determined), and an assumed (or calculated) reinforce-
ment ratio ρ.

Adaptation of solution to RC beams and  
one-way slabs

As stated earlier, the objective of this paper is to provide 
design tools in the form of a set of graphs and tables based 
on a parametric study using the “long method of Rangan-
Scanlon” and the closed-form solution for α to enable 
designers to directly determine α for their subsequent use in 
the “short method of Rangan-Scanlon” for different cases of 
RC rectangular beams and one-way solid slabs.

For this purpose, several adjustments of the closed-form 
solution for α are necessary as the original formulation by 
Tošić et al.17 only considered the presence of tensile rein-
forcement in the cross section—that is, ρ′ = 0. Therefore, the 
concept of compressive reinforcement necessary for strength 
requirements needs to be introduced. Furthermore, in the 
original formulation, one sole value of ρ (tensile reinforce-
ment) was defined. But for low-reinforced cross sections, 
the required tensile reinforcement (ρ*) may be less than 
the minimum (ρmin) reinforcement that must be provided 
to avoid brittle failure under tensile stress. That is why, in 

the following section, a new version of the formulation that 
differentiates between required tensile reinforcement (ρ*) 
and provided tensile reinforcement (ρprov) is developed, 
ensuring that the provided reinforcement is never below the 
minimum amount of reinforcement necessary for avoiding 
brittle failure

	​ ​ρ​ min​​  =  max​(​ 
3​√ 

____
 ​fc ′ ​ ​ _______ ​f​ y​​

 ​  , ​ 200 _ ​f​ y​​
  ​)​​for U.S. customary units

	​ ​ρ​ min​​  =  max​(​ 
0.25 ​√ 

____
 ​fc ′ ​ ​ __________ ​f​ y​​

 ​  , ​ 1.38 _ ​f​ y​​
  ​)​​ for SI units	 (13)

with the provided tensile reinforcement defined as

	 ρprov = max(ρ*, ρmin)	 (14)

It is assumed that if the initial calculation of reinforcement 
(only tensile) turns a neutral axis depth > 0.45d (c/d > 0.45), 
compressive reinforcement is provided. In case of a section 
that requires compressive reinforcement, the moment 
capacity of a section can be decomposed by fixing the neutral 
axis position at 0.45d. In other words, the bending moment 
Mn consists of a component M0.45d, which corresponds to a 
section with only tension reinforcement, and a component 
ΔM, which corresponds to the moment resistance of the 
needed compressive reinforcement and an equal amount 
of added tensile reinforcement needed for equilibrium. The 
position of the compressive reinforcement can be expressed 
through the d′/h ratio.

To determine the quantity of compressive reinforcement 
needed, the following procedure is to be followed. First, 
M0.45d is calculated as

	 M0.45d = Cc(d – 0.5c) = 0.85fc′β1cb(d – 0.5c)	 (15)

where c = 0.45d; and β1 varies linearly between 0.85 and 0.65 
for fc′ between 4000 and 8000 psi (27.58 and 55.16 MPa), 
respectively, according to ACI 318-19.16 Hence

	 M0.45d = 0.85fc′β10.45db(d – 0.5 ∙ 0.45d) =  

	 0.2964​​​(​ d _ h ​)​​​ 
2
​​fc′β1bh2	 (16)

Then, ΔM = Mn – M0.45d

	​ΔM  =  ​As ′ ​​f​ y​​​(d − ​d ′ ​)​  =  ​As ′ ​​f​ y​​h​(​ d _ h ​ − ​ ​d ′ ​ _ h ​)​ =​(​ d _ h ​)​​ρ ′ ​ ​f​ y​​b​h​​ 2​​(​ d _ h ​ − ​ ​d ′ ​ _ h ​)​​		
		  (17)

From these, the compressive reinforcement can be directly 
determined as

	​ ​ρ ′ ​  =  ​ 
​M​ n​​ − 0.2964​​(​ d _ h ​)​​​ 

2
​​fc ′ ​​β​ 1​​b​h​​ 2​
  _______________________  

​f​ y​​b​h​​ 2​​(​ d _ h ​ − ​ ​d ′ ​ _ h ​)​
 ​​	  (18)
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Then, with respect to the original formulation proposed by 
Tošić et al.,17 changes are needed in Eq. (8) to (12).

First, Eq. (8) becomes

        ​​M​ a​​  =  η​M​ n​​  	=  ηb​h​​ 2​​(​ d _ h ​)​​f​ y​​​{​(​ d _ h ​)​​ρ​​ *​​(1 − ​ 
​ρ​​ *​​f​ y​​ _______ 1.7​fc ′ ​

 ​)​ +  

                                   ​ρ ′ ​​(​ d _ h ​ − ​ ​d ′ ​ _ h ​)​}​​ 

� (19)

Herein, ρ* refers to only the originally needed tensile rein-
forcement As (for M0.45d)—that is, ρ* = As/(bd) and ρ′ = As′/
(bd). As ρ* may easily be found, because ρ = (0.85fc′β1c)/
(fyd) and c = 0.45d, then

	​ ​ρ​​ *​  =  ​ 
0.85 ⋅ 0.45​fc ′ ​​β​ 1​​  _______________ ​f​ y​​

 ​   =  0.3825​ 
​fc ′ ​ ​β​ 1​​ ______ ​f​ y​​

 ​​	  (20)

Then, Eq. (19) becomes

	​ ​M​ a​​  =  η​M​ n​​  =  ηb​h​​ 2​​(​ d _ h ​)​​f​ y​​​{​(​ d _ h ​)​0.3825​ 
​fc ′ ​ ____ ​f​ y​​

 ​[ ​β​ 1​​ −  

                        0.225​(​β​ 1​​ ​)​​ 2​]​ + ​ρ ′ ​​(​ d _ h ​ − ​ ​d ′ ​ _ h ​)​}​​	 (21)

Equation (9) can be expressed as

	​μ  =  ​ ​M​ cr​​ _ ​M​ a​​ ​  =  ​ 
0.625​√ 

____
 ​fc ′ ​ ​   ________________________________________    

6η​(​ d _ h ​)​​f​ y​​​{​(​ d _ h ​)​​ρ​​ *​​(1 − ​ 
​ρ​​ *​​f​ y​​ _______ 1.7 ​fc ′ ​

 ​)​ + ​ρ ′ ​​(​ d _ h ​ − ​ ​d ′ ​ _ h ​)​}​
 ​​		

		

(22)

for SI units; whereas, for U.S. customary units, 0.625 should 
be replaced by 7.5. Considering ρ* in Eq. (20)

	​ μ  =  ​ 
0.625​√ 

____
 ​fc ′ ​ ​   ______________________________________    

6η​(​ d _ h ​)​​f​ y​​​

⎧

 
⎪

 ⎨ 
⎪

 

⎩
​
​(​ d _ h ​)​0.3825​ 

​fc ′ ​ ____ ​f​ y​​
 ​[ ​β​ 1​​ − 0.225​( ​β​ 1​​ )​​ 2​ ]

​   
+ ​ρ ′ ​​(​ d _ h ​ − ​ ​d ′ ​ _ h ​)​

 ​

⎫

 
⎪

 ⎬ 
⎪

 

⎭
​

 ​​	 (23)

for SI units; whereas, for U.S. customary units, 0.625 should 
be replaced by 7.5.

Equation (10) becomes

	​ ​I​ cr​​  =  ​ b​h​​ 3​ _ 12 ​​(​ d _ h ​)​​

⎧

 
⎪

 ⎨ 
⎪

 

⎩

​

5.61​​(​ d _ h ​)​​​ 
2
​n​ρ​​ *​ +

​  
12​ρ ′ ​​

⎡

 ⎢ 

⎣
​
0.3025​​(​ d _ h ​)​​​ 

2
​ +

​  
​​(0.45​ d _ h ​ − ​ ​d ′ ​ _ h ​)​​​ 

2
​
​

⎤

 ⎥ 

⎦
​
​

⎫

 
⎪

 ⎬ 
⎪

 

⎭

​​	 (24)

Considering ρ* in Eq. (20)

	​ ​I​ cr​​  =  b​h​​ 3​​​(​ d _ h ​)​​​ 
3
​n​ρ​​ *​​(1 − ξ)​​(1 − ​ 

ξ
 _ 3 ​)​ + ​ρ ′ ​bh​(​ d _ h ​)​​​(d − c)​​​ 2​ + ​ 

                               ρ ′ ​bh​(​ d _ h ​)​ ​​(c − ​d ′ ​)​​​ 2​​	 (25)

Finally, Eq. (11) can be expressed as

	​ δ  =  ​ ​I​ cr​​ _ ​I​ g​​ ​  =  ​(​ d _ h ​)​​

⎧

 
⎪

 ⎨ 
⎪

 

⎩
​
5.61​​(​ d _ h ​)​​​ 

2
​n​ρ​​ *​ +

​  
12​ρ ′ ​​[0.3025​​(​ d _ h ​)​​​ 

2
​ + ​​(0.45​ d _ h ​ − ​ ​d ′ ​ _ h ​)​​​ 

2
​]​
​

⎫

 
⎪

 ⎬ 
⎪

 

⎭
​​		

		  (26)

and considering ρ* in Eq. (20)

	​ δ  =  ​(​ d _ h ​)​​

⎧

 
⎪

 ⎨ 
⎪

 

⎩

​
2.97 ⋅ 0.​85​​ 2​​​(​ d _ h ​)​​​ 

2
​ ​ 
n​fc ′ ​​β​ 1​​ _______ ​f​ y​​

 ​  +
​  

12​ρ ′ ​​[0.3025​​(​ d _ h ​)​​​ 
2
​ + ​​(0.45​ d _ h ​ − ​ ​d ′ ​ _ h ​)​​​ 

2
​]​
​

⎫

 
⎪

 ⎬ 
⎪

 

⎭

​​	 (27)

Additionally, Eq. (12) becomes

	​ ξ  =  n​ρ​ prov​​​(1 + ​ 
​ρ ′ ​
 _ ​ρ​ prov​​ ​)​​

⎡

 ⎢ 

⎣

− 1 + ​√ 

________________

  ​ 

2​
⎛
 ⎜ 

⎝
1 + ​ 

​ρ ′ ​
 _ ​ρ​ prov​​ ​ ​ 

​ ​d ′ ​ _ h ​
 _ 

​ d _ h ​
 ​
⎞
 ⎟ 

⎠
​

  ________________  
n​ρ​ prov​​ ​​(1 + ​ 

​ρ ′ ​
 _ ​ρ​ prov​​ ​)​​​ 

2

​
 ​ ​

⎤

 ⎥ 

⎦

​​	 (28)

Thereby, Eq. (23), (27), and (28) provide a way of consid-
ering cases where compressive reinforcement is necessary 
for strength requirements within the same framework for 
determining α.

Finally, for RC solid beams, the factor kB (unitary tribu-
tary width) is used to multiply b (breadth) in each one of 
the closed-form equations described previously. This factor 
was first proposed by Sanabra and Scanlon9 and is defined 
as kB = Ltrib/b, where Ltrib is the tributary with of the beam. 
Extremely narrow beams have a kB = 30, and very wide 
beams have a kB = 8.

PARAMETRIC STUDY TO FIND VALUES OF 
EFFECTIVE MOMENT OF INERTIA FACTOR α  

AND SLENDERNESS L/H FOR RC  
ONE-WAY SOLID SLABS

First, RC one-way solid slabs were analyzed. The study 
was conceived with the following parameters and values:
•	 Rectangular cross section b/h;
•	 Reinforcing steel with a specified yield strength fy of 

60 ksi (413.7 MPa);
•	 Three specified concrete strengths fc′ of 3000, 4000, and 

5000 psi (20.7, 27.6, and 34.5 MPa);
•	 Relative cover for tensile reinforcement d/h of 0.75, 

0.85, and 0.95, and for compressive reinforcement d′/h 
of 0.1;

•	 Spans L of 15, 25, and 35 ft (4.6, 7.6, and 10.7 m);
•	 Superimposed surface loads Q of 80, 120, and 160 lb/ft2 

(3.8, 5.8, and 7.7 kN/m2);
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•	 Three boundary conditions—fixed-fixed (both ends 
continuous), fixed-pinned (one end continuous), and 
pinned-pinned (simply supported); and

•	 Two incremental deflection limits for floors or roofs: 
one for floors or roofs supporting or attached to 
nonstructural elements that are likely to be damaged by 
large deflections (deflection limit of L/480, a case called 
“damageable”); and one for floors or roofs not likely 
to be damaged by large deflections (deflection limit of 
L/240, a case called “non-damageable”).

In total, there were six parameters, leading to 3 × 3 × 3 × 
3 × 3 × 2 = 486 individual cases. For each case, α was calcu-
lated using the following procedure:

1. An initial height h0 was assumed based on existing L/h 
in ACI 318-1916;

2. From the superimposed surface load and self-weight 
(determined based on h0), the nominal moment(s) is (are) 
determined, and reinforcement(s) ρ* necessary for strength 
requirements is (are) calculated;

3. If during the calculation of ρ* it is detected that c > 
0.45d, then the procedure for determining the compressive 
reinforcement, outlined in the previous section, is followed 
(however, no cases required it);

4. The required reinforcement ρ* is checked against the 
minimum reinforcement (ρmin) given by Eq. (13);

5. The values of ξ, μ, and δ are calculated based on 
Eq. (12), (9), and (11) for cross sections without compres-
sive reinforcement and Eq. (28), (23), and (27) for cross 
sections with compressive reinforcement and considering 
Ma = 0.67Mn, that is, η = 0.67.

6. The effective moment of inertia factor α is calculated 
according to Eq. (6) for all representative cross sections 
of the member (midspan cross section and both support 
cross sections, depending on the boundary conditions). The 
overall factor α of the entire member is then calculated by 
averaging the factors for representative sections considering 
the bending moment law—that is, the portions of length of 
hogging and sagging moments, which are 0 and 1 for simply 
supported elements, 0.25 and 0.75 for one end continuous 
boundary conditions, and 0.42 and 0.58 for both ends contin-
uous boundary conditions.

7. The height h is found using Eq. (5) considering the span 
(L), effective moment of inertia factor α, allowable deflec-
tion (Δ/L)allow, boundary conditions (expressed through the 
factor κ, which is 5.0, 2.0, and 1.4 for simply supported 
elements and elements with one or both ends continuous, 
respectively), modulus of elasticity of concrete (Ec), and 
long-term deflection multiplier (λΔ = ξ/(1 + 50ρ′)), with ξ = 
2 for a nominal time-dependent factor for a 5-year duration 
of loading.16

8. The value of h is checked against the initially assumed 
value, and the process is repeated until convergence.

The first step after completing the parametric study 
was the analysis and the determination of the influence of 
individual parameters. For this purpose, in each case, five 
of the six parameters were fixed, and one was considered 
with its extreme values—for example, both ends contin-
uous boundary condition, non-damageable nonstruc-
tural elements, Q = 80 lb/ft2 (3.8 kN/m2), fc′ = 3000 psi 

(20.7 MPa), and d/h = 0.85. Then, spans L of 15 and 35 ft 
(4.6 and 10.7 m) are considered, and the obtained L/h limits 
and α factors are compared for the two cases.

In this particular case, the L/h value for L = 15 ft (4.6 m) 
is obtained as 38.3, and for L = 35 ft (10.7 m) as 30.3. This 
is observed as a |38.3/30.3 – 1| = 26.4% difference, which is 
significant. If the value of α for the two cases is considered, 
it results in 0.338 and 0.308, respectively. In this case, the 
difference should be analyzed in terms of α1/3 because this 
is how α influences L/h in Eq. (5). Therefore, the difference 
is |(0.338/0.308)1/3 – 1| = 3.1%, much smaller than when 
considering L/h.

This process was then repeated for each of the individual 
parameters. Because six parameters were considered in 
total, to obtain an easy-to-use graphical tool, it was critical 
to identify which parameters do not significantly affect the 
value of L/h or α. Once the less-influential parameters were 
identified, the values of L/h or α depending on those param-
eters were averaged in a sole value of L/h or α, respectively.

For that reason, it was considered that when the difference 
between the two extreme values in a set of values of L/h 
(or α1/3) after a certain parameter is smaller than 5%, such a 
parameter is considered to be of negligible influence. This 
criterion was taken based on the following reasoning. When 
a certain parameter is considered negligible, given a certain 
set of results (L/h or α1/3), it is acceptable to take the average 
value of that set of results. By doing so, it is assumed that 
the average value of that set of data is approximately the 
average between the two extreme values of that set, so that 
the mentioned average would have up to a 2.5% error with 
respect to each of the extreme values. A 2.5% error on a slab 
with a depth of 19.7 in. (500 mm) amounts to an error of 
0.5 in. (12.5 mm). Such errors can be considered acceptable 
errors at an early stage of design.

After studying the sensitivity of L/h and α1/3 to each of 
the parameters, it was consistently found that, in the case of 
slabs, α1/3 was far less sensitive to variations in most of the 
parameters—that is, it is a more robust variable.

Hence, the practical design tools provided in the following 
sections have been designed to find values of α rather than 
values of L/h because α could be expressed in terms of a 
smaller number of parameters (to which it is sensitive). 
Therefore, to find the slenderness (L/h) of a certain slab, it 
may be done by using Eq. (5), with the corresponding value 
of α provided in the design tools; this is using the “short 
method of Rangan-Scanlon.”

After identifying the parameters to which α1/3 is sensitive, 
it was found that the influence of the studied parameters 
varies significantly depending on whether slabs are attached 
to “damageable” or to “non-damageable” nonstructural 
elements.

Slabs attached to “non-damageable” nonstructural 
elements

For RC one-way solid slabs attached to “non-damage-
able” nonstructural elements, the parameters significantly 
affecting α1/3 were found to be d/h, load (Q), and boundary 
conditions. Span (L) and specified concrete compressive 
strength (fc′) did not show significant influence.
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This is demonstrated in Table 1, where the α factor values 
are shown for each set of influential parameters but averaged 
for the non-influential parameters. In other words, for a given 
set of d/h, Q, and boundary conditions, α was averaged for 
the different studied spans and compressive strengths. This 
average was done taking only the extreme values of α after 
each one of these two non-influential parameters—that is, 
each value of α in Table 1 is an average of four values, corre-
sponding to the combination of the two extreme spans (15 
and 35 ft [4.6 and 10.7 m]) and the two extreme compres-
sive strengths (3000 and 5000 psi [20.7 and 34.5 MPa]). The 
table also shows the deviation of extreme values of α for 
the non-influential values with respect to the average value 
of α. As can be seen, the largest deviation is 3.92%, and the 
majority of deviations are below 2.5% (values above 2.5% 
are given in italics). It can also be seen that for the majority of 
cases (except for one end continuous and simply supported 
slabs with d/h = 0.75), the minimum amount of positive rein-
forcement was required to prevent brittle failure. Addition-
ally, for d/h equal to 0.85 and 0.95, the values of α were 
practically identical between one end continuous and simply 

supported boundary conditions, so the values were averaged 
among eight cases.

The results in Table 1 are also graphically represented 
in Fig. 1, which allows rapid determination of the value of 
α based on the influential parameters (d/h, load [Q], and 
boundary conditions), keeping in mind that L and fc′ can take 
on any value.

Finally, it is interesting to point out that the whole set of 
values of α used to compute the average α values shown in 
Table 1 range from 0.229 to 0.360, with a global average 
of 0.298. In other words, the precision provided by design 
tools could eventually be omitted by adopting α = 0.3 for RC 
one-way solid slabs attached to “non-damageable” nonstruc-
tural elements. This simplification would lead to values of 
L/h with a maximum deviation of 8.6% with respect to the 
correct value. However, the value of α = 0.3 may be useful 
as a first approximation when using Eq. (5) to find the 
maximum slenderness for slabs with parameters different 
from those in the current study, such as cases with different 
allowable deflections or following other code provisions.

Table 1—α factor values depending on several factors for RC one-way solid slabs attached to 
non-damageable nonstructural elements, and maximum deviation of α for factors studied but not included 
in table

α

Deflection control Maximum deviation from average

Attached to non- 
damageable elements

– +Boundary conditions d/h Q, lb/ft2 —

Both ends continuous 
(2C)

0.75

80 0.343* –1.77% 1.63%

120 0.332* –1.09% 0.69%

160 0.330* –0.82% 1.12%

0.85

80 0.325* –1.84% 2.34%

120 0.309* –1.58% 1.24%

160 0.299* –1.42% 1.02%

0.95

80 0.314* –2.28% 2.75%

120 0.296* –1.60% 1.68%

160 0.285* –1.47% 0.97%

One end continuous 
(1C) 0.75

80 0.314 –1.24% 2.55%

120 0.325 –2.33% 3.31%

160 0.338 –2.94% 3.92%

Simply supported (SS) 0.75

80 0.293 –0.68% 1.16%

120 0.295 –0.89% 1.92%

160 0.299 –1.54% 2.51%

One end continuous and 
simply supported (1C 

and SS)

0.85

80 0.269* –3.63% 2.12%

120 0.260* –3.44% 2.14%

160 0.256* –2.90% 2.13%

0.95

80 0.264* –3.01% 2.66%

120 0.255* –2.80% 2.23%

160 0.248* –2.63% 2.04%

*Minimum positive reinforcement required.

Note: Values above 2.5% are given in italics; 1 lb/ft2 = 0.0479 kN/m2.
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Slabs attached to “damageable” nonstructural 
elements

As for RC one-way slabs attached to “damageable” 
nonstructural elements, the parameters significantly influ-
encing α1/3 were found to be the span (L), load (Q), and 
boundary conditions. But it should be noted that boundary 

conditions have been found to be only partially influential, 
as results for one end continuous and simply supported cases 
were practically equal, so only a distinction is made between 
these two boundary conditions and the both ends contin-
uous boundary condition. In this case, the parameters not 
significantly influencing α1/3 were d/h and specified concrete 
compressive strength (fc′).

The results for RC one-way slabs attached to “damage-
able” nonstructural elements are shown in Table 2, where 
each α factor is an average of six or 12 values (averaged by 
d/h and fc′ for one or two boundary conditions). The results 
show that for all cases, the deviation from the average value 
of α does not exceed 2.04%. Additionally, it can be seen that 
the majority of cases need both minimum negative and posi-
tive moment reinforcements, and only three cases need only 
positive reinforcement.

Considering the significant parameters in this case, the 
results in Table 2 are also represented on a graphical design 
tool (Fig. 2) where only two sets of lines are included: those 
for the both ends continuous boundary condition and those 
that jointly represent the one end continuous and simply 
supported boundary conditions.

Finally, the global range of values of α used to compute the 
values of α included in Table 1 ranges from 0.293 to 0.563, 
with an average of 0.389. In this case, for RC one-way solid 
slabs attached to “damageable” nonstructural elements, a 
first approximation of α = 0.4 may be considered when high 
precision is not required, as such an approximation may lead 
to an error of up to 12.1% with respect to the correct value. 

Fig. 1—RC one-way slabs attached to non-damageable 
nonstructural elements: dependence of factor α on boundary 
conditions, d/h, and load Q. (Note: Δ indicates cases that 
require minimum positive reinforcement.)

Table 2—α factor values depending on several factors for RC one-way solid slabs attached to damageable 
nonstructural elements, and maximum deviation of α for factors studied but not included in table

α

Deflection control

Attached to damageable elements

L, ft

Boundary conditions Q, lb/ft2 15 25 35

Both ends continuous (2C)

80 0.531† 0.475† 0.431†

120 0.473† 0.434† 0.403†

160 0.436† 0.407† 0.383†

One end continuous and simply supported (1C 
and SS)

80 0.394† 0.351† 0.321*

120 0.364† 0.333† 0.309*

160 0.343† 0.319† 0.301*

Maximum deviation from average

L = 15 ft L = 25 ft L = 35 ft

– + – + – +

–2.03% 1.99% –2.09% 2.04% –2.12% 2.02%

–1.83% 1.78% –1.85% 1.87% –1.96% 1.83%

–1.69% 1.67% –1.74% 1.73% –1.85% 1.71%

–1.69% 1.54% –1.19% 1.14% –0.88% 1.33%

–1.65% 1.31% –1.23% 0.77% –0.85% 1.12%

–1.50% 1.20% –1.13% 0.67% –0.91% 1.20%

*Minimum positive reinforcement required.
†Minimum positive and negative reinforcement required.

Note: 1 ft = 0.3 m; 1 lb/ft2 = 0.0479 kN/m2.
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Hence, this lack of precision may only be interesting as a 
first approximation when dealing with cases different from 
those included in this study, such as calculations according 
to other codes.

An example of RC one-way solid slab slenderness calcu-
lation is provided in Appendix A.*

PARAMETRIC STUDY TO FIND VALUES OF 
EFFECTIVE MOMENT OF INERTIA FACTOR α  

AND SLENDERNESS L/H FOR RC  
RECTANGULAR BEAMS

In the case of RC beams, the study was conceived with 
the following differences relative to the case of RC one-way 
solid slabs:
•	 Relative cover for tensile reinforcement d/h of 0.85 and 

0.95, and for compressive reinforcement d′/h of 0.1; and
•	 Unitary tributary widths kB of 8, 16, and 24.

In total, there were seven parameters considered, leading 
to 3 × 2 × 3 × 3 × 3 × 3 × 2 = 972 individual cases. In 
particular, compared with RC one-way solid slabs, for RC 
beams, d/h = 0.75 was not considered (as it was deemed very 
uncommon for beams), and the unitary tributary width kB 
was introduced. For each case, α was calculated using the 
same procedure as RC one-way solid slabs.

Once more, the first step after completing the parametric 
study was the analysis and the determination of the influ-
ence of individual parameters. For this purpose, the same 
approach as for RC one-way solid slabs was followed.

After studying the sensitivity of L/h and α1/3 to each 
parameter, the following was found.

*The Appendix is available at www.concrete.org/publications in PDF format, 
appended to the online version of the published paper. It is also available in hard copy 
from ACI headquarters for a fee equal to the cost of reproduction plus handling at the 
time of the request.

In the first place, for beams, it is obvious that the sensi-
tivity of L/h and α1/3 to most of the parameters is inversed. 
This means that as the deviation of α1/3 from the average 
grows for a certain set of data, the deviation of L/h from the 
average diminishes for the same set of data. This can be seen 
by comparing the data in Tables 5 and 6.

Table 3 shows the values of the α factor for the identified 
significant parameters: d/h, Q, kB, and boundary conditions, 
with the values of α for non-influential parameters (that is, 
L and fc′) averaged over the provided values. Looking at the 
results in Table 3, it can be seen that they are not accept-
able for RC beams attached to “non-damageable” nonstruc-
tural elements as the majority of deviations of α from the 
average are above 2.5%, and some are even above 5% (in 
boldface in Table 3). Therefore, an analysis was performed 
on the sensitivity of the slenderness L/h to the same param-
eters. The results are shown in Table 4, showing a situation 
inverse to that in Table 3: the deviation of extreme values 
of L/h from the average is higher for RC beams attached to 
“damageable” nonstructural elements than the deviation of 
extreme values of α from the average. It can also be seen 
how, in Table 3, the deviation of extreme values of α from 
the average grows from left to right, whereas in Table  4, 
the deviation of extreme values of L/h from the average 
decreases from left to right. This is more pronounced the 
narrower the beam, that is, the higher the kB, and it becomes 
more appropriate to directly find the slenderness L/h instead 
of searching for it using α and the Rangan-Scanlon method.

As a result, a crucial difference between RC beams attached 
to “non-damageable” nonstructural elements and RC slabs 
becomes obvious. Whereas, for RC slabs, α1/3 is the factor 
showing the smallest deviation from averages, for RC beams 
attached to “non-damageable” nonstructural elements, it is 
clear that L/h shows much less deviation from averages than 
α1/3. However, RC beams attached to “non-damageable” 
nonstructural elements are in a transition zone between slabs 
and beams attached to “damageable” elements. So, for these 
kinds of beams, both α1/3 and L/h show acceptable deviations 
from averages (<5%); thus, any of the two factors may be 
used to find L/h. Given that, it is more effective to directly 
find L/h and omit searching using α.

There is an additional reason to avoid using the method 
of Rangan-Scanlon for beams: these often have significant 
amounts of compressive reinforcement (particularly those 
supporting “non-damageable” elements), which leads to a 
reduced value of the long-term deflection multiplier (λΔ). 
This reduced value of the long-term deflection multiplier 
is already included in the parametric study to find both L/h 
and α, but knowing its value would be required to find L/h 
through Eq. (5), whereas it is not required when searching for 
L/h directly. Thus, design tools are provided here to directly 
find L/h for all the studied beams, depending on  whether 
they are attached to “damageable” or “non-damageable” 
elements. This set of design tools may be referred to as 
the “variable L/h method,” as opposed to the “constant L/h 
method” currently available in the codes.

To find L/h, up to three design tools are provided. For 
maximum precision, the L/h values given in Table 4 may 
be used, and linear interpolation may be done between the 

Fig. 2—RC one-way slabs attached to damageable nonstruc-
tural elements: dependence of factor α on boundary condi-
tions, span L, and load Q. (Note: Δ indicates cases that 
require minimum positive reinforcement; ◊ indicates cases 
that require minimum positive and negative reinforcement.)
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Table 3—α factor values depending on several factors for RC beams, and maximum deviation of α for 
factors studied but not included in table

α

Deflection control Deflection control

Attached to damageable elements Attached to non-damageable elements

kB kB

Boundary conditions d/h Q, lb/ft2 8 16 24 8 16 24

Both ends continuous 
(2C)

0.85

80 0.309* 0.287* 0.284* 0.305 0.401† 0.459†

120 0.294* 0.284* 0.307 0.352 0.459† 0.535†

160 0.287* 0.296 0.341 0.401† 0.510† 0.595†

0.95

80 0.296* 0.269* 0.261* 0.260* 0.277 0.331

120 0.278* 0.261* 0.260* 0.264* 0.331 0.407†

160 0.269* 0.260* 0.263* 0.277 0.385 0.451†

One end continuous 
(1C)

0.85

80 0.266* 0.270 0.302 0.353 0.465† 0.559†

120 0.260* 0.302 0.355 0.416† 0.559† 0.629‡

160 0.270 0.337 0.404† 0.465† 0.613‡ 0.674‡

0.95

80 0.256* 0.242* 0.238* 0.251 0.330 0.403†

120 0.247* 0.238* 0.250 0.290 0.403† 0.480†

160 0.242* 0.241 0.279 0.330 0.455† 0.555†

Simply supported (SS)

0.85

80 0.262* 0.241* 0.249 0.276 0.350 0.425

120 0.247* 0.249 0.272 0.313 0.425 0.533§

160 0.241* 0.264 0.299 0.350 0.501 0.576§

0.95

80 0.262* 0.238* 0.227* 0.217* 0.247 0.289

120 0.247* 0.227* 0.217* 0.227 0.289 0.351

160 0.238* 0.220* 0.219 0.247 0.330 0.411

—

Maximum deviation from average

— –0.80% –1.16% –1.54% –2.64% –4.42% –2.81%

— –1.01% –1.54% –2.40% –3.70% –2.81% –0.72%

— –1.16% –2.05% –3.13% –4.42% –1.33% –0.72%

— –0.64% –1.00% –1.27% –1.71% –2.95% –3.88%

— –0.81% –1.27% –1.70% –2.13% –3.88% –4.44%

— –1.00% –1.62% –2.05% –2.95% –4.53% –2.88%

— –1.49% –1.80% –2.76% –4.17% –3.48% –2.49%

— –1.34% –2.76% –3.69% –4.25% –2.49% –0.45%

— –1.80% –3.41% –3.97% –3.48% –1.07% –1.69%

— –1.38% –1.65% –1.82% –2.99% –4.14% –4.43%

— –1.57% –1.82% –2.44% –3.67% –4.43% –3.11%

— –1.65% –2.23% –3.02% –4.14% –3.48% –2.46%

— –1.66% –0.97% –1.43% –2.86% –4.04% –4.75%

— –1.60% –1.43% –2.21% –3.63% –4.75% –5.55%

— –0.97% –2.01% –2.83% –4.04% –5.51% –3.05%

— –1.65% –1.63% –1.75% –1.84% –3.01% –3.65%

— –1.58% –1.75% –1.78% –2.52% –3.65% –4.21%

— –1.63% –1.28% –1.84% –3.01% –3.99% –4.65%

*Minimum positive reinforcement required.
†Compressive reinforcement is required for negative moments.
‡Compressive reinforcement is required for positive and negative moments.
§Compressive reinforcement is required for positive moments.

Note: 1 lb/ft2 = 0.0479 kN/m2.
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Table 4—Slenderness L/h values depending on several factors for RC beams, and maximum deviation of 
L/h for factors studied but not included in table

L/h

Deflection control Deflection control

Attached to damageable elements Attached to non-damageable elements

kB kB

Boundary conditions d/h Q, lb/ft2 8 16 24 8 16 24

Both ends continuous (2C)

0.85

80 16.9* 13.5* 12.0* 21.6 19.4† 18.0†

120 14.8* 12.0* 10.8 20.2 18.0† 16.8†

160 13.5* 11.1 10.3 19.4† 17.1† 16.0†

0.95

80 16.6* 13.2* 11.6* 20.3* 17.0 16.0

120 14.5* 11.6* 10.2* 18.2* 16.0 15.2†

160 13.2* 10.6* 9.4* 17.0 15.4 14.4†

One end continuous (1C)

0.85

80 14.0* 11.6 10.8 20.0 18.1† 17.1†

120 12.5* 10.8 10.1 18.9† 17.1† 15.9‡

160 11.6 10.3 9.64† 18.1† 16.3‡ 15.0‡

0.95

80 13.8* 11.2* 9.90* 17.6 16.0 15.2†

120 12.2* 9.90* 8.93 16.6 15.2† 14.3†

160 11.2* 9.14 8.49 16.0 14.5† 13.7†

Simply supported (SS)

0.85

80 9.87* 8.02* 7.26 13.0 11.8 11.2

120 8.73* 7.26 6.67 12.3 11.2 10.7§

160 8.02* 6.83 6.32 11.8 10.9 10.2§

0.95

80 9.87* 7.99* 7.02* 11.9* 10.4 9.79

120 8.73* 7.02* 6.16* 10.9 9.79 9.28

160 7.99* 6.40* 5.67 10.4 9.42 8.97

—

Maximum deviation from average

— –3.11% –2.05% –1.80% –1.61% –0.64% –0.92%

— –2.46% –1.80% –0.99% –1.01% –0.92% –1. 28%

— –2.05% –1.24% –0.84% –0.64% –1.11% –1.40%

— –3.17% –2.23% –1.82% –2.01% –1.04% –0.63%

— –2.58% –1.82% –1.33% –1.58% –0.63% –0.49%

— –2.23% –1.52% –1.23% –1.04% –0.26% –0.69%

— –2.96% –1.66% –1. 35% –1.15% –0.95% –0.83%

— –2.49% –1. 35% –0.84% –0.96% –0.83% –1.41%

— –1.66% –1.03% –0.59% –0.95% –1.26% –1.88%

— –3.03% –2.16% –1.73% –1.56% –0.84% –0.68%

— –2.44% –1.73% –1.21% –1.11% –0.68% –0.75%

— –2.16% –1.37% –0.89% –0.84% –0.63% –0.59%

— –3.80% –2.81% –2.02% –1.88% –1.08% –0.52%

— –3.15% –2.02% –1.47% –1.50% –0.52% –0.44%

— –2.81% –1.63% –1.11% –1.08% –0.58% –0.90%

— –3.78% –2.77% –2.29% –2.89% –1.48% –1.02%

— –3.13% –2.29% –1.92% –1.85% –1.02% –0.62%

— –2.77% –2.02% –1.52% –1.48% –0.73% –0.34%

*Minimum positive reinforcement required.
†Compressive reinforcement is required for negative moments.
‡Compressive reinforcement is required for positive and negative moments.
§Compressive reinforcement is required for positive moments.

Note: 1 lb/ft2 = 0.0479 kN/m2.
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values of the tables. For less precision, but still reasonably 
good results, the graphs provided in Fig. 3 to 8 may be used.

By observing these graphs, it is relatively clear that L/h 
diminishes almost linearly as the load (Q) grows.

Therefore, linear regressions were performed to find 
equations that may serve as a design tool to find L/h. The 
regression was performed separately for each boundary 
condition, d/h, and kB value, with the criterion variable being 
L/h and the predictor variable being Q. The obtained expres-
sions  are  Eq. (29) for beams attached to “damageable” 
nonstructural elements and Eq. (30) for beams attached to 
“non-damageable” nonstructural elements

	​ ​ L _ h ​  =  ​​(​ L _ h ​)​​ 
0
​​ − k ⋅ ​(1.25 − ​ ​k​ B​​ _ 32 ​)​ ⋅ ​ 

Q − 80
 _ 100  ​​; Q in lb/ft2	(29)

	​ ​ L _ h ​  =  ​​(​ L _ h ​)​​ 
0
​​ − k ⋅ ​ 

Q − 80
 _ 100  ​​; Q in lb/ft2	 (30)

where (L/h)0 is called the “basic slenderness” and corre-

sponds to a surface load Q = 80 lb/ft2 (3.8 kN/m2); k is the 
adjustment factor; and kB is the unitary tributary width.

Fig. 3—RC beams with kB = 8 attached to damageable 
nonstructural elements: dependence of slenderness L/h on 
boundary conditions, d/h, and load Q.

Fig. 4—RC beams with kB = 16 attached to damageable 
nonstructural elements: dependence of slenderness L/h on 
boundary conditions, d/h, and load Q.

Fig. 5—RC beams with kB = 24 attached to damageable 
nonstructural elements: dependence of slenderness L/h on 
boundary conditions, d/h, and load Q.

Fig. 6—RC beams with kB = 8 attached to non-damageable 
nonstructural elements: dependence of slenderness L/h on 
boundary conditions, d/h, and load Q.
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For beams attached to “damageable” nonstructural 
elements, the basic slenderness (L/h)0 values are provided in 
Table 5, and the adjustment factor (k) values are provided in 
Table 6. The values of Table 6 are summarized as follows: 
4.5 for beams with both ends continuous, 3.1 for beams with 
one end continuous, and 2.5 for simply supported beams, 
with only one exception: for simply supported beams with 
kB ≥ 24 and d/h = 0.95, k is 3.1.

For beams attached to “non-damageable” nonstructural 
elements, the basic slenderness (L/h)0 values are provided 
in Table 5, and the adjustment factor (k) values are provided 
in Table 6. The values in Table 6 can be summarized as 
follows: k = 2 for all cases with only two exceptions: k = 
1.1 for simply supported beams with kB ≥ 16; and k = 4.5 for 
both ends continuous beams with d/h = 0.95. For interme-
diate cases, k may be interpolated.

An example of RC beam slenderness calculation is 
provided in Appendix B.

CONCLUSIONS
This study presented an in-depth analysis of maximum 

slenderness calculation for reinforced concrete (RC) 
one-way slabs and RC beams using the “long method of 
Rangan-Scanlon.” Through a consideration of the effect of 
different influential parameters, the following conclusions 
can be drawn:
•	 For RC one-way slabs attached to either “damageable” 

or “non-damageable” nonstructural elements, it was 
found that sensitivity to the large majority of consid-
ered parameters is lower for α1/3 than for L/h. There-
fore, practical design tools for RC one-way slabs are 
presented in tables and graphs that allow the determina-
tion of α, which then needs to be used to calculate L/h.

Fig. 7—RC beams with kB = 16 attached to non-damageable 
nonstructural elements: dependence of slenderness L/h on 
boundary conditions, d/h, and load Q.

Fig. 8—RC beams with kB = 24 attached to non-damageable 
nonstructural elements: dependence of slenderness L/h on 
boundary conditions, d/h, and load Q.

Table 5—Basic (L/h)0 values for use in Eq. (29) and (30)

Basic (L/h)0

Deflection control

kB

Attached to damageable elements Attached to non-damageable elements

Boundary conditions d/h 8 16 24 8 16 24

Both ends continuous (2C)
0.85 16.9* 13.5* 12.0 21.6 19.4† 18.0†

0.95 16.6* 13.2* 11.6* 20.3 17.0 16.0†

One end continuous (1C)
0.85 14.0* 11.6 10.8 20.0† 18.1† 17.1‡

0.95 13.8* 11.2* 9.90 17.6 16.0† 15.2†

Simply supported (SS)
0.85 9.87* 8.02 7.26 13.0 11.8 11.2§

0.95 9.87* 7.99* 7.02* 11.9 10.4 9.79

*Minimum positive reinforcement required.
†Compressive reinforcement is required for negative moments.
‡Compressive reinforcement is required for positive and negative moments.
§Compressive reinforcement is required for positive moments.
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•	 In the case of RC one-way slabs attached to “non-dam-
ageable” nonstructural elements, the parameters 
found to significantly affect α1/3 were d/h, load (Q), 
and boundary conditions. For the range of considered 
parameters, α varied between 0.229 and 0.360, with an 
average of 0.298.

•	 In the case of RC one-way slabs attached to “damage-
able” nonstructural elements, the parameters found 
to significantly affect α1/3 were span (L), load (Q), 
and boundary conditions. For the range of considered 
parameters, α varied between 0.293 and 0.563, with an 
average of 0.389.

•	 For RC beams attached to “non-damageable” nonstruc-
tural elements, it was found that sensitivity to the large 
majority of considered parameters is lower for L/h than 
for α1/3. Therefore, practical design tools for RC beams 
attached to “non-damageable” nonstructural elements 
are presented in tables and graphs that allow the direct 
determination of L/h. Additionally, through linear 
regression, equations for calculating L/h are provided.

•	 For RC beams attached to “damageable” nonstruc-
tural elements, it was found that sensitivity to the large 
majority of considered parameters is similar for L/h and 
α1/3. To facilitate the direct determination of slenderness 
for RC beams attached to “damageable” nonstructural 
elements, practical design tools are also presented in 
tables and graphs that allow the direct determination of 
L/h. Additionally, through linear regression, equations 
for calculating L/h are provided.

•	 In the case of RC beams attached to “damageable” 
nonstructural elements, the parameters found to signifi-
cantly affect L/h were span, d/h, load (Q), and boundary 
conditions. For the range of considered parameters, L/h 
varied between 5.7 and 16.9.

•	 In the case of RC beams attached to “non-damageable” 
nonstructural elements, the parameters found to signifi-
cantly affect L/h were span, d/h, load (Q), and boundary 
conditions. For the range of considered parameters, L/h 
varied between 9.0 and 21.6.

The results of this study can be a practical tool for engi-
neers and architects in the early stages of design to reliably 
and easily determine the minimum depth of RC rectangular 
solid beams and one-way solid slabs. Future research in this 

line may include additional structural members, such as 
two-way RC flat slabs or hybrid reinforced slabs, including 
bars and steel fibers.
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NOTATION
As	 =	 area of nonprestressed longitudinal tension reinforcement
b	 =	 cross-section width
d	 =	 distance from extreme compression fiber to centroid of longitu-

dinal tension reinforcement
Ec	 =	 modulus of elasticity of concrete
fc′	 =	 specified compressive strength of concrete
fr	 =	 modulus of rupture
fy	 =	 specified yield strength of reinforcement
h	 =	 cross-section height
Icr	 =	 moment of inertia of fully cracked cross section
Ie	 =	 effective moment of inertia
Ig	 =	 moment of inertia of gross concrete cross section

Table 6—Values of coefficient k for use in Eq. (29) and (30)

Coefficient k

Deflection control

kB

Attached to damageable elements Attached to non-damageable elements

Boundary conditions d/h 8 16 24 8 16 24

Both ends continuous (2C)
0.85 4.5 4.5 4.5 2.0 2.0 2.0

0.95 4.5 4.5 4.5 4.5† 2.0 2.0

One end continuous (1C)
0.85 3.1 3.1 3.1 2.0 2.0 2.0

0.95 3.1 3.1 3.1 2.0 2.0 2.0

Simply supported (SS)
0.85 2.5 2.5 2.5 2.0 1.1† 1.1†

0.95 2.5 2.5 3.1* 2.0 1.1† 1.1†

*Coefficient k different from default value (of 2.5 for SS). 
†Coefficient k different from default value of 2.0.
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L	 =	 span length
Ltrib	 =	 tributary width for surface load (for slabs, should be equal to b)
Ma	 =	 maximum moment in member due to service loads at stage 

deflection is calculated11

Mcr	 =	 cracking moment
Mn	 =	 nominal flexural strength
n	 =	 ratio of steel-to-concrete moduli of elasticity (Es/Ec)
Wg	 =	 gross-section modulus
Wsl	 =	 additional live load (live load minus sustained fraction of live 

load)
Wsus	 =	 all sustained loads (self-weight + superimposed dead loads + 

sustained fraction of live load)
α	 =	 effective moment of inertia factor (Ie/Ig)
Δinc	 =	 incremental deflection
δ	 =	 ratio of cracked to gross moment of inertia (Icr/Ig)
η	 =	 ratio of maximum moment in member due to service loads (Ma) 

to nominal flexural strength (Mn)
κ	 =	 deflection coefficient depending on support conditions (5, 1.4, 

2, and 48 for simply supported, both ends continuous, one end 
continuous, and fixed-end cantilever conditions, respectively)

λΔ	 =	 long-term deflection multiplier for sustained loads
μ	 =	 ratio of cracking moment to maximum moment in member due 

to service loads (Mcr/Ma)
ρ	 =	 tensile reinforcement ratio (at midspan for simply supported and 

continuous members and at support for cantilevers)
ρ′	 =	 compressive reinforcement ratio (at midspan for simply 

supported and continuous members and at support for 
cantilevers)

ξ	 =	 time-dependent factor (1.0, 1.2, 1.4, and 2.0 for 3, 6, 12, and 
>60 months, respectively)
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Bridges subjected to extreme damage from earthquakes are usually 
considered unrepairable, and therefore must be replaced. One 
location where damage is concentrated in reinforced concrete 
bridges is in the plastic hinges that form at the ends of columns 
where the moment demand is the largest, causing buckling or frac-
ture of the reinforcement. Recent studies have shown that plastic 
hinge relocation can restore reinforced concrete columns to their 
original force and displacement capacities. In this repair, a plastic 
hinge damaged by a seismic event is strengthened so that in subse-
quent seismic events, damage will form in an undamaged section, 
ensuring a ductile response. The aim of this research is to improve 
the constructability and performance of the repair using a steel 
jacket. Tests were conducted on columns subjected to reversed 
cyclic loading, repaired, and retested. A bolted connection simpli-
fied construction. Research has shown that the repair’s response is 
weakened when fractured bars in the original plastic hinge debond. 
In these tests, anchorage and bond conditions were improved by 
increasing the confining stresses by using a larger jacket thickness. 
This enhanced the seismic resilience, evident by an increase in 
dissipation of energy and reduction in strength degradation.

Keywords: performance-based design; reinforced concrete (RC); repair 
and strengthening; seismic design.

INTRODUCTION
In recent decades, the seismic resistance of reinforced 

concrete (RC) bridges has been notably improved through 
the development of performance-based design procedures 
whereby structures are designed to achieve prescribed damage 
levels under defined seismic hazards. For bridge structures, 
damage is usually chosen to occur in column plastic hinges, 
while other members (that is, cap beams, joints, and footings) 
remain elastic through application of capacity design prin-
ciples (Priestley et al. 1996). The bridge substructure may 
consist of single cantilever column bents where the plastic 
hinge would develop at the bottom near the footing, or multi-
column bents where the columns experience double bending, 
where plastic hinges would likely develop at both the bottom 
and top of the columns near the cap beam.

While remaining damage-free under a seismic event 
would certainly be preferred for a bridge system, under 
very large earthquakes, such criteria are impractical. The 
sizing of the members would need to be very large, which 
would not only increase construction costs, but also increase 
inertia forces that the entire system experience. Even if 
structures were designed to remain elastic, it is always 
possible that ground motions will exceed the predicted 
level for a given site. Alternative options such as rocking 
columns are possible, but have not been widely deployed. 
Consequently, ductile design is important, and the concept 
of performance-based design provides engineers with the 

tools needed to achieve the desired ductile response while 
prescribing the damage level.

While there has been extensive research in the repair of 
structures with mild damage, more extreme damage, such 
as buckling or rupture of reinforcing bars, was historically 
considered unrepairable and required complete replacement 
of the bridge, or at the minimum replacement of the compo-
nent (Rutledge et al. 2014).

Plastic hinge relocation, originally considered for new 
design by Hose et al. (1997), was identified as a potential 
method that could be modified for column repairs. Plastic 
hinge relocation is achieved by providing an increased 
moment capacity at the original plastic hinge such that the 
moment demand exceeds the moment capacity at the desired 
location of the new plastic hinge, illustrated in Fig. 1.

The concept was first adopted for repair of structures 
by Lehman et al. (2001), in which an RC jacket was 
constructed around the plastic hinge of a damaged column. 
This study was successful in relocating the plastic hinge 
and restoring the column’s flexural capacity. This was 
followed by Rutledge et al. (2014), who aimed to relocate 
the plastic hinge using carbon fiber-reinforced polymer 
(CFRP) as both confinement (transverse wrap) and flexural 
(longitudinal) reinforcement; however, the large-diameter 
CFRP anchors used in the repair were not able to provide 
the necessary force transfer, and the confinement also 
inadvertently introduced additional forces, which resulted 
in column yielding at the base. Another experimental 
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Fig. 1—Repair concept of plastic hinge relocation (after 
Lehman et al. [2001]).
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investigation used a CFRP shell for confinement and headed 
steel anchors for the additional longitudinal reinforcement, 
and the tests were able to restore the displacement and load- 
carrying capacities (Parks et al. 2016). Four hexagonal 
columns with grouted splice sleeve (GSS) connections 
were repaired. Three of the original columns tested had one 
fractured longitudinal bar, and the fourth had multiple bars 
pulling out from the GSS. Two of the repaired columns used 
concrete to fill the annular ring between the CFRP shell and 
concrete column, and the force and displacement capacities 
were restored. In the other two repaired columns, expansive 
grout was used, and the plastic hinge was not relocated due to 
failure of the CFRP shell. The authors concluded that while 
expansive grout provides active confinement, which reduces 
the demand to the repair, too much expansion also reduces 
the available capacity of the CFRP shell. A later study by Wu 
and Pantelides (2017) highlighted the importance of bond 
conditions, which led to softening and pinching of the global 
response. In their original column tests, two of the six longi-
tudinal bars fractured. While the repairs restored both the 
load and displacement capacity, the global response exhibited 
pinching and softening, and the failure mode was concrete 
crushing rather than bar fracture. The inability to anchor the 
bars until fracture was attributed to weak bond, and a gap was 
noticed between the column and repair. Krish et al. (2021) 
used a welded steel sleeve for the repair and was successful 
in relocating the plastic hinge; however, the fractured bars 
from the original tests debonded during the repair test. The 
study included, six RC columns with damage ranging from 
all 16 longitudinal bars being buckled to six out of 16 longi-
tudinal bars being fractured. The emphasis was to develop a 
rapid repair for modern, well-designed bridge columns with 
severe seismic damage. The repair design and construction 
process serves as the foundation for the repairs in this paper, 
and the relevant design considerations are discussed in the 
section “Repair Implementation.”

As a consequence of the previous summary of current 
research, two research objectives that aim to improve the 
plastic hinge relocation repair’s constructability and perfor-
mance are presented in this paper. First, the use of a steel 
jacket with a mechanically bolted connection was developed 
as an alternative jacket option to the CFRP shell or welded 
steel jacket. A bolted steel jacket is simpler to construct and 
can be used when environmental conditions such as low 

temperature or accessibility could hinder the installation of 
the other jacketing techniques that require welding or epoxy 
curing. Second, the behavior of longitudinal reinforcing bars 
that fractured during the initial seismic event is studied. It has 
been shown that the anchorage of these bars within the repair 
tends to degrade at larger displacements (Wu and Pantelides 
2017; Krish et al. 2021), which rapidly leads to a complete 
loss in load-carrying capacity of those bars and a weakened 
column response. The results presented in this paper show 
that this can be prevented by improving the bond conditions 
and confining stresses to those bars, allowing for those bars to 
achieve their ultimate strength in the relocated plastic hinge.

RESEARCH SIGNIFICANCE
This paper presents a simple and effective repair method, 

which restores damaged RC columns to their original 
load-carrying capacities. Building on a previously devel-
oped repair method, plastic hinge relocation, this repair uses 
a bolted steel jacket, which eases installation. The repair 
performance is also improved by anchoring the bars that 
fractured in an initial seismic event such that the bars can 
fully develop during subsequent seismic events. The method 
described in this paper allows for bridges that would typi-
cally be considered unrepairable to remain in service and 
perform favorably in subsequent seismic events.

RESEARCH METHODS
As part of the research program, four RC columns that 

were tested as a part of a separate research study on the use 
of high-strength steel for seismic design of bridge columns 
(Manhard 2019) were repaired using the plastic hinge relo-
cation method and subsequently retested. This method could 
also be applicable to columns in buildings; however, the 
columns available for repair were designed as, and therefore 
representative of, bridge columns. Each circular column was 
constructed with a diameter of 610 mm (24 in.), a height of 
2.44 m (8 ft), and longitudinal steel consisting of 16 No. 6 
(19 mm [3/4 in.]) ASTM A706 (2016) Grade 80 reinforcing 
bars. Typical RC columns in seismic regions like Alaska vary 
in diameter from 1.2 to 2.44 m (4 to 8 ft), so the columns 
were designed to be half-/quarter-scale. The parameters that 
varied for these tests were the axial load ratio (ALR) and the 
transverse spiral spacing. Material properties and reinforce-
ment detailing are shown in Table 1.

Table 1—Reinforcement detailing and properties

Repair 
No.

ALR, % Longitudinal steel Transverse steel

Bolts

Compressive strength

Removal 
of loose 
concrete

Original 
column

Repaired 
column

Original 
column

Repaired 
column 

dowel bars

No. 3 column 
spiral pitch, 

mm (in.)

Repair jacket 
thickness, mm 

(in.)
Concrete, 
MPa (ksi)

Repair 
grout, MPa 

(ksi)

1 10 5 16 No. 6 11 No. 8 51 (2) 3.4 (0.135) 18 ASTM A325 
12.7 mm (1/2 in.) 44.9 (6.5) 54.7 (7.9) No

2 10 5 16 No. 6 10 No. 8 51 (2) 3.4 (0.135) 18 ASTM A490 
15.9 mm (5/8 in.) 47.3 (6.9) 60.8 (8.8) No

3 5 5 16 No. 6 10 No. 8 38 (1.5) 6.4 (0.25) 24 ASTM A490 
15.9 mm (5/8 in.) 38.7 (5.6) 64.3 (9.3) North side 

only

4 5 5 16 No. 6 10 No. 8 38 (1.5) 6.4 (0.25) 24 ASTM A490 
15.9 mm (5/8 in.) 38.7 (5.6) 54.7 (7.9) Both sides
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A schematic of the laboratory setup for the original column 
tests is shown in Fig. 2. The lateral loading of these speci-
mens was applied using a 490 kN (110 kip) actuator, and 
each column was subjected to the loading protocol shown in 
Fig. 3. To compare performance between the original column 
and the repaired column, the repaired column was subjected 
to the same displacement cycles as the original. For the 
initial test cycles of the original column, loading was based 
upon the analytical first yield force (Fy′), where the column 
was subjected to one cycle of positive and negative forces 
at 1/4Fy′, 1/2Fy′, 3/4Fy′, and Fy′. The average of the absolute 
displacements at Fy′ was the first yield displacement (Δy′). 
The equivalent yield displacement was then obtained by Δy = 
Mn × Δy′/My′, where Mn is the analytical nominal moment 
capacity. The calculation of the equivalent yield displace-
ment comes from the moment-area method and allows for 
the definition of ductility levels as multiples of the equiva-
lent yield displacement. Following the first yield cycle, the 
column was subjected to three cycles of increasing ductility 
level until failure. For the repair tests, the lateral loading of 
the original column was repeated, aside from Repair No. 2, 
which followed the loading history of Repair No. 1 to aid in 
evaluating the bolted jacket’s performance.

For the axial loading of the original column tests, two 
columns were subjected to an ALR of 5%, while the other 
two were subjected to 10% ALR. These ratios were chosen 
to represent a range of realistic axial loads a bridge column 
may experience. For the repair tests, an ALR of 5% was used 
to allow for comparison between all repaired specimens.

The force was measured using the actuator’s internal load 
cell, and the displacement was measured using a horizontal 
string potentiometer attached at the height of the applied 
load. Strain measurements were taken from light-emitting 
diode (LED) markers spaced 50 mm (2 in.) apart along the 
longitudinal steel and tracked three-dimensional (3-D) posi-
tions throughout loading. To facilitate measurement of steel 
strains, the columns were cast without cover concrete in 
the instrumented region and the LED markers were placed 
directly on the steel, and for the extent of damage seen in 
these column tests, the cover concrete would have likely 
spalled off at larger displacements. The strains were then 
calculated using the relative change in the 3-D positions 

of two adjacent LED markers compared to the initial 
gauge length.

Column condition prior to repair
The original column tests aimed to evaluate the use of 

Grade 80 reinforcing bars for seismic design, and it required 
the columns to be subjected to large cyclic deformations, 
causing extreme damage to the plastic hinges, such as 
crushing of core concrete, buckling of longitudinal bars, and 
fracture of bars. These damage levels made these columns 
ideal specimens for this research into the plastic hinge relo-
cation repair as they represented damage levels that tradi-
tionally would result in replacement, rather than repair, of 
the system.

Repair implementation
Plastic hinge relocation is intended for severely damaged 

concrete columns with buckled or fractured longitudinal 
bars and spalling of the cover and core concrete. To improve 
the bond of the repair to the damaged column, all concrete 
that was loose enough to remove by hand was removed 
from the column. For Repairs No. 3 and 4, approximately 
20 mm (3/4 in.) of concrete around select longitudinal bars, 
described in the section on anchoring fractured bars, was 
removed by drilling beside the bars within the repair height 
to improve their anchorage inside the repair. Holes were then 
drilled into the footing 380 mm (15 in.) to the bottom mat 

Fig. 2—Laboratory setup (Manhard 2019).

Fig. 3—Lateral loading protocol.
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of footing steel using an electro-pneumatic hammer drill to 
anchor new longitudinal bars into the foundation with an 
injectable epoxy, as shown in Fig. 4(a). The size and spacing 
of the longitudinal repair bars was determined such that the 
capacity of the section at the base exceeds the increased 
demand from relocating the hinge, as described by Krish 
et al. (2021). To provide a level surface for the bottom of the 
steel jacket, a nonshrink grout was used to patch any spalled 
footing concrete.

To fabricate the steel jacket, two steel plates with 
pre-drilled bolt holes were cut and cold-rolled to an overlap-
ping semicircle with an 813 mm (32 in.) diameter. The two 
rolled plates were then placed around the column and bolted 
together at the overlaps on each side of the column, as shown 
in Fig. 4(b). The height of the jacket was 559 mm (22 in.) 
for each repair. This height was determined following the 
procedure presented in Krish et al. (2021) with the require-
ments that the column longitudinal bars have not surpassed 
a strain limit that would reduce their capacity in the relo-
cated hinge, and that the fractured bars have sufficient length 
within the repair to develop their yield stress. The thickness 
of the plates for Repairs No. 1 and 2 was 3.4 mm (0.135 in.) 
and was increased to 6.35 mm (0.25 in.) for Repairs No. 3 
and 4. In Repair No. 1, the bolts were tightened to a snug-
tight condition using a wrench, but for the remaining repairs, 
a calibrated torque wrench was used to pretension the bolts 
and prevent slip in the plates.

With the jacket assembled, it was then centered around 
the column and sealed with silicone at the base. Repairing 
a plastic hinge at the column-to-footing interface, such as 
the repairs discussed herein, allows for the jacket to be 
placed directly on the footing, while a repair at the top of a 
column may require additional formwork to hold the jacket 
at the correct location. Jacket placement is followed by 
the placement of a nonshrink grout into the annular space 
between the column and jacket, as shown in Fig. 4(c). 
Compressive  strengths of the nonshrink grout, conducted 
per ASTM  C39/C39M (2018), are shown in Table 1. The 
measured yield strength of the embedded repair bars was 

580 MPa (84  ksi). Designs for the bolts and jackets are 
described in the following sections.

DETAILS OF REPAIR DESIGNS
A detailed description of the design for the geometry and 

cross section of this plastic hinge relocation repair has been 
proposed by others (Krish et al. 2021; Parks et al. 2016); 
however, new designs for the repair jacket were developed 
in this research. To begin, designs for the bolted connection 
in the steel jacket were needed. In typical bolted connec-
tion designs, the demand is determined based on the loads 
applied to the connecting members; however, in this applica-
tion, the stresses imposed on the jacket result from confining 
forces that develop from the strain penetration of the original 
column’s longitudinal bars into the repair. This transfer of 
forces is complex and would be difficult to design. Instead, 
capacity design principles were used to develop a conserva-
tive design for the bolted connection to ensure that the jacket 
steel would yield before failure of the bolts.

Bolted connection design
Initial designs for the bolted jacket assumed that the jacket 

would yield along the entire height of the repair. This would 
mean that the demand for the jacket would simply be the 
yield stress times the gross area of the jacket at the bolted 
connection. However, after the first two repair tests, the 
strains measured with LEDs on the jacket remained below 
yield and were nearly zero at the base of the sleeve. Using 
the jacket design proposed later in this section, the design 
assumptions can be refined to a lower demand.

In combination with the jacket design in the following 
section, a triangular stress profile was used to design the 
bolted connection. This stress distribution assumes that the 
jacket is at its expected yield stress at the top of the repair 
and has no stress at the base. While this would imply an 
eccentrically loaded connection, effects of eccentricity were 
ignored given that the jacket should not actually yield, and 
that the bolt geometry is relatively square, which would 
reduce the effects of eccentricity. These assumptions provide 
a simple design procedure for the bolted connection, which 

Fig. 4—Repair construction: (a) drilling holes; (b) assembling jacket; and (c) placing grout.
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includes checking bolt bearing, bolt shear, and the base 
yield/rupture per the requirements of a steel design manual. 
The connections were designed following the ANSI/AISC 
360-16 (2016) specifications to ensure that jacket yielding 
will precede any bolt failures.

Bolt slip design
Through the experimental tests performed in this research, 

it will be shown that minimizing slip at the bolted connec-
tion improves the repair response. Bolt pretension was 
applied using a calibrated torque wrench clamping the two 
plates together, which acts to prevent slip though friction 
between the plates. The design for this connection followed 
the slip-critical connection design in ANSI/AISC 360-16; 
however, no surface preparation was performed on the steel 
jackets in the tests. While ANSI/AISC 360-16 requires some 
level of surface preparation to use the slip-critical connec-
tion design, the method simply solves static equilibrium 
using an assumed coefficient of friction, μ, which would be 
the only variable affected by surface preparation. A value of 
μ = 0.3 was used for the repairs in this project in the absence 
of any other recommended values, which is the lowest value 
in ANSI/AISC 360-16.

Using the ANSI/AISC 360-16 slip-critical design and 
assumed jacket stress profile presented in the previous 
section, Eq. (1) was developed where the frictional force 
between the plates is expected to be greater than the total 
force applied to the jacket. For the bolts in this project, the 
normal force, Tb, for the bolt pretension was the minimum 
bolt pretension using Table J3.1 in ANSI/AISC 360-16.

	 μ ∙ Τb ∙ nbolts ≥ 1/2 ∙ fy ∙ HRepair ∙ tj	 (1)

It should be noted that in ANSI/AISC 360-16, Tb is usually 
increased by a factor of 1.13, which is based on statistical 
analysis of the ratio of mean installed pretension to the table 
minimums. Because a calibrated torque wrench was used 
to apply pretension, the 1.13 factor was not used. In actual 
construction, the use of direct tension indicators (DTIs) is 
suggested, as this would provide a more reliable measure of 
pretension for Tb in Eq. (1). For the 16 mm (5/8 in.) diameter 
pretensioned bolts used in this research program, a torque of 
339 N·m (250 ft·lb) was used to apply an estimated 107 kN 
(24 kip) of pretension.

Jacket thickness design
In previous studies, jackets were designed to provide shear 

strength for the repair and strengthen the concrete through 
confinement. While those designs have provided repairs 
that relocate the plastic hinge and can restore strength and 
ductility capacities, if column longitudinal bars are frac-
tured, they tend to debond in repair tests. This has been 
shown to degrade and soften the repair at larger ductilities, 
which could lower their seismic resistance.

It was hypothesized that increasing the confining forces of 
the jacket to the repair may prevent the debonding behavior of 
the fractured bars by improving their bond inside the repair. 
To fully anchor the fractured bars, the model developed by 

Priestley et al. (1996) was adapted to the plastic hinge relo-
cation repair.

The model of Priestley et al. (1996) was intended for 
columns that were constructed using starter bars that extend 
from the footing and are lapped with column longitudinal 
bars in the plastic hinge. These columns had insufficient 
confinement, and lap splice failures were shown to severely 
limit the column’s ductility. The model for these columns 
assumes that a crack will form around the longitudinal bars 
along the length of a lap splice, and confinement will apply 
stresses normal to this crack. A static friction relationship is 
then used to predict lap splice failure. If confining forces are 
inadequate, the two sides of the crack will slide when the 
force in the bar is greater than the resistance from friction 
along this assumed crack.

To adapt the model to the plastic hinge relocation repair, 
a new assumption for the crack location was needed. Based 
on previous experimental tests, the splitting crack surface 
was assumed to be along the radius of the column’s frac-
tured longitudinal bars, as is shown in Fig. 5. The length of 
the crack can then be calculated for each bar using Eq. (2) 
from Priestley et al. (1996), where D′ is the diameter of the 
column core and n is the total number of longitudinal bars. 
Using the required volumetric ratio shown in Eq. (3) and the 
provided volumetric ratio shown in Eq. (4), from Priestley 
et al. (1996), an equation for the required jacket thickness 
to fully anchor fractured bars in the plastic hinge reloca-
tion repair was proposed and is shown in Eq. (5). The volu-
metric ratios presented here are for circular columns but can 
generically be taken as the ratio of the volume of steel to the 
volume of concrete. The lap length, ls, is taken as the jacket 
height, which was determined earlier based on the develop-
ment length of the fractured bars. In this repair, the thick-
ness of the jacket provides confinement, which improves  
development conditions for the fractured bars, and a jacket 
with a height less than the development length of the frac-
tured bar in plain concrete may be used if the thickness is 
designed following Eq. (5). For the columns in this research, 
Eq. (5) gives a required jacket thickness of 5 mm (0.20 in.), 
so a thickness of 6.35 mm (0.25 in.) was used for Repairs 
No. 3 and 4 based on available plate thicknesses.

	​ p  =    ​ π​D ′ ​ ____ n ​ ​	 (2)

	​ ​ρ​ sj​​  =  ​ 
2.42​A​ b​​ ​f​ yl​​ _____________  p​l​ s​​​(0.0015​E​ sj​​)​ ​  ≤  ​ 

2.42​A​ b​​ ​f​ yl​​ _ p​l​ s​​ ​f​ yj​​
  ​​	 (3)

Fig. 5—Assumed crack shape for lap splice failure.
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	​ ​ρ​ sj​​  =  ​ 
4​t​ j​​ _ ​D​ j​​ ​​	 (4)

	​ ​t​ j​​  =  ​ 
0.605 ∙ ​D​ j​​ n​A​ b​​ ​f​ yl​​  _______________  ​D ′ ​π​l​ s​​​(0.0015​E​ sj​​)​ ​  ≤  ​ 

0.605 ∙ ​D​ j​​ n​A​ b​​ ​f​ yl​​  _____________ ​D ′ ​π​l​ s​​ ​f​ yj​​
 ​​	  (5)

Development of mechanically bolted steel jacket
As previously mentioned, Repairs No. 1 and 2 were 

designed to demonstrate the feasibility of using a bolted, as 
opposed to welded, steel jacket for the column repair. Repair 
No. 1 was a baseline where a bolted connection was used 
instead of a welded connection. By assuming the jacket 
would yield along the entire height of the repair, a connec-
tion was designed that should prevent failure from occurring 
at the connection. This led to the design of eighteen 12.7 mm 
(1/2 in.) diameter ASTM A325 bolts, arranged as shown in 
Fig. 6, spaced 76 mm (3 in.) vertically and 38 mm (1.5 in.) 
horizontally, with an edge distance of 38 mm (1.5 in.). The 
bolts in Repair No. 1 were tightened to a snug-tight condi-
tion using a wrench, typical for most bolted connections.

Repair No. 2 furthered the study of a bolted steel jacket 
by using pretensioned bolts to prevent slip from occurring 
at the connection. For a typical bearing connection, small 
levels of slip must occur before the bolts begin to bear on the 
plate and carry load. It is believed that this slip may result in 
cracking within the repair, weakening the bond of the repair 
to the column. Hence, the bolt pretension was designed to 
prevent slip from occurring so that the repair would behave 
more like a steel jacket with a welded connection. This 
resulted in eighteen 16 mm (5/8 in.) diameter ASTM A490 
bolts with 339 N·m (250 ft·lb) of torque applied using a cali-
brated torque wrench.

The damage states and repair configurations for Repairs 
No. 1 and 2 are shown in Fig. 7, as well as a photo of the 
damage prior to Repair No. 1. While Repair No. 2 had less 
damage than Repair No. 1, the south sides of each column 
had similar damage levels and were therefore repaired simi-
larly. This was determined to be the optimal location to Fig. 6—Bolted connection.

Fig. 7—Damage conditions of: (a) Repair No. 1; (b) Repair No. 2; and (c) original plastic hinge of Repair No. 1 prior to repair.
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compare results between the two repairs and evaluate the 
effectiveness of the pretensioned bolts.

The global force-displacement response of the two 
repaired columns is shown in Fig. 8. An important difference 
between the two repairs is the pinching behavior. Pinching 
in the global response of an RC column is indicative of a 
reduction in the dissipation of energy for the structure. This 
behavior has been observed in past studies using this repair 
technique and has been attributed to the loss of anchorage 
for fractured bars within the repair.

During the Repair No. 1 test, slip at the bolted connec-
tion was observed where a bead of silicone used to seal the 
base of the jacket ruptured during the repair test (refer to 
Fig. 9). It is believed that in cases where bolt slip occurs, 
the confining stress from the jacket would be small until bolt 
bearing with the bolt holes occurs. This lack of confinement 
would not only limit the strength of the concrete inside the 
repair, but also the bond conditions for the reinforcement, 
and likely explains why Repair No. 1 was more degraded 
than Repair No. 2, where the pretensioned bolts prevented 
slip from occurring. This behavior will be further analyzed 
in the next section where the anchorage of fractured bars is 
discussed.

While Repair No. 2 still exhibited some levels of strength 
degradation, it appears to be consistent with the levels seen 
in previous studies, and it is logical that a pretensioned 
bolted connection that prevents slip would behave more 
like a welded steel jacket connection. From this, Repair 
No. 2 shows that the pretensioned bolted connection is a 
viable alternative for the repair jacket as long as slip at the 
connection is prevented. The use of pretensioned bolts was 
continued in the final two repairs using the lower design load 
assumptions previously described. There was no evidence of 
slip in the remaining tests, and they act as further evidence of 
the acceptable use of the pretensioned bolted jacket.

Anchoring of fractured bars within repair
With the pretensioned bolted connection considered to be 

an acceptable jacket alternative, attention was then directed 
toward understanding and improving the anchorage of 

fractured bars within the repair. In the previous section, it 
was hypothesized that the connection slip in Repair No. 1 
would limit the confining stress provided by the jacket, 
reducing both the strength and bond of concrete within the 
repair. To evaluate this hypothesis, the strains in the extreme 
south longitudinal bar (S4) of both repairs are compared 
in Fig. 10. Each of these bars fractured during the orig-
inal column tests and due to debonding, evidenced by the 
inability to develop strains beyond a certain displacement, 
did not refracture during the repair test. 

Typically, the strains in the bar will increase with positive 
displacements and decrease with negative displacements 
until bar buckling occurs. Due to insufficient anchorage 
inside the repair, both bars debonded, which rapidly leads 
to a complete loss in load-carrying capacity of the bar. From 
Fig. 10, it can be seen that the S4 bar of Repair No. 1 reached 

Fig. 8—Force-versus-displacement response of Repairs 
No. 1 and 2.

Fig. 9—Ruptured silicone seal of Repair No. 1.

Fig. 10—Comparison of strain history of S4 in Repairs No. 1 
and 2.
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a peak strain of approximately 0.01 at a column displace-
ment of 68 mm (2.68 in.), while in Repair No. 2, the S4 
bar reached a peak strain of 0.028 with a column displace-
ment of 102 mm (4.02 in.). Considering that the south side 
of both columns were similarly damaged and repaired, this 
difference is largely attributed to the use of pretensioned 
bolts to prevent slip at the connection. By eliminating slip in 
Repair No. 2, it is believed that larger confining forces and 
better bond conditions were provided by the jacket, which 
would explain the improvement in anchorage of the frac-
tured bars. Both repairs were able to develop the yield strain 
of the bar (0.0038 for the Grade 80 longitudinal reinforce-
ment), but the strain developed prior to debonding was far 
below the ultimate strain capacity for these bars (0.10) in 
both cases.

As a result of the observed behavior of the first two repair 
tests, it was decided to use a thicker steel jacket for the 
remaining two repairs. Because a thicker jacket increases 
the rigidity of the hoop direction and provides even greater 
confining stress, it is possible to fully anchor the fractured 
bars inside the repair. For Repairs No. 3 and 4, a jacket thick-
ness of 6.35 mm (0.25 in.) was used, nearly twice as thick 
as the 3.4 mm (0.135 in.) jacket used in the first two repairs. 
The 6.35 mm (0.25 in.) thickness is slightly larger than the 
required thickness of 5 mm (0.20 in.) using the jacket design 
described previously.

The third column repaired in this project was the first to 
be symmetrically damaged, having three fractured bars on 

each side, which provided an opportunity to investigate an 
additional method of improving the anchorage of fractured 
bars. While both sides would of course be affected by the 
larger jacket thickness, on the north side of the column the 
concrete around the perimeter of the fractured bars was 
removed, as shown in Fig. 11. This method was investigated 
previously by Krish et al. (2021) using a welded steel jacket 
with a thickness of 3 mm (0.120 in.); while it was shown 
to improve the anchorage of the bars, it was not sufficient 
to completely anchor the fractured bars. Using the larger 
jacket thickness in Repair No. 3, this technique could be re- 
evaluated by comparing the results of the north and south 
sides.

The final damage states of both sides of Repair No. 3 are 
shown in Fig. 12. The test concluded with the south side 
behaving similarly to Repair No. 2. The three extreme bars, 
S3, S4, and S5, which fractured in the original test debonded, 
and the next most extreme bars, S2 and S6, exhibited the 
highest strains and fractured during the repair test. The north 
side, however, performed differently due to the removal of 
concrete around the fractured bars. On the north side, the 
three originally fractured bars were sufficiently anchored, 
permitting the bars to reach their ultimate capacity and frac-
ture at the location of the relocated plastic hinge, with little 
damage to the repair grout in comparison with the south side.

The global force-displacement response of Repair No. 3 
and the original column test is shown in Fig. 13. The pinching 
behavior in the previous repairs was essentially eliminated, 
indicating a higher energy dissipation for this repair. While 
softening is still observed, it appears to have been improved, 
particularly for the negative displacements when the north 
side with fully anchored bars is in tension. 

Figure 14 presents the strains recorded in the S4 and N4 
bars and confirms the visual observations. While S4 reached 
a higher peak strain than the previous tests, at a displace-
ment of 98 mm (3.87 in.), the bar debonded and rapidly lost 
all load-carrying capacity. In contrast, the N4 bar did not 
debond and instead performed as typical for a longitudinal 
bar in a plastic hinge, with strains increasing with larger 
displacements until bar buckling and eventual fracture.

Having shown that the combination of a thicker jacket and 
chipping the perimeter concrete is sufficient to fully anchor 
fractured bars, Repair No. 4 aimed to replicate this on both 
sides of the column to further evaluate the design approach. 
The damaged column originally had five fractured bars; Fig. 11—Repair conditions for: (left) north; and (right) 

south sides of Repair No. 3.

Fig. 12—Damage comparison of: (left) north; and (right) south sides after Repair No. 3 test with loose grout removed.
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however, to facilitate comparison, the next extreme bar was 
cut at the base of the column to provide the same symmet-
rical damage state as Repair No. 3.

To take the technique one step further, concrete around 
all the bars on the north side was removed, not just the frac-
tured ones. This theoretically provides the best possible 
bond between the damaged column and the repair, which 
should improve the repaired column’s response and may 
help understand the behavior of the repair. Improved bond 
should theoretically make the response of the repaired 
column similar to a nominally identical but shorter column. 

Verification of this would greatly simplify the design and 
modeling of the repair.

The final damage states of both sides of the repair are 
shown in Fig. 15. For both sides of the column, all six previ-
ously fractured bars were fully anchored and refractured in 
the repair test, and the S6 bar fractured as well. The hinge 
was relocated to above the repair grout, which remained 
mostly intact.

Figure 16 shows the global force-displacement response 
of Repair No. 4 compared to Repair No. 1. As with Repair 
No. 3, the pinching behavior was eliminated and the soft-
ening was minimal. Comparatively, the north and south 
sides responded similarly, indicating that removing the loose 
concrete around unfractured bars does not provide substan-
tial benefits.

The results of Repair No. 4 confirm the need for the 
combination of the thicker jacket and removal of perimeter 
concrete to anchor previously fractured bars.

COMPARISON OF REPAIR PERFORMANCE
In Table 2, the performance of the repaired column is 

compared with the comparison column. For the maximum 
displacement (Δmax) and corresponding ductility (μ), the 
smaller of the displacement prior to first bar fracture or the 
displacement at a 20% loss in load capacity was used. Of 
note, for Repairs No. 3 and 4, the positive and negative forces 
are both given to compare the behavior of the improved 
bond conditions on the north side of the column. For all four 
repairs, the repaired column had a larger maximum load but Fig. 13—Force-versus-displacement response of Repair 

No. 3 and comparison column.

Fig. 14—Strain history of: (a) S4; and (b) N4 in Repair No. 3.

Fig. 15—Damage comparison after Repair No. 4 test with loose grout removed on: (left) north; and (right) south sides.
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a lower ductility capacity. This is explained by the repaired 
column having a shorter effective height, which increases 
the stiffness of the column, but at the cost of increasing the 
demand to the plastic hinge.

Also included in Table 2 is the lateral force at Δmax, which 
serves to compare the softening in the global response 
described earlier. In the comparison columns, there is only 
a minor drop in the forces, which is typical for modern, 
well-designed RC columns. In contrast, the first two repairs 
show a reduction in load capacity of nearly 20%. This 
softening has been attributed to debonding of fractured 
bars within the repair. For Repair No. 3, the bars on the 
north side did not debond; this explains why, for negative 
displacements, when these bars are in tension, the softening 
behavior is similar to the amount observed in the compar-
ison columns. For positive displacements, the softening is in 
between what was observed in the first two repairs and the 
comparison columns. This is likely due to the north bars not 
debonding; however, the thicker steel jacket could have also 
improved the behavior.

In Repair No. 1, the pinching behavior observed in the 
global response of the column was concerning because it 
indicates less energy dissipation which would imply less 
seismic resistance. It was visually apparent that this was 
improved in Repair No. 2 through pretensioned bolts, and in 
Repairs No. 3 and 4, the pinching was essentially eliminated 

by using the thicker steel jacket along with removal of 
damaged concrete around the fractured bars.

CONCLUSIONS
•	 The use of a steel jacket with a pretensioned bolted 

connection is an acceptable repair technique to relocate 
the plastic hinge. The pretensioned bolts are needed 
to prevent slip of the plates, which has been shown to 
weaken the repair.

•	 It was experimentally shown that the combination of 
using a thicker steel jacket to increase confinement and 
replacing the cracked column concrete around fractured 
bars with fresh repair grout can fully anchor the bars 
inside the repair. Experimental tests where only one of 
these methods were used without the other, such as the 
south side of Repair No. 3, have been incapable of fully 
anchoring previously fractured bars.

•	 The repaired column’s displacement capacity will 
inherently be reduced when the bars are fully anchored 
due to the reduced effective height of the column. When 
fractured bars debond, the repaired column has more 
deformation due to strain penetration into the repair 
and may be capable of maintaining the same displace-
ment capacity as the original column. The trade-off for 
this additional displacement is a softened and pinched 
global response.
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Table 2—Comparison of repair performance

Repair No. 1 Repair No. 2 Repair No. 3 Repair No. 4

Comparison 
column

Repaired 
column

Comparison 
column

Repaired 
column

Comparison 
column

Repaired 
column

Comparison 
column

Repaired 
column

Fmax, kN (kip) 330 (74) 370 (83) 330 (74) 385 (87) 308 (69) 379/–387 
(85/–87) 308 (69) 435/–425 

(98/–96)

Δmax, mm (in.) 160 (6.3) 171 (6.7) 160 (6.3) 171 (6.7) 164 (6.5) 131 (5.2) 164 (6.5) 131 (5.2)

μ 6 5 6 5 5 4 5 4

F @ Δmax, kN (kip) 326 (73) 308 (69) 326 (73) 309 (70) 303 (68) 350/–378 
(79/–85) 303 (68) 425/–414 

(96/–93)

Fractured bars N2, N3, N4, N5, 
S3, S4, and S5 S6 N4, N5, S3, 

S4, and S5
N2, N3, N6, 
S2, and S6

N3, N4, N5, 
S3, S4, and S5

N3*, N4*, N5*, 
S2, and S6

N3, N4, N5, 
S3, S4, and S5

N4*, S3*, 
S4*, and S5*

*Indicates refractured bar.
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NOTATION
Ab	 =	 area of longitudinal bar
D′	 =	 core diameter of circular column
Dj	 =	 diameter of steel jacket
Esj	 =	 elastic modulus of jacket steel
F	 =	 force
Fmax	 =	 maximum force
Fy′	 =	 analytical first yield force
fy	 =	 specified yield strength
fyj	 =	 yield stress of jacket steel
fyl	 =	 yield stress of longitudinal reinforcement
Hrepair	=	 height of repair
ls	 =	 length of splice or sleeve
Mn	 =	 nominal moment capacity
My′	 =	 first yield moment
n	 =	 number of longitudinal bars
nbolts	 =	 number of bolts
p	 =	 perimeter of crack surfaces around bar in lap splice failure
Tb	 =	 minimum bolt pretension
tj	 =	 jacket thickness
Δmax	 =	 maximum displacement
Δy	 =	 equivalent yield displacement
Δy′	 =	 first yield displacement
μ	 =	 coefficient of friction
μ	 =	 ductility level
ρsj	 =	 volumetric ratio of confining steel
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While reinforcing bar lap splicing is inevitable in reinforced 
concrete (RC) structures, it critically affects structural behavior, 
especially in structures subjected to seismic load. That notwith-
standing, current North American design standards do not 
provide  any recommendations or equations for lap-spliced glass 
fiber-reinforced polymer (GFRP) reinforcing bars under seismic 
load.  This study tested six full-scale RC columns measuring 
1850 mm (73 in.) in height and 400 x 400 mm (16 x 16 in.) in cross 
section under constant axial load and incremental reversed cyclic 
lateral loading. Four columns were reinforced with GFRP bars, 
and two were reinforced with steel bars for comparison. The test 
parameters included lap-splice length and type of reinforcement. 
The structural performance of the specimens was evaluated based 
on the cracking behavior, failure mechanism, hysteretic response, 
load-carrying capacity, dissipated energy, stiffness degradation, 
and strain behavior. Afterward, available models in North Amer-
ican design standards for the splice length of GFRP reinforcing 
bars under monotonic loading were evaluated based on the exper-
imental results. According to the results, providing adequate splice 
length can secure satisfactory structural performance in spliced 
GFRP-RC columns. The splice length determined based on the 
North American design standards for monotonic loading cannot, 
however, be directly used to achieve the required drift capacity in 
GFRP-RC columns under reversed cyclic lateral loading.

Keywords: concrete columns; design codes; design recommendations; 
glass fiber-reinforced polymer (GFRP) bars; hysteresis response; lap splice; 
reversed cyclic loading; seismic performance.

INTRODUCTION
The corrosion of steel reinforcement is a serious problem 

associated with steel-reinforced concrete (RC) structures. 
Corrosion eventually leads to the degradation of bond strength 
and loss of serviceability in RC structures. This problem can 
be exacerbated in structures exposed to aggressive envi-
ronments such as deicing salts, moisture, temperature, and 
freezing-and-thawing cycles. A viable solution is to replace 
conventional steel reinforcing bars with fiber-reinforced 
polymer (FRP) reinforcing bars (Laoubi et al. 2006; Robert 
et al. 2009; Manalo et al. 2020). However, FRP and steel 
reinforcing bars have different material properties, which 
should be considered in design approaches. While steel 
exhibits plastic behavior, FRP composites have linear elastic 
behavior up to failure. Consequently, FRP-RC structures are 
not expected to be as ductile as steel-RC structures, which 
raises concerns in structures prone to seismic loads. Never-
theless, the studies available on concrete columns reinforced 
with FRP reinforcing bars under seismic load have shown 

high levels of deformability for these columns in seismic 
regions (Tavassoli 2013, 2015; Naqvi 2016; Deng et al. 
2018; Elshamandy et al. 2018; Kharal 2019; Abdallah and 
El-Salakawy 2022a,b; Prajapati et al. 2022a,b, 2023).

Furthermore, the bond behavior of FRP reinforcement 
is different than that of steel reinforcing bars (Chaallal 
and Benmokrane 1993; Aly et al. 2006; Baena et al. 2009; 
Asadian et al. 2019). Reinforcing bar lap splicing is unavoid-
able in field applications. The ductility, energy dissipation, 
and flexural capacity of RC columns can be affected when 
lap-spliced reinforcing bars are in the plastic-hinge zone. 
However, the lap splicing of longitudinal reinforcing bars at 
the bottom of columns is more convenient. Adequate splice 
length should be provided to develop the elastic strains 
required in areas of severe seismic activity to avoid slippage 
and bond failure (Lukose et al. 1982; Kim et al. 2018, 2019).

Based on ACI 440.1R-15, the splice length of FRP rein-
forcing bars depends on reinforcing bar tensile stress, 
concrete compressive strength, concrete cover, bar spacing, 
bar location, and bar diameter. In addition to the mentioned 
parameters, CAN/CSA S806-12 (R2021) considers concrete 
density, type of fiber, and reinforcing bar surface condition. 
Nonetheless, there are no seismic provisions for concrete 
elements reinforced with lap-spliced FRP reinforcing bars. 
This is while the splice strength of reinforcing bars deterio-
rates to a greater degree under reversed cyclic loading than 
monotonic loading (Lukose et al. 1982). It is worth noting 
that several studies (Mosley et al. 2008; Pay et al. 2014; 
Basaran and Kalkan 2020) have highlighted the significant 
influence of the reinforcement’s modulus of elasticity on 
bond strength. Specifically, increasing the reinforcement’s 
modulus of elasticity is known to increase bond strength. 
ACI 440.1R-15, however, does not take into account the 
type of fiber in its equation. In addition, ACI 440.1R-15 
disregards the effect of surface properties on splice length. 
Nonetheless, the splice length of FRP reinforcing bars can 
be considerably affected by various surface properties such 
as sand coating, grooved, helically wrapped, and ribbed 
(Esfahani et al. 2013; Basaran and Kalkan 2020; CAN/CSA 
S806-12).
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Another important issue affecting lap-splice performance 
is stress distribution as a result of the flexural moment and 
shear force along the length of the structural element (Kim 
et al. 2018, 2019). The lap-splice length in current design 
standards was developed based on the uniform distribution 
of bond stress along beams. Unlike in beams, which have 
uniform moments, the moment gradient occurs in columns 
subjected to lateral loading. Thus, the bond demand changes 
along the splice length in columns. In addition, the presence 
of shear force in columns is not considered in current stan-
dards, which can exacerbate bond-splitting cracks in the 
lap-splice region.

Extensive research projects have been conducted on the 
tensile splicing of FRP reinforcing bars in beams (Mosley 
et al. 2008; Esfahani et al. 2013; Pay et al. 2014; Zemour 
et  al. 2019; Basaran and Kalkan 2020). However, limited 
work has been done on investigating lap-spliced GFRP 
reinforcing bars in RC columns (Naqvi 2016; Tabatabaei 
Kashani 2019). Tabatabaei Kashani (2019) conducted a 
study on the compression splicing of glass FRP (GFRP) 
bars in circular concrete columns subjected to monotoni-
cally increasing concentric loading. The research aimed to 
assess the impact of various factors, including splice length, 
confinement, concrete compressive strength, bar diameter, 
and reinforcement type (steel and GFRP), on the strength 
of spliced GFRP bars. The investigation involved testing 
30 large-scale RC columns. Their findings revealed that the 
GFRP bars required a shorter splice length than the steel 
bars. Moreover, increasing the level of confinement and 
concrete compressive strength improved the bond strength 
of the GFRP bars. Additionally, longitudinal bars with larger 
bar diameters required longer splice lengths. Naqvi (2016) 
investigated GFRP-RC columns with lap splices subjected 
to combined axial and reversed cyclic loading. The research 
involved the construction of 10 full-scale specimens to 
investigate various parameters, including reinforcement 
type, splice length, confinement, axial load level, and the 
use of steel fiber-reinforced concrete (SFRC). The study 
found that splice lengths of 40 and 50db were inadequate for 
transferring the full bond forces, resulting in splitting cracks 
and bond slippage. This bond slippage led to a decrease in 
the lateral strength of the columns. A splice length of 60db, 
however, effectively transferred the full bond stress along 
the splice length. As the axial loads increased, column dete-
rioration became more pronounced. Despite the significant 
damage incurred, the columns maintained their load-carrying 
capacity at large drift ratios. The incorporation of SFRC in 
specimens with inadequate splice length improved energy 
dissipation and maximum lateral strength. The spacing of 
transverse reinforcement was found to have no significant 
effect on bond transfer between spliced bars.

RESEARCH SIGNIFICANCE
The literature has not thoroughly investigated the seismic 

response of lap splices in GFRP-RC elements. Due to insuf-
ficient research data and relevant discussion, current stan-
dards contain no specific recommendations for lap splicing 
GFRP reinforcing bars in structural elements subjected to 
seismic load. Therefore, a significant demand exists for a 

study investigating the performance of lap-spliced GFRP 
reinforcing bars in columns subjected to seismic load. This 
study attempted to fill the gap in the literature concerning the 
seismic performance of lap-spliced GFRP reinforcing bars. 
The splice length and bar type were investigated to evaluate 
the response of the tested RC columns under seismic load. 
The results were compared to the current provisions in ACI 
440.1R-15 and CAN/CSA S806-12 for the splice length of 
GFRP reinforcing bars under monotonic loading. The results 
reported in this paper represent an important contribution to 
the literature. They provide engineers and code committees 
with much-needed data and recommendations to advance 
the use of GFRP reinforcement in RC concrete columns and 
to extend the design and code provisions related to GFRP 
reinforcement for concrete structures subjected to seismic 
load.

EXPERIMENTAL PROGRAM
Specimen details

Six square RC columns were constructed and tested under 
constant axial and reversed cyclic lateral loadings. The test 
matrix consisted of two specimens reinforced with steel 
reinforcing bars for comparison and four specimens rein-
forced with GFRP reinforcing bars. The columns measured 
400 x 400 mm (16 x 16 in.) in cross section and 1850 mm 
(73 in.) in length. All specimens were connected to a 1200 x 
1200 x 600 mm (47 x 47 x 24 in.) stub. The column spec-
imens represent a column between the maximum moment 
section and the contraflexure point. Splice length and rein-
forcing bar type were the variables investigated in this study.

Table 1 lists details of the test specimens. The alphanumeric 
notations used for specimen designation are as follows: the 
first letter indicates the reinforcing bar type (G for GFRP and 
S for steel); Lx denotes the provided lap-splice length (25, 35, 
or 45db); and C is for specimens with continuous reinforcing 
bars. Figure 1 presents the reinforcement details for the 
various specimens. The design of the GFRP-RC specimens 
was based on the relevant clauses in CSA S806-12, where 
applicable. The columns were designed in flexure such that 
the failure of specimens was initiated by concrete crushing. 
The contribution of the GFRP bars in compression was 
not taken into account. Moreover, the steel-RC specimens 
were designed according to ACI 318-19 and CSA A23.3-19. 
The longitudinal reinforcement ratio was 1.6% in all speci-
mens, which is higher than the minimum longitudinal rein-
forcement ratio of 1.0% specified in ACI 318-19 and CSA 
A23.3-19 for steel-RC and in CSA S806-12 for GFRP-RC 
columns. The specimens were designed in such a way that 
shear failure was prevented during testing to focus specif-
ically on bond performance without the influence of shear 
failure. A spiral pitch of 100 mm (4 in.) was used for all 
specimens with No. 4 transverse reinforcement. The spiral 
pitch was selected based on CSA S806-12 provisions, which 
specify that the spacing of transverse reinforcement should 
not exceed the minimum of one-quarter of the minimum 
column dimension 6db or 150 mm (6 in.). A clear concrete 
cover of 25 mm (1 in.) was considered from the surface of 
the spiral reinforcing bars. Table 1 presents the specimens’ 
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theoretical flexural and shear capacity based on CAN/CSA 
S806-12 and ACI 440.1R-15.

Material properties
All GFRP reinforcing bars used in this research program 

were sand-coated Grade III and high modulus. These GFRP 
bars were made with boron-free EC-R glass fibers impreg-
nated with vinylester resin in accordance with CAN/CSA 

S807-19 (Pultrall 2020). Furthermore, the chemical compo-
sition of the sand used as the coating of the GFRP bars 
employed in this study has been presented elsewhere 
(Mohamed et al. 2020). Straight No. 6 GFRP reinforcing 
bars were used as longitudinal reinforcement; No. 4 GFRP 
ties and spirals served as transverse reinforcement. Table 2 
presents the material properties as provided by the manufac-
turer. Note that the manufacturer followed the test methods 

Fig. 1—Reinforcement details of test specimens. (Note: Dimensions in mm; 1 mm = 0.0394 in.)
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in ASTM D7205/D7205M-21 and CAN/CSA S807-19. 
Straight M20 steel reinforcing bars and M10 steel stirrups 
were used as longitudinal and transverse reinforcement in 
the column part of the steel-RC specimens. Table 2 lists the 
properties of the steel reinforcing bars as provided by the 
manufacturer.

A target 28-day concrete compressive strength of 35 MPa 
(5.1 ksi) was chosen for the column part of the specimens, 
but the compressive strength of the concrete for the stub 
part was designated as 50 MPa (7.3 ksi). To simulate the 
field conditions, the column part was cast later than the stub. 
Three 100 x 200 mm (4 x 8 in.) cylinders were tested on 
the day of testing for each specimen to determine the actual 
concrete compressive strength of the specimen, as reported 
in Table 3.

Test setup and loading procedure
The specimens were placed vertically and subjected to 

constant axial load and quasi-static cyclic lateral load using 
the testing setup at the structural laboratory of the University 
of Sherbrooke. An axial load equal to 20% of the column 
axial capacity Agfcꞌ was applied to the specimens using 
two hydraulic jacks with an individual capacity of 980 kN 
(220 kip). The load was applied through a rigid steel beam 
located on top of the column and transferred with two 

high-strength threaded steel reinforcing bars with a diam-
eter of 66 mm (2.6 in.) placed on both sides of the column. 
The lateral displacement cycles were applied with an MTS 
hydraulic actuator with a 500 kN (112 kip) load and 250 mm 
(10 in.) stroke capacity. The lateral actuator was attached to 
the strong reaction wall of the laboratory and was connected 
to the column with two plates and six 40 mm (1.6 in.) high-
strength threaded rods. Figure 2 shows the test setup.

The loading procedure followed the provisions in 
ACI 374.2R-13 (Fig. 3). Each cyclic loading step included 
two identical excursions up to a drift ratio of 4.0%. After 
that point, one excursion was applied for each drift ratio 
until failure. ACI 374.2R-13 recommendations indicate that 
loading should be continued until an approximate drift ratio 
of 4.0%. In contrast, the cyclic tests in this study continued 
beyond this drift ratio until failure occurred.

Instrumentation
A total of 12 linear variable displacement transformers 

(LVDTs) were used during each test (Fig. 4). The lateral 
displacement of columns at 100, 400, 700, and 1650 mm 
(3.9, 15.7, 27.6, and 65.0 in.) from the column-footing inter-
face was measured with four LVDTs mounted horizontally 
along the length of the columns. Six LVDTs were installed 
vertically on both sides of the columns to record the columns’ 

Table 1—Details of specimens

Bar type
Specimen 

designation
Longitudinal 
reinforcement Splice length

Stirrup spacing, 
mm

Axial load, 
P/Agfcꞌ

Analytical flexural 
capacity, kN

Analytical shear capacity, 
kN

CSA S806 ACI 440.1R CSA S806 ACI 440.1R

GFRP

G-LC 8 No. 6 Continuous 100 20 167 164 277 233

G-L25 8 No. 6 25db 100 20 170 166 280 233

G-L35 8 No. 6 35db 100 20 170 166 280 233

G-L45 8 No. 6 45db 100 20 167 164 277 233

Steel
S-LC 8 No. 6 Continuous 100 20 207 208 507 400

S-L35 8 No. 6 35db 100 20 207 208 507 400

Note: 1 mm = 0.0394 in; 1 kN = 0.225 kip.

Fig. 2—Schematic illustration of test setup.
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curvature. Two LVDTs were used to monitor the sliding at 
the column-stub connection and between the stub and rigid 
floor. Figure 5 gives the locations of strain gauges on all the 
specimens. The specimens with lap-spliced reinforcing bars 
had 12 strain gauges installed on the longitudinal reinforcing 
bars. The specimens with continuous reinforcing bars had 
only six strain gauges, which were placed on two opposite 
longitudinal reinforcing bars at the same level as the spec-
imen with a splice length of 35db.

EXPERIMENTAL RESULTS AND DISCUSSION
General behavior and failure mechanism

GFRP-RC columns—Figures 6(a) to (d) show the cracking 
pattern at a drift ratio of 1.5%, plastic-hinge zone, and failure 
details of the GFRP-RC specimens. It should be noted that 
the photographs of the plastic-hinge zone and failure details 
of the specimens were taken after testing. After the loads 
had been applied according to the prescribed procedure, the 
columns took the loads with no sign of cracks up to a drift 
ratio of 0.5%. At this point, the first flexural crack in the 
GFRP-RC specimens was observed at a load range of 100 
to 120 kN (22 to 27 kip). As the drift ratio increased, further 
cracks appeared on average at up to 950 mm (37 in.) of the 
column height. In addition, the cracks developed toward the 
lateral face of the columns (parallel to load application).

In Specimen G-L25, the splitting crack occurred at a 
drift  ratio of 1.0% near the side reinforcing bar region, 
demonstrating the bond-slip of the spliced reinforcing bars. 
None of the other GFRP-RC specimens had signs of a split-
ting crack. Spalling of the concrete cover was initiated in all 
the GFRP-RC specimens at a drift ratio of 1.5%. Beyond this 
drift ratio, more deterioration became evident until concrete 
crushing failed, followed by the compression failure of longi-
tudinal GFRP reinforcing bars (Fig. 7(a)). It should be noted 
that G-L25 experienced much greater damage and deteriora-
tion than the other GFRP-RC specimens. The lengths of the 
most damaged zones in G-LC, G-L25, G-L35, and G-L45 
were 450, 750, 1050, and 1260 mm (17.7, 29.5, 41.3, and 
49.6 in.), respectively. In addition, more cracks with closer 
spacing were observed in specimens reinforced with spliced 
reinforcing bars than in specimens without lap-spliced rein-
forcing bars.

Steel-RC columns—The first flexural crack in the steel-RC 
specimens occurred at a drift ratio of 0.25% at a load range 
of 88 to 90 kN (19.8 to 20.2 kip). As the drift ratio increased, 
more cracks appeared at up to 800 and 1100 mm (31.5 and 
43.3 in.) of the column height in S-LC and S-L35, respec-
tively (Fig. 6(e) and (f)). Gradual concrete cover spalling 
occurred at 1.0% and 1.5% drift ratios in S-LC and S-L35, 
respectively. In specimen S-LC, longitudinal reinforcing 
bars began buckling at a drift ratio of 2.5%. The failure of 
this specimen occurred in subsequent cycles as concrete 
crushing followed by rupture of longitudinal reinforcing 
bars in the tension zone (Fig. 6(e)). In S-L35, longitudinal 
reinforcing bars began buckling at a drift ratio of 6.0%. The 
fact that buckling occurred later in S-L35 than in S-LC can 
be attributed to the role of the column reinforcing bar as the 
dowel reinforcing bar providing side support when the bars 
are stacked together in the spliced region. This specimen’s 

failure was characterized by severe crushing of the concrete 
cover, followed by rupture of longitudinal reinforcing bars 
in the tension zone at a drift ratio of 12.0% (Fig. 6(f) and 
7(b)). Note that the rupture of the reinforcing bars in the 
steel-reinforced specimens was visually observed during 
testing, as shown in Fig. 7. The lengths of the most damaged 
zone were 350 and 260 mm (13.8 and 10.2 in.) in S-LC and 
S-L35, respectively. In contrast to the GFRP-RC columns, 
using a lap splice reduced the length of the most damaged 
zone in the steel-RC columns.

Hysteretic response and load-carrying capacity
Figure 8 presents the load-displacement hysteretic 

responses of all the specimens. In addition, the theoretical 
flexural capacity calculated based on CAN/CSA S806-12 
is represented as the horizontal dashed line. The GFRP-RC 
specimens had nearly linear elastic behavior at the initial 
drift ratios, followed by inelastic behavior due to concrete 
deterioration. Specimen G-LC experienced partial strength 
degradation due to concrete spalling at a drift ratio of 
1.5%, followed by a second peak load at a drift ratio of 
4.0%. Concrete deterioration and compression failure of 

Fig. 4—Location of LVDTs. (Note: Dimensions in mm; 
1 mm = 0.0394 in.)

Fig. 3—Loading history.
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longitudinal reinforcing bars caused strength degradation at 
the remaining drift ratios.

Concrete spalling in G-L25 caused a load reduction at a 
drift ratio of 1.5%. Although no further cracking or spalling 
of the concrete was observed up to a drift ratio of 2.5%, the 
load could not be recovered due to slippage of the spliced 
reinforcing bars. Thereafter, the load decreased until failure 
due to crack propagation and the extended concrete spalling 
zone.

Spalling of the concrete in specimen G-L35 reduced the 
load at a drift ratio of 1.5%. The load recovered up to a drift 
ratio of 4.0%. In subsequent drift ratios, lateral load reduction 
was observed, attributing to concrete deterioration, buckling 
of longitudinal reinforcing bars, and splice slippage.

The load reduction due to concrete spalling at a drift ratio 
of 1.5% was not considerable in G-L45, which reached a 
peak load at a drift ratio of 4.0%. A gradual load reduction 
occurred in the subsequent cycles.

Nearly linear behavior was observed in the steel-RC spec-
imens prior to the yielding of longitudinal reinforcement, 
resulting in nonlinear hysteretic behavior with a gradual 
load reduction. The load reduction was gradual because the 
load did not increase much after the reinforcement yielded, 
so the concrete spalling occurred gradually. As the drift ratio 
increased, the load decreased until failure.

Figure 9 shows the envelope of the hysteretic response 
of the tested specimens. According to this figure, the lateral 
load on G-L25 was lower than on the other GFRP-RC 
specimens at all drift ratios. Specimens G-L35 and G-LC, 
however, had almost similar load-drift trends until failure. 
Specimen G-L45 had greater load-carrying capacity than the 
other GFRP-reinforced specimens.

Specimen S-L35 recorded a greater lateral load at all drift 
ratios than S-LC, showing that the provided splice length 
was adequate. The steel-RC specimens recorded greater 
load-carrying capacity than the GFRP-RC specimens at 
a drift ratio of 1.5% due to the steel bars having a higher 

Table 2—Mechanical properties of reinforcement

Reinforcing bar type
Effective diameter, 

mm
Effective cross- 

sectional area, mm2
Nominal cross- 

sectional area, mm2
Tensile strength, 

MPa
Tensile modulus, 

GPa
Ultimate 
strain, %

Straight GFRP 19.07 323 285 1399 65 2.2

Bent GFRP
Straight portion

12.7 151 126.7
1570 63

2.5
Bent portion 801 —

Straight steel 19.5 300 284 414 200 0.2*

Steel stirrups 11.3 100 100 414 200 0.2*

*Yield strain.

Note: 1 mm = 0.0394 in.; 1 mm2 = 0.00155 in.2; 1 MPa = 0.145 ksi.

Fig. 5—Location of strain gauges. (Note: Dimensions in mm; 1 mm = 0.0394 in.)
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modulus of elasticity than the GFRP reinforcing bars. In 
contrast to G-LC and G-L35, which recovered the lateral 
load, S-LC and S-L35 were unable to do so when the drift 
ratio increased.

Table 3 presents the key results, including lateral load- 
carrying capacity in two loading directions, the drift ratio 
corresponding to peak load, load-carrying capacity at 
failure, the drift ratio corresponding to failure, the load at 
drift ratios of 1.5 and 4.0%, and lateral load reduction at 
the drift ratio of 4.0%. In this study, failure was defined as 
20% post-peak strength degradation or extensive specimen 
damage, whichever occurred first. According to Table 3, the 
GFRP-RC columns with lap splicing (G-L25, G-L35, and 
G-L45) had load-carrying capacities of 6%, 7%, and 8% 
higher, respectively, than the control without splicing spec-
imen (G-LC) at a drift ratio of 1.5%. This could be attributed 
to the greater reinforcement ratio in the spliced zone of the 
lap-spliced specimens. At a drift ratio of 4.0%, Specimen 
G-L25 had a 16% lower lateral load than G-LC (based on 
the average values for pull and push loads). Furthermore, 
while G-LC did not show strength degradation until a drift 
ratio of 4.0%, G-L25 experienced a 17% reduction in lateral 
load-carrying capacity. This implies that the provided splice 
length in G-L25 was inadequate to develop the required 
stress after a drift ratio of 1.5%. The lateral load-carrying 
capacities of G-L35 and G-L45 were 6% and 15% greater 
than that of G-LC at a drift ratio of 4.0% with minimal 
strength degradation. This enhancement in flexural strength 
can be due to a higher reinforcement ratio in the critical zone 
near the column-beam joint, which is generally undesirable 
for optimal seismic performance.

In the case of the steel-RC specimens, lap splicing 
enhanced specimen load-carrying capacity and the drift 
corresponding to failure by 8% and 50%, respectively. 
The literature consistently supports that the load-carrying 

capacity is enhanced when the splice length is sufficient 
(Bournas and Triantafillou 2011; Kim et al. 2018; Pam and 
Ho 2010). Note that both S-LC and S-L35 had similar lateral 
load reductions at a drift ratio of 4.0%.

Fig. 7—Typical fracture surface of reinforcing bars: (a) 
GFRP; and (b) steel.

Fig. 6—Cracking patterns at drift ratio of 1.5%, most-damaged zone, and failure details of tested columns.
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Energy dissipation
Energy dissipation is defined as the area under the load-dis-

placement hysteretic loop. Summing the quantities of energy 
dissipated in consecutive loops throughout the test yields 
accumulated energy dissipation. Figure 10 shows the accu-
mulative energy dissipation of the tested specimens. All the 
steel-RC specimens almost had the same energy dissipation 
before the drift ratio corresponded to the yield of steel rein-
forcing bars. Energy dissipation in the GFRP-RC columns 
was generally governed by concrete inelastic deformation 
(Hassanein et al. 2020). This held true while the yielding 
of steel reinforcement made the main contribution to energy 
dissipation in the steel-RC specimens, leading to higher 
energy dissipation capacity than in the GFRP-RC columns. 
Dissipated energy in the GFRP-RC specimens followed 
the same trend until a drift ratio of 6.0%, showing that lap 
splicing of the GFRP reinforcing bars had minimal effect on 
the energy-dissipation capacity of the columns at the target 
drift ratios (the maximum allowable drift ratio of 4.0% for 
columns subjected to seismic load according to CAN/CSA 
S806-12). The specimens with longer lap splices dissipated 
more energy at the following drift ratios, which could be 
attributed to their greater load-carrying capacity. In addition, 
while S-LC and S-L35 had almost similar energy dissipa-
tion values up to a drift ratio of 6.0%, S-L35 demonstrated 
greater energy-dissipation capacity at the subsequent drift 
ratios. This can be attributed to its higher load-carrying 
capacity at those drift ratios.

Ductility
The ductility level of the steel-reinforced specimens was 

quantified using the displacement ductility index μ∆, as 
defined by Kharal (2019). The calculation process is outlined 
as follows

	 μ∆ = ∆u/∆y	 (1)

where ∆u was calculated based on the lateral deflection corre-
sponding to either the post-peak load of  0.8Vmax or column 
failure, whichever was smaller. The yield deflection ∆y was 
determined by the intersection of Vmax with a line connecting 
the origin and the pre-peak load of 0.65Vmax in the load- 
displacement curve.

For the GFRP-reinforced specimens, μ∆ was calculated as 
follows

	 μ∆ = ∆u/∆e	 (2)

The point at which the secant stiffness at 65% of the 
maximum load reached the maximum load was defined as 
the elastic displacement ∆e (Elshamandy et al. 2018).

Table 4 lists the calculated μ∆ for the test specimens. The 
ductility for the GFRP-reinforced specimens was relatively 
smaller compared to that of the steel-reinforced specimens. 
As the results show, inadequate splice length can diminish 
the ductility. In contrast, using a sufficient splice length 
enhanced the ductility in G-L45.

Fig. 8—Hysteretic curves of specimens. (Note: 1 mm = 0.0394 in.; 1 kN = 0.2248 kip.)
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Stiffness degradation
The slope between the peak points associated with the 

push and pull direction in each cycle is defined as secant 
stiffness. Figure 11 presents the stiffness degradation for the 
tested specimens. As shown in the figure, the rate of stiffness 
degradation decreased when the drift ratio increased. Rapid 
stiffness degradation at the initial drift ratios was due to the 
conversion of the uncracked section of the columns to the 
cracked section. The GFRP-RC specimens had an almost 
equal value of stiffness up to a drift ratio of 1.0%. After that, 
the stiffness degradation was more pronounced in G-L25 
but less noticeable in G-L45. This observation indicates 
that the splice length in G-L45 was adequate, while it was 
inadequate in Specimen G-L25. Specimen S-L35 generally 
showed marginally greater stiffness than S-LC, which can be 
attributed to the stiffness provided by the higher reinforce-
ment ratio in the spliced regions. In addition, the stiffness 

degradation rate was higher in S-LC than S-L35. The stiff-
ness of the steel-RC specimens was, on average, 24% higher 
than their GFRP-RC counterparts. This can be attributed to 
the higher modulus of elasticity of the steel reinforcing bars 
compared to the GFRP reinforcing bars. Moreover, the rate 
of stiffness degradation was higher in the steel-RC speci-
mens than the GFRP-RC ones due to the yielding of the steel 
reinforcement, which is consistent with the findings of Deng 
et al. (2018).

Strain analysis
Figure 12 shows the strain distribution along the height of 

the longitudinal reinforcing bars corresponding to 0.75% to 
4.0% drift ratios for the tested specimens. The strains in the 
column reinforcing bar and dowel reinforcing bar are plotted 
separately for each specimen with spliced reinforcing bars. 

Fig. 11—Stiffness degradation curves for all test specimens. 
(Note: 1 kN/mm = 5.7 kip/in.)

Fig. 9—Envelopes of hysteretic curves. (Note: 1 mm = 
0.0394 in.; 1 kN = 0.2248 kip.)

Fig. 10—Cumulative energy dissipation of all columns. 
(Note: 1 kN.m = 0.7376 kip.ft.)
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The strain distribution in Specimens G-LC and S-LC was at 
the same height level as in G-L35 and S-L35. In addition, 
the maximum strain recorded in the stirrups and longitudinal 
bars at drift ratios of 2 and 4% is listed in Table 4 for the 
tested specimens.

In Specimens G-LC and S-LC, the longitudinal rein-
forcing bar strain decreased when the height level was 
increased in a nearly linear trend because of the moment 
gradient. Something similar occurred in the columns with 
spliced reinforcing bars: the dowel reinforcing bar strain 
decreased with increasing height level because of the stress 
transferring from the dowel reinforcing bar to the column 
reinforcing bar and the moment gradient. At the intersec-
tion of the column and stub, the longitudinal reinforcing 
bar strain in G-LC and the dowel reinforcing bar strain in 
G-L45 increased with increasing drift ratio, revealing the 
sufficiency of the splice length in Specimen G-L45. The 
strain remained almost constant in G-L35 after a drift ratio 
of 3.0%. In G-L25, it increased up to a 3.0% drift ratio and 
then decreased. In addition, Table 4 indicates that increasing 
the lap-splice length increased the maximum strain in the 
longitudinal dowel bars, which shows that increasing the 
length yielded an improvement in the stress-transferring 
mechanism.

At the midheight of the splice length, the strain kept 
increasing in G-LC, G-L35, G-L45, S-LC, and S-L35, but 
decreased in G-L25 after a 3.0% drift ratio. This could be 
attributed to the splice length 25db being inadequate to 
transfer the loads and strains. That would have resulted in 
a lower load-carrying capacity than that of the control spec-
imen G-LC and more localized concrete spalling over the 

splice length. On the other hand, Specimen G-L45 was able 
to transfer the load through its splice length and achieved 
higher load-carrying capacity than the control specimen 
(G-LC).

According to Paulay et al. (1981) and Lukose et al. 
(1982), when the strain at the middle of the spliced length 
of the column reinforcing bar is sufficiently greater than the  
developed strain at the bottom and top of that reinforcing bar, 
the splice length is adequate. The strain distribution along the 
height of the column reinforcing bar given in Fig. 12 shows 
increasing strain values with the increase in the height level 
in G-L25. In the case of G-L35, the maximum strain was 
observed at the midheight of the splice length of the column 
reinforcing bar up to a drift ratio of 2.5%. After that, the strain 
increased when the level height increased. The maximum 
strain in the column reinforcing bar occurred at midheight 
of the reinforcing bar in G-L45 and S-L35. Therefore, the 
provided splice length was adequate in G-L45 and S-L35 but 
not in G-L25. In the case of G-L35, it can be inferred that 
the provided length was not adequate to transfer the stress 
after a drift ratio of 2.5%. Despite S-L35 and G-L35 having 
identical lap-splice lengths, the results demonstrated the 
adequacy of the splice length in S-L35. This confirms that 
the steel reinforcing bars had superior bond strength than the 
GFRP reinforcing bars due to their higher modulus of elas-
ticity. Numerous studies in the literature have consistently 
concluded that the higher modulus of elasticity exhibited by 
steel reinforcing bars is a primary factor contributing to their 
enhanced bond strength (Mosley et al. 2008; Pay et al. 2014; 
Basaran and Kalkan 2020).

Table 3—Summary of test results

Specimen
Concrete 

strength, MPa

Maximum lateral load, kN Failure lateral load, 
kN

Lateral load at 
1.5% drift, kN

Lateral load at 
4.0% drift, kN Lateral load 

reduction at 
4.0% drift, %Push Pull Push Pull Push Pull

G-LC 43 199 at 4.0% –208 at 4.0% –180 at 5.0% 194 –188 199 –208 0

G-L25 44 207 at 1.5% –205 at 2.5% 166 at 4.0% 207 –197 166 –177 17

G-L35 44 206 at 1.5% –234 at 4.0% 165 at 8.0% 206 –203 199 –234 2

G-L45 43 228 at 4.0% –239 at 5.0% 187 at 12.0% 200 –212 228 –239 0

S-LC 45 244 at 2.0% –242 at 1.5% –194 at 8.0% 241 –242 221 –230 7

S-L35 43 261 at 2.0% –262 at 8.0% –209 at 8.0% 261 –245 236 –252 7

Note: 1 MPa = 145 psi; 1 kN = 0.225 kip.

Table 4—Displacement ductility index and strain in stirrups and longitudinal bars

Specimen

∆u, mm ∆e or ∆y, mm μ∆ Maximum strain at 2% drift Maximum strain at 4% drift

Push Pull Push Pull Push Pull Ave. Stirrups* Longitudinal bars† Stirrups Longitudinal bars

G-LC 82.4 84.9 9.0 9.2 9.2 9.2 9.2 753 5987 3911 9196

G-L25 66.0 82.5 9.5 9.2 6.9 9.0 8.0 1082 5229 1607 4839

G-L35 88.0 131.9. 10.1 13.0 8.7 10.1 9.4 1220 6372 1608 7128

G-L45 156.7 155.0 12.1 14.2 13.0 10.9 11.9 904 7865 1665 —

S-LC 130.0 121.0 12.0 12.0 10.8 10.1 10.5 436 5201 645 —

S-L35 131.8 131.9 12.5 13.5 10.5 9.8 10.2 389 4661 412 —

*Strain at midheight of lap-spliced region.
†Strain in dowel bar at column-stub interface for lap-spliced specimens.
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Fig. 12—Strain distribution along longitudinal reinforcing bars at drift ratios of 0.75 to 4.0%. (Note: 1 mm = 0.0394 in.)
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Table 4 compares the results of the maximum strain 
recoded at stirrups in the 2 and 4% drift ratios. According 
to this table, lap-splice length did not noticeably affect 
stirrup strain. In addition, the steel-RC specimens had lower 
recorded stirrup strain than the GFRP-RC specimens. This 
difference can be attributed to the steel reinforcing bars 
having a higher modulus of elasticity than the GFRP rein-
forcing bars, leading to reduced strain levels in the steel-RC 
specimens.

Comparison to code requirements for splice 
length

ACI 440.1R-15 proposes the following equation for calcu-
lating the tension development length of the FRP reinforcing 
bar under monotonic loading

	​ ​l​ d​​ = ​ 
α ​ 

​f​ fr​​ _ 
0.083 ​√ 

_
 ​​f​ c​​​​ ′​ ​
 ​ − 340 

  _______________  
13.6 + ​ c _ ​d​ b​​

 ​
  ​ ​d​ b​​​	 (3)

where c/db ≤ 3.5 based on ACI 440.1R-15, the classification 

for lap-splice length is not required because the full tensile 
strength of the FRP reinforcing bar need not be developed. 
Accordingly, 1.3ld is proposed for all lap splices in tension.

CAN/CSA S806-12 expresses the development length of 
the FRP reinforcing bar in monotonic tension as follows

	​ ​l​ d​​  =  1.15 ​ ​k​ 1​​ ​k​ 2​​ ​k​ 3​​ ​k​ 4​​ ​k​ 5​​ _ ​d​ cs​​
  ​  ​ 

​f​ F​​
 _ 

​√ 
_

 ​​f​ c​​​​ ′​ ​
 ​ ​A​ b​​​	 (4)

where dcs ≤ 2.5db and ​​√ 
_

 ​​f​ c​​​​ ′​ ​​ ≤ 5 MPa. CAN/CSA S806-12 
recommends 1.3ld in calculating the lap-splice length in 
tension.

The models in Eq. (3) and (4) are related to monotonic 
loading and cannot be directly applied to seismic load. The 
following discussion, however, aims to evaluate the effec-
tiveness of these models for use in the case of seismic load. 
Figure 13 shows the required splice length to reinforcing 
bar diameter (ls/db) versus FRP reinforcing bar stress (fF) 
according to ACI 440.1R-15 and CAN/CSA S806-12. This 
figure was obtained by considering the specimen details 
related to this study and the study conducted by Naqvi and 
El-Salakawy (2017). The figure shows that the slope of the 
line related to ACI 440.1R-15 is steeper than that calculated 
according to CAN/CSA S806-12. As a result, ACI 440.1R-15 
would require a longer splice length than that required based 
on CAN/CSA S806-12 in the case of higher reinforcing bar 
stress.

Table 5 presents the required splice length for the tested 
specimens in this study and the columns tested by Naqvi 
and El-Salakawy (2017) according to ACI 440.1R-15 and 
CAN/CSA S806-12, as well as the adequate splice length 
based on  the experimental results. This table shows that 
splice lengths of 45​​d​ b​​​ and 60​​d​ b​​​ were adequate to develop 
reinforcing bar stress along the splice length for the columns 
tested in this study and by Naqvi and El-Salakawy (2017), 
respectively. In contrast, the calculated splice lengths based 

on the specified codes were lower than the experimental 
values. Therefore, the authors concluded that a longer 
splice length is required to develop reinforcing bar stress 
in columns subjected to reversed cyclic loading compared 
to monotonic loading. This position is justified given the 
areas of disintegrated concrete around the reinforcing bars 
due to crack propagation in two directions during reversed 
cyclic loading. In addition, it should be noted that, based on 
the assumptions in the analytical investigation, the occur-
rence of concrete spalling was synchronized with the ulti-
mate condition. Based on the experimental results in this 
study, the concrete spalling occurred at a drift ratio of 1.5%. 
The maximum allowable drift ratio is 4.0% for columns 
subjected to seismic load (CSA S806-12 2021), so the 
maximum reinforcing bar stress in real applications might 
be greater than the analytical stress. For instance, the rein-
forcing bar stress at a drift ratio of 4.0% was approximately 
twice the analytical value for G-LC. Consequently, based on 
the discussed issues, the bond demand increased in the case 
of the GFRP-RC columns under reversed cyclic loading.

According to the aforementioned discussion and as a 
result of this work, the splice lengths calculated based on 
ACI 440.1R-15 and CAN/CSA S806-12 are not adequate in 
the case of seismic load. Because the data is limited, more 
experimental work is required with a wider range of param-
eters (bar size, confinement level, concrete compressive 
strength, and so on) to recommend a formula for determining 
an accurate value for the splice length of GFRP reinforcing 
bars in structural members subjected to seismic loads. In 
addition, the results and discussion in this study focused 
on sand-coated GFRP reinforcing bars. More research is 
required to investigate the seismic behavior of lap-spliced 
GFRP reinforcing bars with other surface configurations.

SUMMARY AND CONCLUSIONS
The performance of lap-spliced reinforcing bars under 

reversed cyclic loading was investigated by testing four 
full-scale glass fiber-reinforced polymer (GFRP)-rein-
forced concrete (RC) columns and two steel-RC columns 

Fig. 13—Prediction of splice length based on ACI 440.1R-15 
and CAN/CSA S806-12. (Note: 1 MPa = 0.145 ksi.)
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for comparison. The test parameters included the splice 
length and type of reinforcement. After presenting the exper-
imental results, the available models for the prediction of 
development length in ACI 440.1R-15 and CAN/CSA S806-
12(R2021) were evaluated for the tested specimens. The 
following conclusions may be drawn from the results of this 
study:

1. A splitting crack was observed in the GFRP-RC column 
with a splice length of 25db (G-L25) at a drift ratio of 1.0%, 
while no signs of splitting cracks were observed in the other 
specimens.

2. The load continuously decreased after concrete spalling 
in G-L25. The specimens with longer splice lengths (G-L35 
and G-L45) and the G-LC specimen recovered their load 
after concrete spalling.

3. The lateral loads in G-L35 and G-L45 were 6 and 18% 
greater than that in G-LC at a drift ratio of 4.0%. However, 
the lateral load in G-L25 was 18% lower than in G-LC.

4. Lap splicing the GFRP reinforcing bars had a minimal 
effect on the energy dissipation capacity of columns up to 
a drift ratio of 6.0%. The stiffness degradation was greater, 
however, in the GFRP-RC column with an inadequate splice 
length of 25db. Additionally, inadequate lap-splice length 
had a negative effect on the ductility of the lap-spliced 
GFRP-RC columns.

5. Splice lengths of 25db and 35db were not enough to 
transfer the required stress between the spliced reinforcing 
bars after drift ratios of 1.5% and 2.5%, respectively. The 
splice length of 45db was adequate to develop bond stresses. 
The splice length of 35db was, however, deemed sufficient 
for the steel-reinforced column owing to its higher bond 
strength resulting from the steel reinforcing bars’ superior 
modulus of elasticity compared to the GFRP reinforcing 
bars.

6. The splice length obtained according to the models 
proposed in ACI 440.1R and CAN/CSA S806 for lap-splice 
length under monotonic loading was not adequate for GFRP 
reinforcing bars under cyclic loading. Therefore, a large 
experimental study with a wide range of parameters is 
required to recommend an empirical equation for the splice 
length of GFRP reinforcing bars required for seismic zones.

7. The results of this study are limited to the lap-spliced 
sand-coated GFRP bars. Further research is needed to inves-
tigate the effect of other surface configurations of GFRP 
reinforcing bars on their lap-splice behavior under seismic 
loading.
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NOTATION
Ab	 =	 area of reinforcing bar
C	 =	 lesser of cover to center of reinforcing bar being developed or 

one-half of center-to-center spacing of reinforcing bars being 
developed

db	 =	 diameter of reinforcing bar
dcs	 =	 smaller of distance from center of reinforcing bar developed to 

closest concrete surface or two-thirds center-to-center spacing 
of reinforcing bars being developed

fcʹ	 =	 concrete compressive strength
fF	 =	 design stress in FRP tension reinforcement at ultimate limit state
ffr	 =	 required reinforcing bar stress in FRP
k1	 =	 reinforcing bar location factor
k2	 =	 concrete density factor
k3	 =	 reinforcing bar size factor
k4	 =	 reinforcing bar fiber factor
k5	 =	 reinforcing bar surface profile factor
ld	 =	 development length in tension of deformed reinforcing bar
ls	 =	 tension splice length
α	 =	 reinforcing bar location factor
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The hysteresis response of precast concrete tunnel lining (PCTL) 
segments reinforced internally with fiber-reinforced polymer (FRP) 
bars under quasi-static cyclic flexural loading is an area for which 
no experimental research results are available. This paper reports 
on an investigation on the hysteresis behavior of PCTL segments 
reinforced internally with glass fiber-reinforced polymer (GFRP) 
bars. Full-scale curvilinear GFRP-reinforced PCTL segments were 
designed, fabricated, and tested under quasi-static cyclic flexural 
loading. The segments measured 3100 mm (122 in.) in length, 
1500 mm (59 in.) in width, and 250 mm (9.8 in.) in thickness. The 
test parameters were the longitudinal reinforcement ratio, the trans-
verse reinforcement configuration, and the concrete compressive 
strength. The hysteresis response, cracking pattern, and ductility 
of the PCTL segments were identified and experimentally evalu-
ated. The experimental results of the current study demonstrate that 
the hysteresis response of the curvilinear GFRP-reinforced PCTL 
segments had stable cyclic behavior with no or limited strength 
degradation until failure. In addition, analytical prediction of the 
load-carrying capacity, deflection, and unloading stiffness of the 
test segments was carried out. The segments’ analytically predicted 
responses were validated and compared to the experimental results. 
The segments’ analytically predicted models for the post-cracking 
loading tangent stiffness and unloading stiffness for the curvi-
linear GFRP-reinforced PCTL segments are proposed herein. The 
analytically predicted hysteresis response shows accurate predic-
tions with comparable loading stiffness, unloading stiffness, and 
residual deformation at the end of each loading cycle.

Keywords: deformability; glass fiber-reinforced polymer (GFRP) bars; 
high-strength concrete (HSC); hysteresis behavior; normal-strength 
concrete (NSC); precast concrete tunnel lining (PCTL) segments; quasi-
static cyclic flexural loading.

INTRODUCTION
Reinforcement corrosion in precast concrete tunnel lining 

(PCTL) segments conventionally reinforced with steel 
causes premature degradation, requiring costly maintenance 
and repairs. Many concrete tunnels conventionally rein-
forced with steel are deteriorating as they age (Zhiqiang and 
Mansoor 2013). Because concrete is not perfectly imper-
meable, chlorinated groundwater saturating the concrete 
in tunnel applications conventionally reinforced with steel 
allows permeation of the concrete cover and initiates an 
electrolytic reaction with the reinforcement, which acceler-
ates reinforcement corrosion and loss of structural integrity 
(Rancourt 2016). According to ACI 440.1R-15, corrosion is 
the most problematic deterioration and cost issue in concrete 
structures reinforced with conventional steel reinforce-
ment. The corrosion of reinforcement in concrete structures 

conventionally reinforced with steel costs the United States’ 
economy approximately 1% of the country’s gross domestic 
product (Whitmore and Ball 2004). Likewise, repairing the 
corrosion damage in concrete structures conventionally rein-
forced with steel costs Canada more than $10 billion annu-
ally (Davis 2000). As they are characterized by corrosion 
resistance, long life span, and reduced maintenance costs, 
noncorroding lightweight and high-strength fiber-reinforced 
polymer (FRP) reinforcement is one effective alternative to 
conventional steel reinforcement to solve corrosion issues 
(Mohamed and Benmokrane 2015, 2016; Wang et al. 2017; 
Mohamed et al. 2017, 2019, 2020; Mousa et al. 2018, 
2019, 2020; Solyom and Balázs 2020; Pan and Yan 2021; 
Benmokrane et al. 2021).

The flexural behavior of PCTL segments reinforced with 
noncorroding curvilinear glass-FRP (GFRP) reinforcement 
bars as an alternative to conventional steel reinforcement has 
been narrowly investigated in the literature (Caratelli et al. 
2016, 2017; Spagnuolo et al. 2017; Hosseini et al. 2022). 
Comparisons to the flexural behavior of steel-reinforced 
PCTL segments have demonstrated that curvilinear GFRP 
reinforcement can be an effective alternative to conven-
tional steel reinforcement (Caratelli et al. 2017; Hosseini 
et al. 2022). Moreover, it has been demonstrated that 
curvilinear GFRP-reinforced and steel-reinforced PCTL 
segments have comparable flexural behavior (Spagnuolo 
et al. 2017).  Caratelli et al. (2016) found that curvilinear 
GFRP-reinforced PCTL segments exhibited adequate 
ductility compared to PCTL segments conventionally 
reinforced with steel, despite the brittleness of curvilinear 
GFRP reinforcement. In addition, the failure warning of the 
curvilinear GFRP-reinforced PCTL segments was ensured 
by the wide cracking generated by the high strain that the 
curvilinear GFRP bars exhibited before failure (Spagnuolo 
et al. 2017).

According to ACI 544.7R-16, the loads acting on PCTL 
segments from casting up to erection within a tunnel boring 
machine (TBM) shield fall into three stages: production 
and transient stage, construction stage, and service stage. 
The final service stages are represented by the long-term 
loads acting on the lining from the ground, groundwater, 
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surcharges, and other loads (such as seismic loads). The 
literature contains no research results on the hysteresis 
response of curvilinear GFRP-reinforced PCTL segments 
under seismic loads. Abbas (2014) studied the flexural 
cyclic behavior of steel fiber-reinforced concrete (SFRC) 
and PCTL segments conventionally reinforced with steel 
under quasi-static cyclic flexural loading. Both the SFRC 
and PCTL segments conventionally reinforced with steel 
exhibited reasonable ductility and energy dissipation capac-
ities and stratified the flexural requirements.

Al-Saadi et al. (2019) found that, generally, the hysteresis 
behavior of the reinforced concrete structures subjected to 
large cyclic loading exhibited levels of stiffness degradation, 
which is caused by cracking, loss of bond, or integration 
with high shear or axial stress. Xiao et al. (2018) found that 
the level of stiffness degradation depended on the loading 
history and the characteristics of the reinforced concrete 
members. In their study, Fahmy et al. (2009) determined that 
the unloading stiffness was an essential constraint in deter-
mining the recoverability and residual deformation of rein-
forced concrete members under cyclic loading conditions. 
Ding et al. (2013) considered unloading stiffness degrada-
tion advantageous in improving the structural reparability 
under cyclic loading conditions, as the structural residual 
deformation was directly associated with the unloading stiff-
ness of the reinforced concrete members. In terms of loading 
and unloading stiffness, there are no available experimental 
results on the hysteresis behavior of curvilinear GFRP- 
reinforced PCTL segments. Accordingly, the authors’ study 
investigated the hysteresis behavior of curvilinear GFRP- 
reinforced PCTL segments under quasi-static cyclic 
flexural loading.

This work is part of an ongoing comprehensive research 
program carried out in the Department of Civil and Building 
Engineering at the University of Sherbrooke. It aims at 
improving the existing practices and developing more compe-
tent design and construction approaches for the use of curvi-
linear GFRP bars in PCTL segments. This ongoing research 
(Hosseini et al. 2022a,b, 2023; Ibrahim et al. 2022, 2023) 
investigates the behavior of full-scale curvilinear GFRP- 
reinforced PCTL segments under different loading conditions: 
static flexural loading; quasi-static cyclic flexural loading; 
punching shear and settlement. This is the first experimental 
work to date providing experimental data through laboratory 
testing on the performance of curvilinear GFRP-reinforced 
PCTL segments under quasi-static cyclic flexural loading in 
accordance with the provisions in ACI 374.2R-13. This data 
could be considered in the forthcoming code provisions for 

the efficiency of replacing conventional steel reinforcement 
with noncorroding curvilinear GFRP reinforcement for the 
cyclic behavior of PCTL segments.

RESEARCH SIGNIFICANCE AND OBJECTIVES
The hysteresis behavior, in terms of loading and unloading 

stiffness of the curvilinear-GFRP reinforced PCTL 
segments, is one area for which no experimental research 
results are available. This study investigated the loading and 
unloading stiffness of curvilinear GFRP-reinforced PCTL 
segments under quasi-static cyclic flexural loading. An 
experimental program to evaluate the hysteresis response 
was carried out. In addition, the hysteresis behavior of the 
PCTL segments, in terms of loading and unloading stiffness, 
was analytically investigated, and compared to the experi-
mental results. Furthermore, to experimentally and analyt-
ically examine the recoverability of the curvilinear GFRP- 
reinforced PCTL segments in this study, a damage index for 
the PCTL segments was defined and evaluated in accordance 
with the residual deformation. All the experimental and 
analytical outcomes and conclusions of this work are imple-
mented to assess and explore the feasibility of the use of 
the curvilinear GFRP bars as internal reinforcement for the 
PCTL segments application under seismic loading condi-
tions. Moreover, the outcomes of this study will be useful 
for design engineers and represent a significant contribution 
to North American technical committees engaged in devel-
oping standards and design provisions for PCTL segments 
reinforced with GFRP bars.

EXPERIMENTAL PROGRAM
Materials

The mechanical properties of the different sand-coated 
GFRP bars employed in this study were determined in 
accordance with ASTM D7205/D7205M (2021), as listed in 
Table 1. Number 6 and No. 5 (20 and 15 mm) curvilinear 
GFRP bars were used as the PCTL segments’ longitudinal 
reinforcement. In addition, No. 6 and No. 5 (20 and 15 mm) 
U-shaped GFRP bars were used as anchorage for the longi-
tudinal reinforcement at both ends of each segment. For the 
transverse reinforcement, No. 4 (13 mm) closed and double 
U-shaped ties were used for the PCTL segments. All the 
PCTL segments were cast at the SYM-TECH precast concrete 
facility in Saint-Hyacinthe, QC, Canada. The targeted 
concrete compressive strength was 40 and 80 MPa (5.8 and 
11.6 ksi) for the normal-strength concrete (NSC) and high-
strength concrete (HSC) segments, respectively. Table 2 lists 
the actual average concrete compressive strengths based on 

Table 1—Mechanical properties of reinforcement bars

Reinforcement type Bar size Bar diameter, mm
Cross-sectional area – 

nominal, mm2
Cross-sectional area – 

immersed, mm2
Modulus of 

elasticity, GPa
Tensile 

strength, MPa
Tensile 

strain, %

Curvilinear GFRP bars
No. 5 15.0 199 222 ± 1.2 55.1 1115 2.0

No. 6 20.0 284 339 ± 0.5 52.9 1068 2.0

U-shaped GFRP bars
No. 5 15.0 199 222 ± 1.2 53.5 1283 2.4

No. 6 20.0 284 339 ± 0.5 53.2 1131 2.1

Closed GFRP ties No. 4 13.0 129 148 ± 1.1 55.6 1248 2.2

Note: 1 mm = 0.0394 in.; 1 MPa = 145 psi; 1 GPa = 145 ksi.
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the average test results of ten 100 x 200 mm (3.94 x 7.89 in.) 
concrete cylinders tested for each PCTL segment on the first 
day of the start of testing the segments.

Test segments
The experimental program was designed to provide data 

on the cyclic behavior of curvilinear GFRP-reinforced PCTL 
segments. Four full-scale curvilinear GFRP-reinforced PCTL 
segments were designed, fabricated, and tested under quasi-
static cyclic flexural loading. The PCTL segments were kept 
skewed at both ends, and the clear cover was kept constant 
at 40 mm (1.57 in.) for all test segments. The segments were 
designed in accordance with ACI 440.1R-15 and CAN/
CSA  S806-12 (R2017). The test parameters in this experi-
mental program included the longitudinal reinforcement 
ratio, the transverse reinforcement configuration (closed 
versus double U-shaped ties), and the concrete compressive 
strength. Table 2 shows the reinforcement details and the test 
matrix for the PCTL segments. Each segment is identified 
with an alphanumeric code. The first number of the code 
represents the number of the top/bottom longitudinal rein-
forcement bars. The letter G refers to GFRP reinforcement. 
The second number represents the curvilinear nominal diam-
eter of the top/bottom longitudinal GFRP reinforcing bars. 
To differentiate between the segments with different trans-
verse reinforcement configurations, the letter U designates 

the segments reinforced transversely with double U-shaped 
ties. The letter H identifies the segment cast with HSC. 
Segments 7G15 and 7G20 are NSC segments with top and 
bottom longitudinal reinforcement consisting of seven No. 5 
curvilinear GFRP bars and seven No. 6 curvilinear GFRP 
bars with longitudinal reinforcement ratios of 0.50% and 
0.70%, respectively. Both segments were reinforced trans-
versely with closed No. 4 GFPR ties spaced at 200 mm 
(7.87 in.). Seven No. 5 and No. 6 U-shaped GFRP anchorage 
bars were installed on each side of segments 7G15 and 7G20, 
respectively. Segment 7G15-U was also fabricated with NSC 
and reinforced longitudinally (top and bottom) with seven 
No. 5 curvilinear GFRP bars. This segment was reinforced 
transversely with No. 4 double U-shaped GFRP ties spaced 
at 200  mm (7.87  in.). Similarly, the HSC segment (7G15-
U-H) was reinforced longitudinally (top and bottom) with 
seven No. 5 curvilinear GFRP bars and reinforced trans-
versely with No.  4 double U-shaped GFRP ties spaced at 
200 mm (7.87 in.). Moreover, No. 5 U-shaped GFRP anchors 
were installed on each side of segments 7G15-U and 7G15-
U-H. Figure 1 illustrates the reinforcement details for the 
test segments.

Test setup and instrumentation
The test setup (designed and fabricated at the Univer-

sity of Sherbrooke’s CFI structural laboratory) consisted 

Table 2—Test matrix and segment details

Segment 
ID

Reinforcement 
type

Concrete 
type

Actual concrete compres-
sive strength fc′, MPa

Longitudinal reinforcement

Transverse reinforcementNumber of bars ρf, %

7G15 GFRP NSC 52 ± 1.1 Seven No. 5 bars 0.50 No. 4 closed GFRP ties spaced at 200 mm

7G20 GFRP NSC 47 ± 1.4 Seven No. 5 bars 0.70 No. 4 closed GFRP ties spaced at 200 mm

7G15-U GFRP NSC 50 ± 0.9 Seven No. 5 bars 0.50 No. 4 double U-shaped GFRP ties spaced at 200 mm

7G15-U-H GFRP HSC 81 ± 3.4 Seven No. 5 bars 0.50 No. 4 double U-shaped GFRP ties spaced at 200 mm

Note: 1 MPa = 145 psi; 1 mm = 0.0394 in.

Fig. 1—Reinforcement details for test segments. (Note: All dimensions in mm; 1 mm = 0.0394 in.)
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of an 11,000 kN (247.3 kip) capacity MTS universal 
testing machine attached to a spreader beam, as shown in 
Fig. 2. Three-point bending load was applied at a displace-
ment-controlled rate of 0.8 mm/min. The test span for the 
PCTL segments was 2400 mm (94.5 in.). Five different 
linear potentiometers (LPOTs) were placed to measure 
the segments’ mid- and quarter-span deflections (Fig. 2). 
In addition, to measure the strain at mid- and quarter-span 
of the PCTL segments, 10 and 60 mm (0.39 and 2.36  in.) 
electrical resistance strain gauges were installed on the rein-
forcing bars and attached to the concrete surface, respec-
tively (Fig. 1). The load was moreover applied in accordance 

with the tests of structural components under slowly applied 
quasi-static loading as in ACI 374.2R-13. The quasi-static 
cyclic flexural loading was applied in terms of percentage of 
the maximum displacement obtained from the static testing 
results (Hosseini et al. 2022). Two loading/unloading cycles 
were conducted at 1.25, 2.5, 5, 10, 25, 50, and 75% of the 
maximum displacement, followed by one cycle up to failure. 
In all cycles, the unloading phase was stopped at a minimum 
load of 5 kN (1.12 kip) to keep the test machine engaged 
with the segments.

TEST RESULTS AND DISCUSSION
This section discusses the experimental hysteresis 

behavior of the PCTL segments. In addition, ductility index, 
crack width, and deformability of the PCTL segment are 
defined, estimated, and evaluated in this section. Table 3 
summarizes the experimental test results.

Hysteresis response
Figure 3 shows the hysteresis behavior of the tested 

segments in the form of load-versus-midspan deflection. 
At 1.25 and 2.5% of the maximum displacement cycles, 
all segments exhibited the same linear hysteresis response, 
corresponding to the condition of uncracked section of the 
segments. Beyond these loading cycles, the first flexural 
cracks in the tension zone of the tested segments initiated 
under the loading point at 5% of the maximum displace-
ment cycle. The cracking load Pcr ranged between 59 and 70 
kN (13.26 and 15.74 kip) for all tested segments. The stiff-
ness of all tested segments decreased after cracking, with Fig. 2—Test setup. (Note: 1 mm = 0.0394 in.)

Table 3—Summary of results

Segment ID Cracking load, kN Failure load, kN Type of failure Deflection at failure, mm Ductility index μe J-factor Pexp/Ppred at Pn

7G15 70 302 Concrete crushing 56.5 1.49 5.9 0.93

7G20 62 295 Concrete crushing 46.5 1.43 4.7 0.93

7G15-U 59 271 Concrete crushing 52.8 1.51 5.9 0.95

7G15-U-H 60 312 Concrete crushing 59.5 1.78 4.3 0.88

Average 0.92

Standard deviation 0.03

Coefficient of variance (COV), % 3.24

Note: 1 mm = 0.0394 in.; 1 kN = 0.2248.

Fig. 3—Hysteresis response for: (a) segments with different reinforcement ratios; (b) segments with different transverse rein-
forcement configurations; and (c) segments with different concrete compressive strengths.
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an almost linear hysteresis response up to the initiation of 
failure. At 10 and 25% of the maximum displacement cycle, 
additional flexural cracks initiated within the shear span of 
the tested segments. At 75% of the maximum displacement 
cycle, the main flexural cracks became wider and propagated 
toward the loading point until failure occurred. All the curvi-
linear GFRP-reinforced PCTL segments failed by concrete 
crushing in the compression zone of the segments’ midspan 
at load-carrying capacities Pn of 302, 295, 271, and 312 kN 
(67.89, 66.32, 60.92, and 70.14 kip) for Segments  7G15, 
7G20, 7G15-U, and 7G15-U-H, respectively, as illustrated 
in Fig. 4. Moreover, at 1.25 and 2.5% of the maximum 
displacement cycle, the unloading stiffness was relatively 
high in all tested segments. Figure 3 reveals that, beyond 5% 
of the maximum displacement cycle, the unloading stiffness 
of the segments rapidly decreased. This drop in unloading 
stiffness through the loading cycles helped improve segment 
reparability. In good agreement with the work of Ding 
et al. (2013), the drop in unloading stiffness decreased the 
segments’ residual deformation. The residual deformation of 
the tested segments was therefore smaller at 50 and 75% of 
the maximum displacement cycle than at the lower loading 
cycles. Furthermore, in all second excursion loading cycles, 
the hysteresis response for the GFRP-reinforced PCTL 

segments reflected stable cyclic behavior with no or limited 
strength degradation until failure.

Strain readings
Figure 5 shows the load-strain relationships for the tested 

segments at midspan, up to failure. Prior to cracking at 
1.25 and 2.5% of the maximum displacement cycles, the 
strain readings at the top concrete fibers in all segments 
were insignificant (–80 to –200 με), as shown in Fig. 5(a). 
Beyond the 5% of the maximum displacement cycles, the 
midspan concrete strain readings at the top concrete fibers 
of the tested segments increased almost linearly until the 
failure initiation. The maximum recorded midspan concrete 
compressive strain readings in Segments 7G15, 7G20, 
7G15-U, and 7G15-U-H were –3840, –2683, –2640, and 
–2950 με, respectively, as shown in Fig. 5(a). In addition, 
Fig. 5(b) and (c) show that before the 5% of the maximum 
displacement cycles, there were no significant strain read-
ings neither in the bottom nor the top reinforcement bars. 
The bottom and top GFRP bars exhibited a gradual strain 
increase until the failure occurred. The maximum recorded 
midspan strain for the bottom bars in Segments 7G15, 7G20, 
7G15-U, and 7G15-U-H was 17,965, 11,637, 14,326, and 
17,890 με, respectively, as shown in Fig. 5(b). Proportion-
ally, Fig. 6 shows that the maximum recorded stress in the 
bottom GFRP reinforcement bars in Segments 7G15, 7G20, 
7G15-U, and 7G15-U-H was 975, 616, 789, and 986 MPa 
(141, 89, 114, and 143 ksi), respectively (88%, 58%, 72%, 
and 89% of the ultimate tensile stress of the GFRP bars, 
respectively). The midspan strains in the bottom longitu-
dinal reinforcement bars demonstrate that the increase of the 
longitudinal reinforcement ratio in Segment 7G20 resulted 
in reducing the tensile strains in the longitudinal reinforce-
ment bars compared to its counterpart Segment 7G15. The 
maximum recorded midspan strains in the bottom longitu-
dinal reinforcement bars in Segments 7G15 and 7G20 repre-
sent 88% and 58% of the curvilinear-GFRP bars’ ultimate 
tensile strain, respectively. Moreover, in agreement with 
the work of Faza and Gangarao (1993), the use of HSC in 
Segment  7G15-U-H resulted in exploiting higher tensile 
strain of the reinforcement bars. The maximum recorded 
midspan strains in the bottom longitudinal reinforcement 
bars in Segments 7G15-U and 7G15-U-H represent 72% Fig. 4—Failure mode for all test segments. (Note: 1 kN = 

0.2248.)

Fig. 5—Envelope load-strain relationship at midspan: (a) at concrete surface; (b) in bottom reinforcement bars; and (c) in top 
reinforcement bars. (Note: 1 kN = 0.2248.)
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and 89% of the curvilinear-GFRP bars’ ultimate tensile 
strain, respectively. Furthermore, the strain gauge read-
ings illustrated that, at failure, the top reinforcement bars, 
for all tested segments, were under tension, with maximum 
recorded midspan strains of 4210, 3444, 4787, and 7380 με 
for Segments 7G15, 7G20, 7G15-U, and 7G15-U-H, respec-
tively (Fig. 5(c)). The test results indicate that the strains in 
the top concrete fibers, the bottom reinforcement bars, and 
the top reinforcement bars at quarter-span of all segments was 
less than that at midspan. The maximum recorded concrete 
compressive strains at the quarter-span in Segments 7G15, 
7G20, 7G15-U, and 7G15-U-H were –1162, –1285, –995, 

and –617 με, respectively. Similarly, the maximum recorded 
quarter-span strains in the bottom longitudinal reinforce-
ment bars in Segments 7G15, 7G20, 7G15-U, and 7G15-
U-H were 8197, 6676, 7760, and 7380  με, respectively. 
In contrast, the maximum recorded quarter-span strains in 
the top longitudinal reinforcement bars in Segments 7G15, 
7G20, 7G15-U, and 7G15-U-H were 1168, 783, 1819, and 
2105 με, respectively.

Crack width
Figure 7 shows the cracking pattern of the tested segments. 

Concrete fractures under cyclic loading are characterized 
by larger cracks and strains than concrete fractures under 
static loading (Xiao et al. 2018). The linear behavior of the 
curvilinear GFRP-reinforced PCTL segments, however, 
reduced the cyclic effects on the crack width and eliminated 
the residual cracks at the end of each unloading cycle. The 
LVDT readings at the end of each unloading cycle indi-
cate that the crack widths were insignificant. Up to 75% 
of the maximum displacement cycle, the maximum LVDT 
reading recorded at the end of each unloading cycle in all 
tested segments ranged between 0.25 and 0.4 mm (0.01 and 
0.014 in.). Moreover, as seen in Fig. 7, increasing the longi-
tudinal reinforcement ratio from 0.50% in 7G15 to 0.70% 
in 7G20 generally enhanced the cracking behavior, where 
increasing the reinforcement ratio resulted in narrower cracks 
with narrower cracking spacing in all loading cycles. As Fig. 6—Stress-strain relationship at midspan for bottom 

reinforcement bars. (Note: 1 MPa = 145 psi.)

Fig. 7—Cracking pattern in: (a) Segment 7G15; (b) Segment 7G20; (c) Segment 7G15-U; and (d) Segment 7G15-U-H.
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crack width is mainly controlled by reinforcing bar spacing, 
and because both 7G15 and 7G20 had the same bar spacing, 
both segments had almost the same crack width of 0.52 mm 
(0.02  in.) at service-load levels (2000 με). In contrast, the 
crack width in 7G15 was approximately 29% greater than 
that of 7G20 at ultimate load levels (Pn), as shown in Fig. 8. 
Similarly, Fig. 7 reveals that the closed-tie configuration in 
7G15 slightly enhanced the crack width compared to the 
double U-shaped tie configuration in 7G15-U. At both the 
service and ultimate load levels, the crack width in 7G15-U 
was approximately 5% greater than that in 7G15, as shown 
in Fig. 8. Moreover, Fig. 7 illustrates the concrete compres-
sive strength’s effect on the cracking behavior of the curvi-
linear GFRP-reinforced PCTL segments. Increasing the 
concrete compressive strength resulted in narrower cracks 
with closer cracking spacing. The crack width in 7G15-U 
was approximately twice wider than that of the HSC segment 
(7G15‑U-H) at 2000 με.

Ductility
A member’s ductility is its capacity to withstand inelastic 

deformation without experiencing a reduction in its carrying 
capacity. Concrete members reinforced with conventional 
steel reinforcement have ductility expressed directly as the 
ratio of the ultimate deformation to the deformation at yield. 
In contrast, FRP-reinforced concrete members have no yield 
point. Subsequently, the ductility of the concrete members 
reinforced with FRP reinforcement is computed indirectly 
in terms of energy deformation or an energy-based ductility 
index (Grace et al. 1998).

To determine the deformability of the FRP-reinforced 
concrete members, CAN/CSA S6-19 uses the J-factor 
approach of Jaeger et al. (1997). CAN/CSA S6-19 requires 
a J-factor greater than 4 for rectangular sections: the higher 
the J-factor values, the greater the warning given by the 
FRP-RC specimen before failure. In this approach, the 
moment-carrying capacity and the curvature of the FRP-re-
inforced concrete members—at both the service and ulti-
mate conditions—are considered, as expressed in Eq. (1)

	 J = (Multimate/Ms) × (ψultimate/ψs)	 (1)

where ψs is the curvature at the service condition (strain in 
the top concrete surface = 1000 με); ψu is the ultimate curva-
ture exhibited at failure; Ms is the moment at the service 
condition; and Mu is the ultimate moment.

In addition to the deformability J-factor approach in exam-
ining the curvilinear GFRP-reinforced PCTL segments’ 
ductility, the ductility index μe was computed based on the 
energy absorption approach of Naaman and Jeong (1995), 
as shown in Fig. 9 and expressed in Eq. (2). The ductility 
index μe for the segments was used to evaluate the segments’ 
capacity to withstand inelastic deformation without experi-
encing a reduction in carrying capacity

	 μe = 0.5[(Etot/Eel) + 1]	 (2)

where Etot is the segment’s overall energy; and Eel is the 
released elastic energy at failure. The total energy Etot and 
the elastic energy Eel are calculated as the area under the 
segment’s load-deflection envelope curve and the area of the 
triangle formed at failure load using the weighted average 
slopes of the two initial stiffness values of the load-deflec-
tion curve envelope, respectively.

Table 3 shows that, when compared to the CAN/CSA S6-19 
J-factor limit of 4 for rectangular GFRP-reinforced concrete 
sections, all curvilinear GFRP-reinforced PCTL segments 
demonstrated adequate deformability. The deformability 
J-factor for 7G15, 7G20, 7G15-U, and 7G15-U-H were 5.9, 
4.7, 5.9, and 4.3, respectively. Moreover, Table 3 indicates 
that increasing the reinforcement ratio from 0.50% in 7G15 
to 0.70% in 7G20 did not significantly reduce the ductility 
index of the curvilinear GFRP-reinforced PCTL segments. 
Both 7G15 and 7G20 exhibited comparable computed μe of 
1.49 and 1.43, respectively. Likewise, using different types 
of transverse reinforcement had no consequential effect on 
the segments’ ductility index. As listed in Table 3, 7G15-U 
had a computed μe of 1.51.

Effect of reinforcement type
This section presents the effect of the reinforcement type 

(GFRP versus conventional steel) on segment behavior. As 
part of the current comprehensive research program, the 
hysteresis response of Segment 7G15 was compared to a 
segment conventionally reinforced with steel (7S15), which 
the authors tested in a past study (Ibrahim et al. 2023). Both 

Fig. 8—Load versus crack width for all test segments. (Note: 
1 kN = 0.2248; 1 mm = 0.0394 in.)

Fig. 9—Energy-based ductility index. (Note: 1 kN∙m = 
0.7376 kip∙ft; 1 mm = 0.0394 in.)
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7G15 and 7S15 had the same flexural longitudinal reinforce-
ment ratio (0.50%). Before cracking occurred, identical linear 
moment-deflection behavior was observed in both Segments 
7G15 and 7S15 (conventionally reinforced with steel), as 
shown in Fig. 10. After cracking occurred, the response of 
Segment 7G15 was almost linear up to failure. Figure 10 
shows a typical yielding plateau for the segment conven-
tionally reinforced with steel (7S15), followed by concrete 
crushing in the compression zone. Afterward, a sudden load 
drop occurred, followed by a total loss of flexural stiffness. 
Moreover, before Segment 7G15 cracked, its stiffness was 
similar to that of segment conventionally reinforced with 
steel (7S15). Segment 7G15 had lower post-cracking flex-
ural stiffness—calculated as the average slope of the curve—
than its steel-reinforced counterpart. The ratio between the 
post-cracking flexural stiffness of Segment 7S15 to Segment 
7G15 was approximately 4.28. This ratio is approximately 
the same as the 4.35 ratio of the axial stiffness (EA) of the 
steel to that of the GFRP bars. It can be seen, however, that 
Segment 7G15 had a longer ascending branch with higher 
stiffness compared to the post-yielding flexural stiffness of 
Segment 7S15 (Fig. 10). This is mainly because, after the 
steel bars yielded, their tangent modulus was lower than 
that of the GFRP bars, which maintained their modulus of 
elasticity throughout the entire duration of loading. In addi-
tion, the comparison indicates that Segment 7G15 had 1.5 
times the flexural strength of Segment 7S15 at yielding. The 
higher strength gain of Segment 7G15 provided sufficient 
deformability according to the CSA S6-19 code limit of 4 
for rectangular sections. Consequently, warning of failure 
in the form of excessive deflection and cracking would be 
expected before the GFRP bars reached their rupture tensile 
strain. The behavior of Segment 7G15 compared to the 
segment conventionally reinforced with steel (7S15) with 
the same flexural longitudinal reinforcement ratio demonstrates 
the feasibility and effectiveness of using GFRP bars instead 
of steel bars for PCTL segments under quasi-static cyclic 
flexural loading.

ANALYTICAL STUDY
In this section, the hysteresis response of the curvilinear 

GFRP-reinforced PCTL segments under quasi-static cyclic 
flexural loading is analytically investigated. In addition, 

both the loading and unloading stiffness for the curvilinear 
GFRP-reinforced PCTL segments were predicted, evalu-
ated, and compared to the experimental results.

Flexural load deflection
Based on the strain compatibility and force equilibrium 

principles, the flexural capacity of the curvilinear GFRP- 
reinforced PCTL segments was first computed in the 
analytical analysis. Based on Bernoulli’s hypothesis, the 
concrete and the curvilinear GFRP bar strains, moreover, 
were assumed in the analytical analysis to be proportional 
to the distance from the neutral axis. Furthermore, in accor-
dance with ACI CODE-440.11-22 (ACI Committee 440 
2022), the concrete crushing failure was assumed to occur 
at a concrete compressive strain of 0.003. In addition, the 
curvilinear GFRP bars’ tensile behavior was assumed to be 
linearly elastic in all loading states until failure, and the bond 
between the concrete, and the curvilinear GFRP bars was 
assumed to be perfect.

The parameters ​​α​ 1​​​ and ​​β​ 1​​​, presented in the equivalent 
rectangular stress block in Fig. 11(a), are used to describe 
the concrete compressive strength distribution according to 
ACI CODE-440.11-22, as expressed in Eq. (3) and (4).

	 α1 = 0.85	 (3)

	​ ​β​ 1​​  =  0.85 ​ 
0.05(fc′ – 28)

  ____________ 7 ​ ≥  0.65​	 (4)

To calculate the static load-carrying capacity of the curvi-
linear GFRP-reinforced PCTL segments, the PCTL section 
properties and material properties were first defined. The 
neutral axis depth c was then initially assumed. Thereafter, 
the concrete compression force Cc was calculated with 
Eq. (5)

	 Cc = α1fc′Ac	 (5)

where fc′ is the concrete compressive strength of the 
PCTL segments; and Ac is the cross-sectional area of the 
PCTL segment.

Subsequently, the strain in the bottom and top curvilinear 
GFRP bars εf and εf′ was computed using the strain compati-
bility principle with reference to the ultimate usable concrete 
strain of 0.003 stated in ACI CODE-440.11-22. The tensile 
forces in the curvilinear GFRP bars were then calculated 
with Eq. (6)

	 T = εfEfAf + εf′Ef′Af′	 (6)

where T is the tensile force in the curvilinear GFRP bars; 
Ef and Ef′ are the modulus of elasticity of the bottom and 
top curvilinear-GFRP bars; and Af and Af′ are the area of the 
bottom and top curvilinear GFRP bars.

Once both the concrete and reinforcement forces had 
been determined, the section equilibrium was checked. 
The process was repeated with the new assumed neutral-
axis depth c until equilibrium was reached. The curvilinear 
GFRP-reinforced PCTL section’s moment-carrying capacity 

Fig. 10—Effect of reinforcement type on hysteresis response. 
(Note: Segment 7S15 was investigated by authors in past 
study; 1 kN = 0.2248; 1 mm = 0.0394 in.)
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was obtained by taking the moment of the forces around 
the centroid of the PCTL section. The curvilinear GFRP- 
reinforced PCTL segments’ arch effect was also considered 
in calculating the load-carrying capacity from the sections’ 
ultimate moment capacity with Eq. (7) to (10)

	 X = Nsinθ	 (7)

	 Y = Ncosθ	 (8)

	 P = 2Ncosθ	 (9)

	​ Moment = Ncosθ ×  ​ L _ 2 ​ + NΔsinθ​	 (10)

where N is the reactions at the supports; θ is the angle of 
inclination of the segment’s supports from the vertical 
access; and Δ is the vertical distance between the segment’s 
centerline at midspan and the supports’ resistance forces, as 
shown in Fig. 11(b).

For the curvature predictions, the radius of curvature R to 
the neutral axis was calculated first. The radius of curvature 
R, the neutral-axis depth kd, and the concrete strain in the 
extreme compression fibers εc varied along the member, as 
the concrete between the cracks does carry some tension. 
Considering only a small element of length dx of the 
segment, the rotation between the ends of the element was 
calculated with Eq. (11) and (12).

	​ ​ dx _ R ​  =  ​ ​ε​ c​​ dx _ kd  ​  =  ​ 
​ε​ f​​ dx

 _ d​(1 − k)​ ​​	 (11)

	​ ​ 1 _ R ​  =  ​ ​ε​ c​​ _ kd ​  =  ​ 
​ε​ f​​ _ d(1 − k) ​​	 (12)

The curvature of the curvilinear GFRP-reinforced PCTL 
segments ψ was computed as the rotation per segment unit 
length (ψ = 1/R), as expressed in Eq. (13), where the curva-
ture varies along the length of the segment because of the 
fluctuation in the neutral-axis depth and the strains between 
the cracks.

	​ ψ  =  ​ ​ε​ c​​ _ kd ​  =  ​ 
​ε​ f​​ _ d​(1 − k)​ ​  =  ​ 

​ε​ c​​ + ​ε​ f​​ _ d  ​​	 (13)

Hysteresis response prediction
The tensile behavior of the concrete structures reinforced 

internally with GFRP bars is almost linearly elastic. More-
over, there is no yielding point in GFRP reinforced concrete 
members. Therefore, the loading stiffness of GFRP- 
reinforced concrete members can be derived into pre-cracking 
and post-cracking stages.

Pre-cracking stiffness—In the pre-cracking stage, when 
cracks have not yet appeared in the concrete section, 
the effective moment of inertia corresponds to the gross 
moment of inertial of the transformed uncracked section. 
Consequently, the tangent stiffness of the curvilinear GFRP- 
reinforced PCTL at this stage was calculated with the simpli-
fied formula, as expressed in Eq. (14) (Dong et al. 2016).

	 K1 = EcIg	 (14)

where Ec is the PCTL segments’ initial modulus of elasticity; 
and Ig is the uncracked PCLT sections’ moment of inertia.

Post-cracking stiffness—In the post-cracking stage, cracks 
started to initiate and kept propagating in the concrete until 

Fig. 11—(a) Idealized cross section and stress-strain distribution; and (b) arch effect on section’s load-carrying capacity. 
(Note: 1 mm = 0.0394 in.)
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failure. Therefore, the effective moment of inertia in this 
stage decreased until reaching the fully cracked section’s 
moment of inertia at failure. The post-cracking tangent stiff-
ness of the curvilinear GFRP-reinforced PCTL segments 
was obtained with Eq. (15) and (16)

	 K2_i = EcIe	 (15)

	​ ​I​ e​​  =  ​  P ​L​​ 3​ _ 48 ​E​ c​​ δ ​​	 (16)

where K2_i is the post-cracking tangent stiffness at each i 
cycle; P is the experimentally obtained applied load from 
the laboratory measures added to the equivalent load due to 
the self-weight of the PCTL segment; Ec is the initial elastic 
modulus of concrete; and L is the segment span length.

Unloading stiffness—Unloading stiffness is another 
important parameter in determining the value of the residual 
deformation and recoverability of a structure (Fahmy et al. 
2009). This is the case when the unloading stiffness degra-
dation is considered advantageous in improving structural 
reparability under cyclic loading conditions, as the structural 
residual deformation is directly related to the unloading stiff-
ness. Under cyclic loading conditions, smaller unloading 
stiffness reduces structural residual deformation (Ding et al. 
2013). At the end of each loading cycle of the curvilinear 
GFRP-reinforced PCTL segments, the unloading stiffness 
degradation was characterized by the ratio K3_i/K1, where 
K3_i is the unloading stiffness at each i cycle, and K1 is the 
segment’s initial stiffness of the uncracked section at the 
first 1.25% of the maximum displacement cycle. Using the 
experimental K3_i/K1 of the tested segments, the unloading 
tangent stiffness K3_i was obtained by regression analysis 
from the load-deflection curves, as shown in Fig. 12, and 
calculated with Eq. (17)

	​ ​K​ 3_i​​  =  ​(0.05​K​ 1​​)​ × ​​(​  δ _ ​δ​ max​​ ​)​​​ 
−0.7

​​	 (17)

where δ is the experimentally obtained midspan deflection; 
and δmax is the experimentally obtained maximum midspan 
deflection recorded for the segment at failure.

Residual deformation—Figure 13 illustrates the rela-
tionship between the unloading stiffness ratio K3_i/K1, 

degradation, and the residual deformation ratio δresidual/δi, 
where δresidual is the analytically predicted residual deforma-
tion, and δi is the analytically predicted maximum deforma-
tion reached at the end of each i cycle. The residual defor-
mation, δresidual, for the tested segments was calculated at the 
end of each loading cycle using the analytically predicted 
unloading stiffness, K3_i, as expressed in Eq. (18)

	​ ​δ​ residual​​  =  ​δ​ max​​ − ​(​ ​P​ predicted​​ − ​P​ unloading​​  _______________ ​K​ 3_i​​  ​)​​	 (18)

where Ppredicted is the analytically predicted maximum 
load-carrying capacity at the end of each loading cycle, 
obtained as described in the flexural-load deflection section; 
and Punloading is the minimum load-carrying capacity at the 
end of each unloading cycle, taken as 5 kN (1.12 kip) in line 
with the experimental load where the unloading stopped to 
keep the test machine engaged with the segments.

At first, at 1.25% and 2.5% of the maximum displacement 
cycle, K3_i/K1 was relatively high in all tested segments. 
Beyond 5% of the maximum displacement cycle, the K3_i/K1 
rapidly decreased. Figure 13 shows that the residual defor-
mation ratio δresidual/δi for all tested segments was therefore 
smaller at 50 and 75% of the maximum displacement cycle 
than that in the preceding loading cycles. Moreover, Fig. 13 
indicates that the degradation of the unloading stiffness 
ratio K3_i/K1 and the residual deformation ratio δresidual/δi for 
all tested segments was comparable. Therefore, all tested 
segments had comparable cumulative residual deformation 
at the end of 75% of the maximum displacement cycle, 
before failure.

Experimental-to-predicted flexural capacities—Table  3 
lists the experimental-to-predicted ratio for the flexural 
carrying capacities Pexp/Ppred for all tested segments. The 
analytical analysis yielded accurate predictions of the ulti-
mate load-carrying capacity. The average Pexp/Ppred for 
all tested segments was 0.92, with a standard deviation 
of 0.03 and coefficient of variance (COV) of 3.24%. In 
addition, the hysteresis behavior of the curvilinear GFRP- 
reinforced PCTL segments was compared to the analytically 
predicted response according to the loading and unloading 
stiffness predictions, as shown in Fig. 14. The analytically 
predicted hysteresis response shows accurate predictions 

Fig. 12—Regression of post-cracking unloading tangent 
stiffness for all tested segments.

Fig. 13—Unloading stiffness degradation versus residual 
deformation ratio.
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with comparable loading stiffness, unloading stiffness, and 
residual deformations at the end of each loading cycle.

CONCLUSIONS
This paper reported on an experimental and analyt-

ical investigation of the hysteresis behavior of curvilinear 
glass fiber-reinforced polymer (GFRP)-reinforced precast 
concrete tunnel lining (PCTL) segments under quasi-static 
cyclic flexural loading. Based on the experimental results 
and analytical findings presented herein, the following 
conclusions can be drawn.

1. In all second excursion loading cycles, the hyster-
esis response of all tested segments reflected stable cyclic 
behavior, with no or limited strength degradation until 
failure. Moreover, the unloading stiffness degradation under 
quasi-static cyclic flexural loading helped improve structural 
reparability and reduced residual deformation at the end of 
each cycle.

2. Although concrete fractures under cyclic loading is 
characterized by larger cracks and strains than concrete frac-
tures under static loading, the linear behavior of the curvi-
linear GFRP-reinforced PCTL segments reduced the cyclic 
effects on the crack width and eliminated the residual cracks 
at the end of each unloading cycle.

3. All the curvilinear GFRP-reinforced PCLT segments 
demonstrated adequate deformability under quasi-static 
cyclic flexural loading when compared to the CAN/
CSA S6-19 limit of 4 for rectangular GFRP-reinforced 
concrete sections.

4. The analytical analysis showed accurate predictions of 
the ultimate load-carrying capacity. The average Pexp/Ppred 

ratio for all tested segments was 0.92, with a standard devi-
ation of 0.03 and coefficient of variance (COV) of 3.24%.

5. Analytical models for the post-cracking loading tangent 
stiffness and the unloading stiffness for the curvilinear 
GFRP-reinforced PCTL segments were proposed. The 
analytically predicted hysteresis response showed accurate 
predictions with comparable loading stiffness, unloading 
stiffness, and residual deformation at the end of each 
loading cycle.

6. First-of-their-kind experimental results and analytical 
predictions were presented for the hysteresis behavior of 
curvilinear GFRP-reinforced PCTL under quasi-static cyclic 
flexural loading. These experimental results and analytical 
predictions could be taken into consideration in the forth-
coming design code provisions governing the efficiency of 
using curvilinear GFRP reinforcement for PCTL segment 
applications under cyclic conditions.

Additional experimental research is recommended 
based  on the findings of the current study to investigate 
the mechanism-based behavior of GFRP-reinforced PCTL 
segments and to exploit the maximum performance of GFRP 
reinforcement in PCTL segment applications. Moreover, to 
enhance the comprehensiveness and applicability of the 
proposed equation for predicting the unloading stiffness of 
GFRP reinforced PCTL segments under quasi-static cyclic 
flexural loading, future research should extend the analysis 
beyond the limited test segments. Although the regression 
analysis provided valuable insights based on the four tested 
segments, the predictive capabilities of the equation can be 
significantly improved by incorporating a broader range 
of segments.

Fig. 14—Experimental versus analytically predicted hysteresis behavior for: (a) Segment 7G15; (b) Segment 7G20; (c) Segment 
7G15-U; and (d) Segment 7G15-U-H. (Note: 1 kN = 0.2248; 1 mm = 0.0394 in.)
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The goal of this study was to establish a numerical analysis method 
for predicting the ultimate state of rectangular reinforced concrete 
(RC) slabs simply supported on all four sides under low-velocity 
impact loading. To meet this goal, three-dimensional (3-D) elasto- 
plastic dynamic response analyses were conducted, and the appli-
cability of the new method was investigated by comparing predic-
tions with the experimental results. First, a preliminary analysis 
was conducted to determine an appropriate element size of the 
concrete component, a constitutive model for the concrete, and the 
damping factor. Then, the applicability of the method was inves-
tigated by comparing predictions with experimental results for 
concrete slabs with various compressive strengths. The results 
showed that the proposed method provides safe predictions of the 
maximum impact energy capacity, which may be equivalent to the 
load-carrying capacity of RC slabs under impact loading.

Keywords: compressive strength of concrete; low-velocity impact loading; 
reinforced concrete (RC) slab; three-dimensional (3-D) elasto-plastic 
numerical analysis; ultimate state.

INTRODUCTION
Reinforced concrete (RC) structures may be subjected to 

low-velocity impact loading during their service lives; for 
example, rocks fall on rockfall protection galleries, vehi-
cles and/or ships collide with transportation structures, and 
objects are dropped during the operation of industrial or 
nuclear power plants. The response behavior of RC struc-
tures under low-velocity impact loading has always attracted 
wide attention from researchers and engineers. In recent 
decades, extensive experimental and numerical studies1-5 
have been performed to establish rational impact-resistant 
design procedures for RC structures under low-velocity 
impact loading. These have included studies to investigate 
the impact response behavior of RC slabs, which are one of 
the main types of structural members.

Batarlar6 performed a comparative experimental study 
on the static and dynamic response behavior of RC slabs; 
three pairs of identical specimens were investigated. The 
results showed that the impact response behavior of the 
slabs differed significantly from the static behavior, and the 
displacement profiles and force distributions were greatly 
affected by the large inertial forces produced during impact 
loading. In addition, in recent years, the influence of the rein-
forcing bar ratio7,8 and reinforcing bar type9 on the impact 
resistance of slabs has often been investigated experimen-
tally. The influences of the support conditions10,11 and the 
contact area between the RC slab and the nose of the drop 
weight12 have also been investigated experimentally.

Additionally, numerical studies have been conducted; for 
example, the finite element (FE) method of analysis was 

validated and verified to investigate the impact response 
behavior of RC slabs under low-velocity impact loading.13-18 
However, load-carrying capacity is one of the main design 
indexes for RC slabs. Thus, engineers have been interested 
in finding a better way of predicting and evaluating the 
maximum load-carrying capacity of slabs under low-velocity 
impact loading. Sudarsana Rao et al.19 estimated the impact 
energy capacity of slurry-infiltrated fiber concrete (SIFCON) 
slabs by summarizing the corresponding impact energies of 
repeated impacts. Based on experimental results, regression 
models have been proposed to evaluate the impact energy 
of SIFCON slabs with various fiber volume fractions at the 
development of the first crack and in the ultimate strength 
stages.

In Japan, researchers proposed using the maximum reac-
tion force to evaluate the ultimate load-carrying capacity 
of RC slabs subjected to low-velocity impact loading. At 
Muroran Institute of Technology, Kishi et al.20,21 conducted 
impact load testing by dropping a 300 kg (675 lb) steel 
hammer on rectangular RC slabs to investigate the influ-
ence of various parameters on load-carrying capacity. They 
studied the effects of the diameter of the nose of the weight, 
slab thickness, support conditions, and loading method for 
single and consecutive impacts.

Xiao et al.22 conducted numerical analyses to study the 
behavior of RC slabs for various conditions not included in 
the experimental study. The punching shear failure of RC 
slabs was estimated numerically from the residual deflec-
tion at the midpoint (hereafter referred to as the residual 
deflection) of the slab when not restored to its original state, 
together with the surrounding area, when deflected more than 
3 mm (0.12 in.). Based on the numerical analysis results, two 
dimensionless empirical equations were proposed to assess 
the load-carrying capacities of the slabs under low-velocity 
impact loading. However, their accuracy has not been veri-
fied because of a lack of experimental data. Thus, it is neces-
sary to establish a numerical analysis method for appropri-
ately evaluating the capacity of slabs based on test data.

Thus, in this study, three-dimensional (3-D) elasto-plastic 
dynamic response analyses on rectangular slabs simply 
supported on all four sides were conducted to establish a 
numerical analysis method that appropriately evaluates the 
ultimate state of RC slabs under low-velocity impact loading. 

Title No. 121-S35

Numerical Analysis of Ultimate State of Reinforced 
Concrete Slabs under Low-Velocity Impact
by Dandan Zheng, Masato Komuro, Norimitsu Kishi, and Tomoki Kawarai

ACI Structural Journal, V. 121, No. 3, May 2024.
MS No. S-2023-020.R1, doi: 10.14359/51740481, received August 2, 2023, and 

reviewed under Institute publication policies. Copyright © 2024, American Concrete 
Institute. All rights reserved, including the making of copies unless permission is 
obtained from the copyright proprietors. Pertinent discussion including author’s 
closure, if any, will be published ten months from this journal’s date if the discussion 
is received within four months of the paper’s print publication.



98 ACI Structural Journal/May 2024

First, a preliminary analysis was conducted to determine an 
appropriate element size for the concrete model and a consti-
tutive model for concrete together with the damping factor. 
Then, the numerical results for the dynamic responses of 
the slabs were inspected, and a numerical analysis method 
for predicting the ultimate state of the slabs under low- 
velocity impact loading was proposed. Finally, its appli-
cability was investigated by comparing numerical predic-
tions with experimental results for concrete slabs of 
various compressive strengths. The LS-DYNA commer-
cial FE program (Version R9.0)23 was used for the 
numerical simulations.

RESEARCH SIGNIFICANCE
It is not easy to numerically evaluate the load-carrying 

capacity of rectangular RC slabs simply supported on four 
sides under low-velocity impact loading. Precise numerical 
analysis of the behavior of the formation of the shear cone and 
separation from the outer area due to punching shear failure 
under impact loading is not feasible. However, the natural 
vibration state of the reaction force and deflection of a slab 
without structural damage can be precisely analyzed. Then, 

when these dynamic characteristics are completely analyzed, 
the slabs can be evaluated when they reach the ultimate state.

EXPERIMENTAL INVESTIGATION
Experimental cases

The experimental cases chosen for this study are listed 
in Table 1. Twelve sets of drop-weight impact loading tests 
of rectangular RC slabs were performed on concretes of 
various compressive strengths. In this table, the specimens 
are designated by adding “C” to the compressive strength 
of the concrete (MPa). The compressive strengths of the 
concrete used in this study were between 11 and 39 MPa (1.6 
and 5.66 ksi), as obtained from compressive strength tests. 
The tensile strength of the main reinforcing bar (SD345 for 
all cases) was 390 MPa (56.56 ksi), as obtained from testing 
small specimens.

Dimensions of RC slabs
Figure 1 shows the dimensions and reinforcing bar 

arrangement of the rectangular RC slabs simply supported 
on all four sides that were used in this study. The dimensions 
(width x length x depth) of all the slabs were 2000 x 2000 x 
180 mm (80 x 80 x 7.2 in.), and the clear spans in the two 
directions were both 1750 mm (70 in.). The slab considered 
in this study may be applicable for practical design purposes 
because the shear span-depth ratio of the slab is more than 
5. The reinforcing bars were placed only at the lower fiber 
of the slabs, and the average depth of the concrete cover 
was 40 mm (1.6 in.) for all slabs. Deformed reinforcing bars 
φ = 16 mm (0.64 in.) in diameter were placed at intervals 
of 150  mm (6 in.) in two directions and welded to chan-
nel-shaped steel members at both ends of the slabs to save 
anchorage length. The reinforcing bar ratio was 1.1% in 
both directions.

Table 1—Experimental program: material properties of specimens and experimental cases

Specimen
Depth of slab, 

mm (in.)
Yield strength of reinforcing bar 

fy, MPa (ksi)
Compressive strength of concrete 

fc′, MPa (ksi) Impact velocity V, m/s (ft/s)

C11

180 (7.2) 390 (56.56)

11 (1.6) 3 (9.84); 3.5 (11.48); 4 (13.12); 4.5 (14.76)

C26 26 (3.77) 4 (13.12); 4.5 (14.76); 5 (16.4); 5.5 (18.04)

C39 39 (5.66) 5.3 (17.38); 5.7 (18.7); 6 (19.68); 6.3 (20.66)

Fig. 1—Dimensions and reinforcing bar arrangement of rect-
angular RC slab: (a) cross-sectional view; and (b) planar 
view. (Note: Units in mm; 1 mm = 0.04 in.)

Fig. 2—Experimental setup.
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Experimental method and measured quantities
Figure 2 shows the experimental setup used in this study. 

Impact tests were conducted by a single free drop of a 300 kg 
(675 lb) steel weight from a prescribed height onto the center 
of the slab. In addition, to confirm the drop height of the 
weight, the impact velocity was measured in the experiment 
and converted to the corresponding drop height. The veloci-
ties for each specimen are listed in Table 1. The weight was 
made of a solid steel cylinder 1400 mm (56 in.) in height, 
the striking part was 90 mm (3.6 in.) in diameter, and its 
impacting nose was tapered with a height of 2 mm (0.08 in.) 
to prevent one-sided contact.

The slab was simply supported on all four sides and fixed 
with bolts and nuts to prevent the ends of the slab from 
lifting. The boundary conditions of the supporting structure 
were at least close to a pin support, where only rotation was 
allowed, and horizontal movement was restrained.

In this experiment, the time histories of the impact force, 
the total reaction force (hereafter referred to as the reaction 
force), and the midpoint deflection (hereafter referred to 
as the deflection) were measured. The impact and reaction 
forces were measured using load cells that were installed 
in the steel weight and the supports, respectively, and the 
deflection was measured by using noncontact laser-type 
linear variable displacement transducers (LVDTs). Crack 
patterns on the lower surface and in the central cross section 
of each slab were sketched after the experiment.

OVERVIEW OF NUMERICAL ANALYSIS
FE model

Figure 3 shows an example of the FE model with element 
size L = 5 mm (0.2 in.) for the slabs used in this study. 
Because there were two axes of symmetry, only one-quarter 
of the slab, the steel weight, and the support were modeled. 
In this numerical model, eight-node solid elements were used 
with one integration point, except for the channel-shaped 
steel members at the ends of the slabs, which were modeled 
using four-node shell elements. To properly consider the 
dowel effect of the reinforcing bar due to the punching shear 
crack of the slab, solid elements were used in this analysis 
instead of beam elements. Meanwhile, for simplicity of the 
FE model, the cross section of the main reinforcing bar was 
modified into a square shape with the same area as the real 
one. A cubic solid element was used for the concrete part.

Regarding boundary conditions in the FE model for 
numerical analysis, the displacement in the direction normal 
to the symmetrical surface was restrained, and the central 
axes at the lower surfaces of the supports were allowed to 
rotate freely in accordance with experimental conditions. It 
was assumed that the concrete was perfectly bonded to the 
reinforcing bars and the channel-shaped steel members. The 
contact surface model was introduced to consider the inter-
actions between the impacted surface of concrete and the 
nose of the steel weight and between the concrete and the 
supports, including the bolts and nuts. The friction factor at 
the contact surface was assumed to be 0.2 based on previous 
studies14,24 and pre-analysis results.

The impact load was applied by inputting the impact 
velocity for all elements of the steel weight placed in contact 

with the upper surface of the slab. Gravity was considered in 
the numerical analysis.

Material models
Figures 4 and 5 show the stress-strain relationships of 

the concrete and reinforcing bar used in this study. In the 
numerical analysis, because the impact velocity was rela-
tively small, the strain-rate effect was not considered for all 
the materials.

Figure 4 shows the stress-strain relationships of the 
concrete used in this study. A preliminary analysis was 
performed to investigate the effect of the constitutive model 
for the concrete on the dynamic responses of the slabs. 
Three other constitutive models for concrete were used: the 
Karagozian and Case concrete (KCC) model,25 the contin-
uous surface cap (CSC) model,26 and the proposed model. 
Figure 4(a) shows the KCC and CSC constitutive models; 

Fig. 3—Example of finite element model with element length 
L = 5 mm (0.2 in.) for rectangular RC slab.

Fig. 4—Constitutive model for concrete: (a) KCC and CSC 
models; and (b) proposed model. (Note: 1 MPa = 145 psi.)
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both models considered tension and compression soft-
ening. Figure 4(b) shows the isotropic elasto-plastic model 
used in this study, in which a bilinear model was applied 
in the compression region, and a cutoff model was applied 
in the tension region having the same elastic modulus as 
the compression region based on previous studies.27,28 The 
strain-rate effects for reinforcing bar and concrete materials 
were not considered for simplicity because the low-velocity 
impact load was surcharged to the slab. In this model, it was 
assumed that: 1) the concrete yielded at 0.15% strain; 2) the 
yield stress was equal to the compressive strength fc′ listed 
in Table 1; 3) the yielding of concrete was evaluated using 
the Drucker-Prager yield criterion; and 4) the tensile stress 
was interrupted when an applied negative pressure reached 
the tensile strength of concrete ft0, which was set to one-tenth 
of the compressive strength fc′. The internal friction angle 
for the concrete was set to 30 degrees. For the three different 
constitutive models of the concrete, the values of the density 

ρc  and Poisson’s ratio νc were assumed to be ρc = 2.35 × 
103 kg/m3 (146.69 lb/ft3) and νc = 0.167, respectively.

Figure 5 shows the stress-strain relationships for the rein-
forcing bar. In this study, an isotropic elasto-plastic model 
was applied, and a plastic hardening modulus H′ was not 
considered. The yielding of the reinforcing bar was deter-
mined by means of the von Mises yield criterion. The density 
ρs, Young’s modulus Es, and Poisson’s ratio νs of the main 
reinforcing bar were assigned the following nominal values: 
ρs = 7.85 × 103 kg/m3 (490 lb/ft3), Es = 206 GPa (29.88 × 
103 ksi), and νs = 0.3, respectively.

The steel weight, the supporting apparatus, and the channel- 
shaped steel members at the ends of the slabs were assumed 
to be elastic bodies because no plastic deformation was 
observed during the experiment. These material properties, 
except the density of the steel weight, were assumed to be 
identical to those of the reinforcing bar. The density of the 
weight was evaluated by dividing the actual mass (300 kg 
[675 lb]) by the volume of the FE model.

PRELIMINARY ANALYSIS FOR SLAB C26  
UNDER IMPACT LOADING

In this study, a preliminary numerical analysis was 
conducted to determine an appropriate element size for the 
concrete model, a constitutive model for the concrete, and 
a damping factor by comparing the numerical and experi-
mental results for the time histories of the impact response 
waves for Slab C26.

Element size in concrete model
Figure 6 shows the influence of the element size in the 

concrete model on the time histories of the impact force, 
reaction force, and deflection for Slab C26. The proposed 

Fig. 5—Constitutive model for reinforcement.

Fig. 6—Comparison of impact response waves with varying element size L of concrete: (a) impact force; (b) reaction force; 
and (c) deflection.
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constitutive model of the concrete was used, the damping 
factor was set to h = 5%, and various values of the cubic 
element length L were used: 40, 20, 10, and 5 mm (1.6, 0.8, 
0.4, and 0.2 in.). Two cases of the impact velocity V were 
considered, V = 4 and 5.5 m/s (13.12 and 18.04 ft/s). In the 
case of V = 5.5 m/s (18.04 ft/s), after the experiment, the slab 
was severely damaged due to punching shear failure.

These comparisons showed that: 1) in the case of impact 
velocity V = 4 m/s (13.12 ft/s), the numerical impact response 
waves were similar to those of the experimental results irre-
spective of the magnitude of the element size; and 2) in the 
case of impact velocity V = 5.5 m/s (18.04 ft/s), even though 
the maximum impact force underestimated that given by the 
experimental results when adopting the element size L  = 
5 mm (0.2 in.), the reaction force and deflection could be 
better evaluated than for the other element sizes.

Constitutive model of concrete
Figure 7 shows the influence of the constitutive model of 

the concrete on the time histories of the dynamic responses 
for Slab C26 under impact velocities V = 4 and 5.5 m/s 
(13.12 and 18.04 ft/s), where the element size in the concrete 
model was L = 5 mm (0.2 in.), and the damping factor was 
set to h = 5%.

According to the comparisons, when using the KCC model, 
the analyses of the second wave of the impact force and the 
natural vibration state of the reaction force after unloading 
cannot be analyzed numerically. Additionally, the maximum 
and residual deflections overestimated the experimental 
results. When using the CSC model at an impact velocity 
V = 4 m/s (13.12 ft/s), the predicted time histories of the 
impact and reaction forces were better than those using the 
KCC model. However, the residual deflection was overesti-
mated, and the natural vibration state of the deflection after 

unloading cannot be analyzed fully. At impact velocity V = 
5.5 m/s (18.04 ft/s), the flattened second wave of the impact 
force cannot be analyzed accurately, and the maximum reac-
tion force was overestimated. With the proposed constitu-
tive model, even though the maximum impact force was 
underestimated, the second impact force, the reaction force, 
and the deflection time histories could be qualitatively well 
predicted by the three models for both impact velocities, V = 
4 and 5.5 m/s (13.12 and 18.04 ft/s).

Therefore, the dynamic response of the slabs under 
low-velocity impact loading may be qualitatively better 
analyzed by using the proposed constitutive model for the 
concrete than the KCC and CSC models.

Damping factor
In this study, the damping factor, depending on the mass 

effect, was considered for the fundamental vertical natural 
vibration frequency of the slab. Figure 8 compares the 
numerical and experimental results for the impact responses 
of Slab C26 for various values of the damping factor from 
0 to 7.5% under the impact velocity V = 4 m/s (13.12 ft/s), 
where the concrete element size was set as L = 5 mm (0.2 in.), 
and the proposed constitutive model for concrete was used.

This figure shows that: 1) the time histories of the impact 
and reaction forces obtained from the numerical results were 
in good agreement with the experimental results irrespective 
of the magnitude of the damping factor considered in this 
study; 2) the deflections tended to decrease with an increase 
in the damping factor h; and 3) in the case of damping factors 
h = 5 and 7.5%, the configuration of the time history of the 
deflection and the maximum deflection obtained from the 
numerical results were similar and in good agreement with 
those of the experimental results. Therefore, the damping 
factor h = 5% was used for subsequent numerical analyses.

Fig. 7—Comparison of impact response waves for various concrete constitutive models: (a) impact force; (b) reaction force; 
and (c) deflection.
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NUMERICAL RESULTS AND DISCUSSION
Comparisons of crack patterns after experiment 
for Slab C26

Adopting the constitutive law model for concrete, as 
shown in Fig. 4(b), cracks occurred in the elements when 
the tensile stress reached the cutoff value and the stress in 
the element was lost. In this study, applying this idea, the 
crack occurring in the element will be predicted, in which 
the concrete element will have a zero-stress contour (–0.001 
to 0.001), as shown in Fig. 9 and 10.

Figures 9 and 10 show comparisons between the crack 
patterns on the bottom and central section surfaces of 
Slab C26 during the experiment and the maximum principal 
stress contours when the maximum deflection occurred. In 
the experimental results, for an impact velocity V = 4 m/s 
(13.12 ft/s), the crack patterns consisted of circular cracks 
on the impacted area and cross-diagonal cracks from the 
center to the corners on the bottom surface, with faint diag-
onal cracks on the central section surface. With increasing 
impact velocity, in the cases of impact velocities V = 4.5 and 

5 m/s (14.76 and 16.4 ft/s), circular cracks, cross-diagonal 
cracks, and flexural cracks occurred more extensively on 
the bottom surface, and punching shear failure-type diag-
onal cracks clearly developed on the central section surface. 
However, the slabs were more or less still in an undamaged 
state. In the case of impact velocity V = 5.5 m/s (18.04 ft/s), 
spalling along the circular cracks on the bottom surface was 
observed, and a punching shear cone was generated in the 
center section surface and separated from the slab. Then, the 
slab failed due to punching shear.

Comparing the crack patterns between the experimental 
and numerical results, it is seen that when RC slabs under 
low-velocity impact loading are in a damaged state before 
reaching punching shear failure, circular and diagonal 
cracks on the bottom surface and 45-degree shear cracks on 
the central section surface can be appropriately evaluated. 
On the other hand, when the RC slab reached the ultimate 
state with punching shear failure in the case of V = 5.5 m/s 
(18.04  ft/s), the damage state of concrete spalling on the 
bottom surface and separation between the punching shear 

Fig. 8—Comparison of impact response waves for various values of damping factor h under impact velocity V = 4 m/s 
(13.12 ft/s): (a) impact force; (b) reaction force; and (c) deflection.

Fig. 9—Comparisons of crack patterns on bottom surface in Slab C26. (Note: 1 m/s = 3.28 ft/s.)
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cone and RC slab on the central section surface that occurred 
in the experiment cannot be numerically and better repro-
duced due to the smeared crack model being applied in this 
numerical analysis.

Comparisons of impact response waves for  
Slab C26

Figure 11 compares the time histories of the impact 
force, reaction force, and deflection from the experi-
mental and numerical results for Slab C26 under various 
impact velocities.

Figure 11(a) shows comparisons of the time histories of 
the impact force during a 20 ms time interval from the begin-
ning of impact. The experimental results show that: 1)  the 
configurations of the time history of impact forces were 
composed of two triangular waves, where the first wave had 
a large amplitude and short duration, and the second wave 
had a smaller amplitude and longer duration; 2) however, 
in the case of impact velocity V = 5.5 m/s (18.04 ft/s), in 
which the slab failed in the punching shear failure mode, the 
second wave was flattened, and its duration was prolonged; 
and 3) the maximum impact force tended to increase with 
increasing impact velocity.

The comparison between the experimental and numerical 
results showed that although the maximum impact force 
obtained from the numerical results underestimated the force 
obtained from the experimental results, configurations of the 
time history were qualitatively in good agreement with the 
numerical and experimental results, including a flattened 
second wave in the case of V = 5.5 m/s (18.04 ft/s).

Figure 11(b) shows comparisons of the time histories of 
the reaction force during a 50 ms time interval from the 
beginning of impact. The findings from this figure indicated 
that: 1) the main wave of the reaction force was composed 
of a half-sine wave with approximately 10 ms duration and 
high-frequency components with a period of approximately 

2.5 ms; 2) afterward, damped free vibration occurred; 3) in 
the case of impact velocities V = 4, 4.5, and 5 m/s (13.12, 
14.76, and 16.4 ft/s), the configurations of the time history 
obtained from the numerical results better predicted the 
experimental results consisting of a loading state and a 
natural vibration state; 4) however, in the case of the impact 
velocity V = 5.5 m/s (18.04 ft/s), even though the time histo-
ries obtained from the numerical results better described 
the main response of the experimental results, they did not 
describe the natural vibration state.

Figure 11(c) shows comparisons of the time histories of 
the deflection from the experimental and numerical results 
during an 80 ms time interval from the beginning of impact. 
From this figure, it follows that: 1) in the cases of impact 
velocities V = 4, 4.5, and 5 m/s (13.12, 14.76, and 16.4 ft/s), 
the numerical results were qualitatively in good agreement 
with the experimental results that were composed of a half-
sine wave with the maximum response at the beginning 
of impact, and afterward, there was a damped free vibra-
tion state with some residual deflection; and 2) in the case 
of V  = 5.5 m/s (18.04 ft/s), even though a damped free 
vibration of small amplitude was excited experimentally, 
the numerical analysis produced only a residual deflection 
without vibration.

Based on the numerical results for the slab that underwent 
punching shear failure, the evaluated second wave of the 
impact force time history was found to be flattened, and a 
damped free vibration state of the reaction force, the deflec-
tion time histories, and the residual deflection could not be 
more accurately evaluated; thus, the ultimate state of the 
slabs may be evaluated for the impact velocity V = 5.5 m/s 
(18.04 ft/s).

The applicability of the proposed numerical method for 
predicting the ultimate state of the slabs under low-velocity 
impact loading is investigated in the cases of Slabs C11 and 
C39 in the subsequent sections.

Fig. 10—Comparisons of crack patterns on central section surface in Slab C26.
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Crack patterns after experiment for Slab C11
Figure 12 shows the crack patterns on the bottom surface 

and the central section surface of Slab C11 after the experi-
ments. In this figure: 1) in the cases of impact velocities V = 
3 and 3.5 m/s (9.84 and 11.48 ft/s), cross-diagonal cracks on 
the bottom surface and faint diagonal cracks in the central 
section occurred, but the slab was still in an undamaged 
state; 2) in the case of V = 4 m/s (13.12 ft/s), even though 
diagonal cracks occurred in the central section, the slab was 
not punched out perfectly; and 3) in the case of V = 4.5 m/s 
(14.76 ft/s), the slab was perfectly punched out near the 
loading point, and then the slab reached the ultimate state.

Comparisons of impact response waves for  
Slab C11

Figure 13 shows comparisons of the time histories of the 
impact force, reaction force, and deflection for the experi-
mental and numerical results of Slab C11. In this figure: 1) 
the impact force waves for both experimental and numer-
ical results flattened at an impact velocity of V = 4 m/s 
(13.12 ft/s); 2) the damped free vibration state did not appear 
for the numerical reaction force time history at V = 4 m/s 
(13.12 ft/s); and 3) even though the damped free vibration of 

the deflection did not occur at V = 4.5 m/s (14.76 ft/s) experi-
mentally, the vibration disappeared at V = 3.5 m/s (11.48 ft/s) 
numerically. Thus, according to the numerical results, the 
slab reached its ultimate state at V = 4 m/s (13.12 ft/s).

Crack patterns after experiment for Slab C39
Figure 14 shows the crack patterns of Slab C39 after the 

experiments. In this figure, for impact velocities of V = 5.3, 
5.7, and 6 m/s (17.38, 18.7, and 19.68 ft/s), the crack patterns 
were composed of circular cracks and cross-diagonal cracks 
on the bottom surface, and punching shear-type diagonal 
cracks formed on the central section surface; however, the 
slab was still in an undamaged state. However, in the case 
of impact velocity V = 6.3 m/s (20.66 ft/s), spalling occurred 
on the lower surface of the impacted area, and the shear cone 
was punched out. The slab completely collapsed at this stage.

Comparisons of impact response waves for  
Slab C39

Figure 15 shows comparisons of the time histories of the 
impact response waves between the experimental results 
and the numerical results for Slab C39. This figure indicates 
the following: 1) the numerical impact force flattened at an 

Fig. 11—Comparison of impact response waves for Slab C26: (a) impact force; (b) reaction force; and (c) deflection.
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Fig. 12—Crack patterns in Slab C11 after the experiment: (a) bottom surface; and (b) central section surface.

Fig. 13—Comparison of impact response waves for Slab C11: (a) impact force; (b) reaction force; and (c) deflection.
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Fig. 14—Crack patterns in Slab C39 after experiment: (a) bottom surface; and (b) central section surface.

Fig. 15—Comparison of impact response waves for Slab C39: (a) impact force; (b) reaction force; and (c) deflection.
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impact velocity V = 6.3 m/s (20.66 ft/s); 2) the damped free 
vibration state in the numerical reaction force and deflection 
waves were missing at V = 6 m/s (19.68 ft/s); and then 3) the 
ultimate state of the slab was estimated numerically as V = 
6 m/s (19.68 ft/s), which was a conservative (safe) value.

Comparisons of impact velocities at slab upon 
reaching ultimate state

The comparisons of the experimental and numerical 
results for the impact velocity at the energy capacity of the 
simply supported rectangular RC slabs are summarized in 
Table 2.

Defining the smallest impact velocity as the minimum 
impact velocity Vmin when the RC slab reaches the ultimate 
state with punching shear failure, according to the compar-
isons of the velocity Vmin between the numerical and exper-
imental results: 1) Vmin tended to increase with increasing 
compressive strength of the concrete; and 2) Vmin obtained 
from the numerical results was preferably evaluated conser-
vatively (on the safe side) from the engineering perspective.

Therefore, the maximum impact energy capacity of simply 
supported rectangular RC slabs under low-velocity impact 
loading may be evaluated conservatively (on the safe side) 
using the proposed method, in which the energy capacity can 
be considered equivalent to the load-carrying capacity of the 
slab under impact loading.

CONCLUSIONS
In this study, a method was proposed for predicting the 

ultimate state of rectangular slabs simply supported on all 
four sides under low-velocity impact loading. The proposed 
method was applied by comparing the numerical dynamic 
response of the impact force, the reaction force, and the 
midpoint deflection with the experimental results. Its appli-
cability was investigated by comparing experimental results 
for various compressive strengths of the concrete. As a 
result, the following conclusions were obtained:

1. When reinforced concrete (RC) slabs under low- 
velocity impact loading are in a structurally undamaged 
state, the impact response waves can be adequately analyzed 
numerically by using the proposed constitutive model for 
concrete regardless of the concrete element length consid-
ered in this study.

2. The dynamic response waves of the slabs under 
low-velocity impact loading may be qualitatively better 
analyzed using the proposed constitutive model for concrete 
than the Karagozian and Case concrete (KCC) and contin-
uous surface cap (CSC) models.

3. When the RC slabs under low-velocity impact loading 
are in a structurally undamaged state, the circular and 

diagonal cracks on the bottom surface and 45-degree shear 
cracks on the central section surface can be appropriately 
evaluated by means of the proposed analysis method.

4. When the RC slabs under low-velocity impact loading 
are in a structurally undamaged state, the second wave of the 
impact force, the natural vibration state of the reaction force 
and the deflection, and residual deflection after unloading 
can be analyzed numerically. Therefore, if these dynamic 
characteristics cannot be analyzed numerically, then the slab 
can be evaluated upon reaching the ultimate state.

5. The maximum impact energy capacity, which may be 
equivalent to the load-carrying capacity of the RC slabs 
under impact loading, can be better evaluated using the 
proposed numerical analysis method conservatively (on the 
safe side) from the engineering perspective.
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This paper introduces details of a new hybrid beam system 
connected to a reinforced concrete (RC) column. The hybrid beam 
system is a wide-flange steel beam embedded in RC beams on both 
ends without any shear connectors. The wide-flange steel beam 
does not penetrate through the beam-column joint, which reduces 
the fabrication cost compared to the typical steel beam-RC column 
hybrid system. A total of 10 hybrid beam specimens were designed 
with a slab-web interface. Four specimens were used to examine 
the shear sliding capacity at the slab-web interface, and an equiva-
lent coefficient of friction at the interface, together with a method to 
evaluate the shear sliding capacity, was proposed. The remaining 
six specimens were used to examine the flexural capacity and 
plastic deformation capacity of the hybrid beam, and shear-friction 
reinforcement details required for ductile flexural behavior were 
proposed.

Keywords: coefficient of friction; concrete-to-concrete interface; concrete-
to-steel interface; flexural capacity; hybrid beam; shear-friction capacity; 
shear-friction reinforcement; slab-web interface.

INTRODUCTION
Singh et al.1-5 proposed an innovative hybrid system that 

consists of reinforced concrete (RC) columns and a hybrid 
beam system, as shown in Fig. 1. The hybrid beam system 
consists of a composite beam (W-beam with shear connec-
tors) in the midspan and hybrid beams on both ends. The 
hybrid beam is a W-beam embedded in cantilevered RC 
beams without any shear connectors. The W-beam stops at 
the column face and does not penetrate through the beam-
column joint, which reduces the fabrication cost and saves 
labor when compared to the typical steel beam-RC column 
hybrid system indicated in a previous paper.1 Confining rein-
forcement A and B (high-strength bundled bars) act as a lever 
action and enable smooth force transfer from the W-beam to 
the surrounding RC beam, as shown in Fig. 2.

In ordinary construction for the proposed hybrid system, 
concrete is cast for slabs and webs at the same time, and 
their concrete strengths are the same. However, the required 
concrete strength for slabs is lower than that of webs from 
the structural behavior viewpoint. For buildings with a large-
scale floor area, casting the slabs and webs with the same 
concrete strengths (concrete strength of web) would increase 
the construction cost, resulting in an uneconomical design. 
Hence, designers prefer different concrete strengths for slabs 
and webs for an economical and rational design. Previous 
researchers1-8 discussed the flexural performance of hybrid 
beams with monolithic concrete, but no researchers have 
clarified the shear-slip behavior at the slab-web interface of 

the hybrid beams when the concrete of the slab and web are 
cast at different times.

Mast,9 Birkeland and Birkeland,10 and other researchers11-18 
conducted experiments on connections in precast concrete 
members and introduced the shear-friction theory. The 
shear-friction theory states that the shear force is resisted by 
the friction at the interface and the dowel action of reinforce-
ment across the interface. Mattock et al.19-24 and others25 
conducted further studies on the interface of concrete using 
pushoff and pulloff tests and expanded the application of this 
equation. Based on their studies, the design method for shear 
friction at the interface was introduced in ACI 318-1926 
and the Architectural Institute of Japan (AIJ) guidelines.27 
ACI 318 (Table 22.9.4.2)26 shows the coefficient of friction 
between the concrete-to-concrete interface as 1.4 to 0.6, 
according to the surface preparation. The coefficient of fric-
tion between the concrete-to-steel interface is considered 0.7 
when the steel has headed studs or welded bars. ACI 31826 
refers to ANSI/AISC 360-1628 for the design method of 
concrete to steel (composite beam), but ANSI/AISC 36028 
provides no references for this value of 0.7, as mentioned 
by Lini.29 Instead, Lini29 provides references, mostly with 
shear connectors, from which designers can select the value 
that matches their detail. This method cannot be considered 
rational because the values selected vary according to the 
designer.

The proposed hybrid beam system has a steel W-beam 
without any shear connectors in the hybrid beam region, 
as shown in Fig. 1. The web concrete is cast up to the 
upper surface of the steel W-beam flange first, and the slab 
concrete is cast afterward. Therefore, the values indicated 
in ANSI/AISC 36028 and the design method for shear fric-
tion shown in ACI 31826 cannot be applied because both 
concrete-to-concrete and concrete-to-steel interfaces exist at 
the slab-web interface. This paper shows the experiment on 
10 hybrid beam specimens, first to clarify the shear capacity 
at the slab-web interface of the hybrid beam by introducing 
an equivalent coefficient of friction, and second to examine 
the flexural performance of the proposed hybrid beams.

RESEARCH SIGNIFICANCE
This paper explains a design method for shear sliding at 

the slab-web interface of hybrid beams so that the ductile 
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flexural behavior is guaranteed under seismic loading. The 
proposed design method enables engineers and construc-
tors to use different concrete strengths for slabs and webs 
according to the design requirement because previous 
studies on the flexural performance of hybrid beams were 
based on monolithic concrete. This results in a rational and 
economical design and reduces the construction cost when 
the proposed hybrid beam system is employed.

EXPERIMENTAL INVESTIGATION
Specimens

A total of 10 half-scale hybrid beam specimens were 
designed for two series of experiments, as shown in Table 1. 
Figure 3 shows the dimensions and reinforcement details 
of No. 1 and No. 2 as examples. Two hybrid beams were 
anchored to the RC reaction block without interacting with 
each other during the loading test. The W-beam, which was 
as-rolled structural steel free of paint and without shear 
connectors, was placed in the web so that the upper faces of 
the W-beam and the web of the hybrid beam coincided. The 
hybrid beam had longitudinal reinforcement with anchor 
nuts at the end, shear reinforcement, confining reinforce-
ment A (C.R.A), and confining reinforcement B (C.R.B) 
around the W-beam. C.R.A. is bundled welded square 
bars placed at the free end of the hybrid beam, and C.R.B 
is those at the column face. After casting concrete around 
the W-beam to complete the web of the hybrid beam, the 
laitance was removed and the concrete surface was rough-
ened to an amplitude of 6 mm. After 1 week of curing, slab 
concrete was cast on top of the web of the hybrid beam. The 
hybrid beam had the same width for the slab and web in this 
experiment.

Four specimens in Series I were designed to fail in shear 
sliding at the slab-web interface to study the shear sliding 
capacity. Six specimens in Series II were designed to fail 
in flexure to study the effect of construction joints on the 

ductility of the hybrid beams. Series II was designed based 
on the test results of Series I, and the shear sliding capacity 
to flexural capacity margin was set to be larger than 1.0.

Series I—The test variable was the amount of shear- 
friction reinforcement across the slab-web interface, as 
shown in Table 1. The shear-friction reinforcement included 
the shear reinforcement, C.R.A, and C.R.B. Specimens 
No. 1 and 2 were identical but had different shear reinforce-
ment ratios of 0.16% and 0.36%, respectively. Specimens 
No. 3 and 4 were also identical but had a different amount 
of C.R.A of 428 and 571 mm2, respectively. The amount of 
C.R.A and C.R.B was determined so that the tensile force of 
C.R.A and C.R.B counterbalanced with the lever reactions 
RA and RB, respectively, shown in Fig. 2, when load Q is 
applied at the tip of the beam.

Series II—The parameters of this test were concrete 
design strength of web of 36 and 60 MPa in specimens No. 5 
and No. 6, shear reinforcement ratio of 0.33% and 0.50% in 
specimens No. 7 and No. 8, and amount of C.R.A of 428 and 
571 mm2 in specimens No. 9 and No. 10, while the other 
variables were identical.

The mechanical properties of the concrete, reinforcement, 
and steel W-beam are listed in Table 2.

Test procedure
The specimen was set on the reaction floor, as shown in 

Fig. 4. The cyclic loading was applied simultaneously to the 
two free ends of the W-beams. The upward loading (slab in 
compression) was positive. The displacement at the loading 
point of the W-beam and the free end of the hybrid beam and 
the slab-web interface slip was measured, as shown in Fig. 5. 
The drift angle (drift afterward) at the loading point and the 
drift at the hybrid beam were obtained using the equations in 
Fig. 5. The loading protocol using drift at the loading point 
is shown in Table 3. The strain was monitored from strain 
gauges placed on the reinforcement and W-beam.

EXPERIMENTAL RESULTS
Damage process

Table 4 summarizes the measured shear force for the 
cracking at the slab-web interface (Qjc): one for the yielding 
of the shear-friction reinforcement (Qfry), one for the yielding 
of the longitudinal reinforcement of the hybrid beam (Qby), 
and one for the maximum capacity (Qb max). Figure 6 
shows crack patterns of the hybrid beam at the maximum 
capacity. The damage process for Series I and II is presented 
as follows.

Series I—The discussion focuses on the results under the 
negative loading because the negative loadings keep the slab 

Fig. 1—Proposed hybrid beam system.

Fig. 2—Lever action and moment distribution of hybrid 
beam.
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in tension, and the slip at the interface is more likely to occur. 
Flexural cracks occurred adjacent to the reaction block, 
and horizontal cracks occurred at the slab-web interface. 
Shear-friction reinforcement yielded at Rb = –0.5 to –1.0%, 
and shear cracks started to occur after Rb = 1.0%. As the drift 
increased, the horizontal cracks extended along the slab-web 
interface and reached the flexural cracks but did not reach 
the reaction block face, as clearly seen in specimens No. 3 
and 4. This implies C.R.B does not prevent shear sliding, 
and this is confirmed when evaluating the shear capacity at 
the slab-web interface. After the peak, the horizontal cracks 
at the slab-web interface and flexural cracks grew larger in 
width, the slip along the interface became several millime-
ters, and the cover concrete of the slab spalled at the end of 
the loading. All four hybrid beams failed in shear sliding at 
the slab-web interface (SL mode) in the negative loading.

Series II—Similarly to specimens in Series I, flexural 
cracks formed adjacent to the reaction block, horizontal 
cracks occurred at the slab-web interface, and then the shear 
cracks occurred in the hybrid beam. As the drift increased, 
the flexural cracks became remarkable, and the longitudinal 
reinforcing bars and shear-friction reinforcement across 

the slab-web interface yielded. At the peak, cover concrete 
spalled off in specimen No. 7, which had the least shear- 
friction reinforcement of the six specimens. This implies that 
the amount of shear-friction reinforcement was not adequate 
to hold the slab-web interface intact and resist shear sliding. 
This is discussed later when evaluating the plastic defor-
mation capacity. At the end of the loading, all six hybrid 
beams failed in flexure (F mode) in the positive loading and 
failed in shear sliding at the slab-web interface after flexural 
yielding in the negative loading (FSL mode).

Load-drift relationship
The load-drift relationships are shown in Fig. 7. The 

dotted lines are the drift at the loading point (Rb), and the 
solid lines are the drift of the hybrid beam (RRC).

Series I—Similarly to the damage process, the results 
of the negative loadings are discussed. Specimens No.  1 
and 2 showed slip-type load-drift relationships due to slip 
along the slab-web interface caused by the yielding of the 
shear-friction reinforcement across the interface. Increasing 
the shear-friction reinforcement enhanced the shear capacity 
at the slab-web interface in specimen No. 2. Specimens 

Table 1—Details of specimens		

Specimen
No.

ℓb,
mm

ℓRC,
mm

Bc x Dc, mm;
ts, mm

Fcs,
MPa

 Fcw,
 MPa L.R., mm Stirrups, mm pw, % C.R.A C.R.B Ds x Bs x tw x tf, mm

Series I

No. 1
2200 1150 400 x 480;

90 27 48 6-D22
2-D10@220 0.16 8-D10 6-D10

300 x 200 x 12 x 19
No. 2 2-D10@100 0.36 14-D10 8-D10

No. 3
2300 920 430 x 480;

90 24 60 4-D22 4-D6@60 0.50
6-K10 6-K10

300 x 120 x 12 x 16
No. 4 8-K10 6-K10

Series II

No. 5

2300 920 430 x 480;
90 24

36
4-D22 4-D6@50 0.60 10-K6 6-K10

300 x 120 x 12 x 16

No. 6 60

No. 7 36

4+2-D19

4-D6@90 0.33
10-K6 6-K10

No. 8

60

4-D6@60 0.50

No. 9
4-D6@60 0.50

6-K10 6-K10

No. 10 8-K10 6-K10
Note: L.R. is longitudinal reinforcement; C.R.A is confining reinforcement A; C.R.B is confining reinforcement B; D6, D10, D19, and D22 are deformed bars with ordinary 
strength; K6 and K10 are deformed bars with high strength. Numerals indicate nominal diameter.

Fig. 3—Reinforcement details.
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No.  3 and 4 showed a slight load increase after yielding 
of shear-friction reinforcement until the peak load was 
reached at a relatively large drift of Rb = 3.5 to 4.0%. The 
slight load increase is due to the dowel action of shear- 
friction reinforcement after initial cohesion broke at the 
interface. However, these two specimens have a negligible 
difference in the load-drift relationships and do not show the 
effect of varying C.R.A.

Series II—All six specimens showed stable flexural-type 
backbone curves up to Rb = 2.0%. Specimens started to show 
pinched hysteresis loops after the bond deterioration due to 
yielding of all longitudinal reinforcement at Rb = 2.0%. In 
the negative loadings, peaks were reached at smaller drifts, 
and the post-peak load capacities decreased gradually due to 
the yielding of the shear-friction reinforcement. The damage 
was little in specimen No. 6 (Fig. 6), which had a higher 
concrete design strength of the web than No. 5, and a good 
cohesion between concrete and reinforcement resulted in a 
slight swelling of the loop. Specimen No. 7, which had the 

least shear-friction reinforcement, showed a slip-type load-
drift relationship, and the load gradually decreased in the 
negative loading after reaching the peak at Rb = –1.0%. In 
contrast, specimen No. 8 had a fat hysteresis loop, showing 
good energy dissipation as a result of a better dowel action. 
Varying C.R.A showed a negligible difference in the load-
drift relationships of specimens No. 9 and 10.

SHEAR CAPACITY AT SLAB-WEB INTERFACE
The shear capacity at the slab-web interface in hybrid 

beam was evaluated using Eq. (1) based on the design 
method in ACI 318.26 It is assumed that the interface shear 
capacity is the summation of the interface friction action 
and dowel action of the shear-friction reinforcement. The 
interface friction comes from the two kinds of interfaces, 
as illustrated in Fig. 8: the concrete-to-concrete interface 
and the concrete-to-W-beam interface. This paper proposes 
an equivalent coefficient of friction, defined in Eq. (2), to 
consider frictions from the two kinds of interfaces. It is 
noted qfr(h) in Eq. (1) is less than the maximum value shown 
in Table 22.9.4.4 of ACI 318.26

​​q​ f​r(h)​​  =  ​μ​ eq​​​(​a​ w​​ ⋅ ​σ​ wy​​ + ​​A​​ a​​​​ w​​ ⋅ ​​A​​ σ​​​​ wy​​ + ​​B​​ a​​​​ w​​ ⋅ ​​B​​ σ​​​​ wy​​)​ (N)​
(1)

	​ ​μ​ eq​​  =  ​ 
​μ​ c​​ ⋅ ​b​ c​​ + ​μ​ s​​ ⋅ ​B​ s​​  _____________ ​B​ c​​  ​​	 (2)

Fig. 4—Loading setup.

Fig. 5—Measurement of drift angle and interface slip.

Table 3—Loading protocol

Rb, % 0.25 0.5 1.0 1.5 2.0 3.0 4.0 5.0 6.0

No. of cycles ±1 ±2 ±1

Table 2—Mechanical properties of materials

Concrete

Specimen No. σΒ, MPa Ec, GPa σt, MPa

Slab

No. 1, No. 2 30.4 28.1 2.66

No. 3, No. 4 24.4 25.4 2.42

No. 5, No. 6 23.1 26.3 2.19

No. 7, No. 8 23.4 26.0 2.14

No. 9, No. 10 24.5 25.8 2.29

Web

No. 1, No. 2 53.5 35.3 4.47

No. 3, No. 4 59.9 34.9 4.42

No. 5 40.2 31.4 3.27

No. 6 66.3 37.8 4.47

No. 7 41.1 30.3 3.13

No. 8 64.7 36.3 4.83

No. 9, No. 10 63.3 34.7 4.80

Reinforcement

Specimen No. Size, mm σy, MPa Es, GPa

No. 3~No. 10 D6 320 152

No. 5~No. 8 K6 833 169

No. 1, No. 2 D10 352 185

No. 3~No. 10 K10 913 168

No. 7~No. 10 D19 505 189

No. 1, No. 2 D22 690 199

No. 3~No. 6 D22 520 191

Steel W-beam

Specimen No. Size, mm σy, MPa Es, GPa

No. 1, No. 2
t12

382 209

No. 3~No. 10
344 208

t16 342 209

No. 1, No. 2 t19 412 210
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The coefficient of friction between the concrete-to- 
concrete interface (μc) was based on ACI 318,26 and μc = 
1.0 was used in this paper because the laitance was removed 
and the concrete surface was roughened to an amplitude of 
6 mm. The coefficient of friction between the concrete-to-
steel interface (μs) in ACI 31826 cannot be applied because 
the W-beam embedded in the proposed hybrid beam had no 
shear connectors. Sei30 and others31-34 conducted pushoff 
tests on mortar and steel plate without shear connectors and 
proposed a coefficient of friction between the concrete-to-
steel interface of 0.5. This paper used μs = 0.5 based on these 
tests, as AIJ also uses this value for the interface friction of 
composite members in their standards and guidelines.35-37

Equations (1) and (2) were examined using four speci-
mens (No. 1 through 4), which failed in shear sliding at the 
interface in negative loadings. The measured peak load in 
the negative loading (expQfr) and the computed shear sliding 
capacity (Qfr(h)) are compared in Fig. 9. The computed shear 
sliding capacity (Qfr(h)) is obtained assuming that the tensile 
force from bending action at the column face is equal to the 
sliding capacity (qfr(h)).

Specimens No. 1 and 2 showed good agreement, but the 
measured values were smaller than the computed values for 

No. 3 and 4. As mentioned earlier, horizontal cracks along 
the slab-web interface connected with flexural cracks and did 
not extend to the reaction block face, and the shear-friction 
reinforcement near the reaction block does not prevent shear 
sliding like ordinary shear reinforcement. The confining 
reinforcement near the reaction block was examined for the 
shear-friction action.

Figure 10(a) shows the strain-drift (εfr-Rb) relationships of 
three types of shear-friction reinforcement, and Fig. 10(b) 
shows the slip-drift (δSL-Rb) relationships at three locations 
for the negative loading. The locations of strain gauges and 
the slip displacement transducers are shown in Fig. 10(c). 
Shear reinforcement and C.R.A yielded at Rb = 1.0 to 1.5%, 
and the slip at the slab-web interface increased rapidly at the 
same drift. On the other hand, Fig. 10(a) shows that the strain 
of the C.R.B remained much smaller than the yield strain, 
as the horizontal interface crack did not reach the reaction 
block face, as shown in Fig. 6. It is concluded from Fig. 10 
that the C.R.B should be neglected for the shear-friction 
resistance, and Eq. (1) was revised as Eq. (3) by excluding 
C.R.B. Figure 11 shows the relationship between expQfr and 
Qfr, where Qfr is computed from qfr in Eq. (3). It is seen that 
the ratio expQfr/Qfr is 1.16 and Eq. (3) gives better results than 
Eq. (1).

	​ ​q​ f​r​​ =  ​μ​ eq​​​(​a​ w​​ ⋅ ​σ​ wy​​ + ​​A​​ a​​​​ w​​ ⋅ ​​A​​ σ​​​​ wy​​)​  (N)​	 (3)

Table 4—Summary of major experimental results

Specimen No.

Qb, kN Failure 
modeQjc Qfry Qby Qb max

Series I

No. 1
+ — — — 185 S

– –42 –74 — –83 SL

No. 2
+ — — — 239 S

– –70 –134 — –135 SL

No. 3
+ 59 — 131 155 F

– –110 –98 –108 –119 SL

No. 4
+ 101 — 91 156 F

– –102 –98 –113 –127 SL

Series II

No. 5
+ — — 134 153 F

– –32 –112 –132 –142 FSL

No. 6
+ — — 126 163 F

– –28 –126 –129 –153 FSL

No. 7
+ — 120 130 153 F

– –113 — –126 –128 FSL

No. 8
+ — 135 132 165 F

– –125 — –126 –155 F

No. 9
+ — 142 127 159 F

– –61 — –124 –146 FSL

No. 10
+ — — 130 154 F

– –109 –130 –125 –140 FSL

Note: F is flexural failure; SL is shear sliding failure at slab-web interface; FSL is shear 
sliding after flexural yielding; S is shear failure of hybrid beam.

Fig. 6—Crack patterns at maximum capacity.
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FLEXURAL PERFORMANCE OF HYBRID BEAMS
Flexural capacity of hybrid beams

Flexural capacity was examined for the six hybrid beam 
specimens (No. 5 through 10), which failed in flexural or 
interface shear sliding after flexural yielding. Previous 
researchers1-8 adopted Eq. (4) to estimate flexural capacity 
of the hybrid beam without construction joints, and Eq. (4) 
showed good agreement with their test results. It is noted 
that the effect of the W-beam is neglected in Eq. (4) because 
the moment of the W-beam becomes zero at the column 
face, as shown previously in Fig. 2. To examine the effect 
of the construction joint, this paper also used Eq. (4) to esti-
mate the flexural capacity of the hybrid beam. Figure 12 
compares the experimental peak load (expQmu) and computed 
flexural capacity (Qmu). The test results of hybrid beams 
without construction joints discussed previously by Singh 
et al.1 are also plotted. The computed capacities of this study 

agree very well with the experimental results, and the overall 
average of expQmu/Qmu was 1.09. The effect of the construc-
tion joint cannot be seen when compared to the previous test 
results without the construction joints by Singh et al.1

	​ ​Q​ mu​​  =  ​ 
0.9 ⋅ ​a​ t​​ ⋅ ​σ​ y​​ ⋅ d  _____________ ​ℓ​ b​​  ​  (N)​	 (4)

Plastic deformation capacity of hybrid beams
Singh et al.1 proposed that a ductility factor (μRC) greater 

than 3 and a plastic deformation angle (RRCp) greater than 
2% is essential to assure a good deformation performance 

Fig. 7—Load-drift relationships.

Fig. 9—Experimental and computed values of shear sliding 
capacity at slab-web interface (Eq. (1)).

Fig. 8—Interface locations.
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after yielding. Based on the aforementioned proposal, 
plastic deformation capacity for the six hybrid beam spec-
imens (No. 5 through 10) was examined. Figure 13 shows 
the μRC and RRCp of the hybrid beams. The test results of 
hybrid beams without the construction joint by Singh et al.1 
are also plotted. It is noted that the two triangles circled 
have more deformation capacity than indicated in the figures 
because the experimental load did not drop to 0.8Qb max when 

the experiment was terminated at Rb = ±6.0%. The ductility 
factor and RRCp were defined as indicated by Singh et al.1 
All six specimens of this study had μRC > 3 and RRCp > 2%, 
showing a good plastic deformation performance after flex-
ural yielding. The results of this study showed similar values 
when compared to the specimens by Singh et al.,1 and the 
effect of the construction joint on plastic deformation perfor-
mance cannot be seen.

Fig. 10—Strain distribution of shear-friction reinforcement and slip at slab-web interface.

Fig. 11—Experimental and computed values of shear sliding 
capacity at slab-web interface (Eq. (3)).

Fig. 12—Experimental and computed values of flexural 
capacity.
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Shear-friction reinforcement across slab-web 
interface

All the specimens were within the ±20% range in Fig. 12 
and had expQmu/Qmu ≥ 1.0, except specimen No. 7, which 
had the least shear-friction reinforcement of all specimens. 
As mentioned earlier, the shear sliding capacity to flex-
ural capacity margin was designed to be larger than 1.0. 
Figure 14 shows the relationship between expQmu/Qmu-qfr/Ty 
and RRCp-qfr/Ty for specimens No. 5 through 10 in the nega-
tive loading. The computed shear capacity qfr is derived from 
Eq. (3), and Ty is the yield tensile force of longitudinal rein-
forcement above the slab-web interface, expressed as Ty = 
atfr · σyfr. The index qfr/Ty is called a slip margin. Specimen 
No. 7 did not reach Qmu, although the slip margin is larger 
than 1.0 and managed to reach RRCp = 2%.

Experimental results showed cover concrete in the central 
area of specimen No. 7 spalled off and had a slip-type load-
drift relationship compared to the other specimens. Despite 
having a slip margin larger than 1.0, the amount of shear- 
friction reinforcement in the central area may not be adequate 
to resist shear sliding. Therefore, the interface shear carried 
by ordinary shear reinforcement and C.R.A was exam-
ined. Figure 15 presents the relationship between expQmu/
Qmu-qws/qfr and RRCp-qws/qfr. Variable qws is the yield shear 
force carried by ordinary shear reinforcement, and qfr is that 
carried by both ordinal shear reinforcement and C.R.A. The 
ratio qws/qfr is expressed with Eq. (5).

	​ ​ 
​q​ ws​​ _ ​q​ f​r​​ ​  =  ​ 

​a​ w​​ ⋅ ​σ​ wy​​
  _________________  ​a​ w​​ ⋅ ​σ​ wy​​ + ​​A​​ a​​​​ w​​ ⋅ ​​A​​ σ​​​​ wy​​ ​​	 (5)

Figure 15 shows that expQmu became larger than Qmu, and 
RRCp is almost greater than 3% when qws/qfr

 ≥ 55%. Specimen 
No. 7 did not reach Qmu and managed to reach RRCp = 2%, as 
qws is smaller than 0.55qfr. Interface shear capacity in Eq. (3) 
is a summation of ordinary shear reinforcement and C.R.A. 
C.R.A. is high-strength bundled bars and accounts for the 
majority of the shear force, resulting in a smaller amount of 
ordinary shear reinforcement to satisfy design requirements. 
This is why specimen No. 7 did not reach Qmu, and RRCp 
was small. In other words, a sufficient amount of ordinary 
shear reinforcement has to be provided across the interface 
to assure good flexural performance.

Only one specimen failed to reach the flexural capacity; 
however, further study needs to be carried out by varying 
qws to see the effect on the flexural capacity and find the 
minimum shear reinforcement. At this stage, it is preferable 
that ordinary shear reinforcement has qws ≥ 0.55qfr to achieve 
a good flexural performance.

CONCLUSIONS
A total of 10 hybrid beam specimens with construction 

joints were experimentally studied to clarify the shear 
capacity at the slab-web interface and examine the effect 
of the construction joint on their flexural performance. The 
following conclusions are drawn:

Fig. 13—Flexural capacity versus ductility factor and 
plastic deformation angle.

Fig. 14—Flexural capacity and plastic deformation angle 
versus slip margin (negative loading).
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1. The shear sliding capacity expressed in Eq. (3) properly 
simulated the observed shear sliding capacities of four spec-
imens (No. 1 through 4). Equation (3) omits confining rein-
forcement B (C.R.B) because the slab-web interface crack 
did not reach this reinforcement. Equation (3) employs the 
concept of equivalent coefficient of friction expressed in 
Eq. (2). The coefficient of friction at the concrete-to-concrete 
interface was based on the surface condition provided  in 
ACI 318,26 and the coefficient of friction at the concrete-to-
steel interface was considered as 0.5 based on the Architec-
tural Institute of Japan (AIJ) standards and guidelines.35-37

2. The computed flexural capacity showed a good agree-
ment with the experimental values for five specimens 
(No. 5, 6, 8, 9, and 10), and the same five specimens had 
a good plastic deformation capacity after yielding. On the 
other hand, specimen No. 7, which had a lesser amount of 
ordinary shear reinforcement, did not reach the computed 
flexural capacity and managed to reach the plastic deforma-
tion angle of 2%. From the six specimens (No. 5 through 
10), the hybrid beams with construction joints acquired the 
required flexural performance of monolithic hybrid beams, 
provided the interface shear force carried by ordinary shear 
reinforcement was more than 55%.
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NOTATION
Aaw	 =	 gross sectional area of confining reinforcement A
Aσwy	 =	 yield strength of confining reinforcement A
at	 =	 gross sectional area of longitudinal reinforcement in tension
atfr	 =	 gross sectional area of longitudinal reinforcement in tension 

above slab-web interface
aw	 =	 gross sectional area of ordinary shear reinforcement (excluding 

confining reinforcements)
Baw	 =	 gross sectional area of confining reinforcement B
Bc	 =	 width of hybrid beam
Bs	 =	 width of W-beam 

Bσwy	 =	 yield strength of confining reinforcement B
bc	 =	 width of hybrid beam section excluding width of W-beam (refer 

to Fig. 9)
Dc	 =	 depth of hybrid beam
Ds	 =	 depth of W-beam
d	 =	 effective depth of hybrid beam
Ec	 =	 Young’s modulus of concrete
Es	 =	 Young’s modulus of reinforcement and steel
expQfr	 =	 experimental peak load in negative loading for specimens No. 1 

through 4
expQmu	 =	 experimental peak load for specimens No. 5 through 10
F	 =	 design strength of reinforcement and steel
Fcs	 =	 concrete design strength of slab
Fcw	 =	 concrete design strength of web
ℓb	 =	 length from reaction block to loading point
ℓRC	 =	 length of hybrid beam
pw	 =	 ratio of shear reinforcement
Qb	 =	 shear force at loading point
Qb max	 =	 maximum capacity of hybrid beam
Qby	 =	 yield strength of hybrid beam
Qfr	 =	 qfr converted to shear force at loading point
Qfr(h)	 =	 qfr(h) converted to shear force at loading point
Qfry	 =	 yield strength of shear-friction reinforcement
Qjc	 =	 crack strength at slab-web interface
Qmu	 =	 ultimate flexural capacity of hybrid beam
qfr	 =	 shear capacity at slab-web interface using Eq. (3)
qfr(h)	 =	 shear capacity at slab-web interface using Eq. (1)
qws	 =	 yield shear force carried by ordinary shear reinforcement
Rb	 =	 drift at loading point
RRC	 =	 drift of hybrid beam
RRCp	 =	 plastic deformation angle of hybrid beam

Fig. 15—Flexural capacity and plastic deformation angle 
versus minimum shear reinforcement ratio.
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Ty	 =	 yield tensile force of longitudinal reinforcement above slab-web 
interface 

tf	 =	 thickness of W-beam flange
ts	 =	 thickness of slab
tw	 =	 thickness of W-beam web
δb	 =	 displacement at loading point
δRC	 =	 displacement of hybrid beam
δSL	 =	 slip at slab-web interface
εfr	 =	 strain of shear-friction reinforcement
μc	 =	 coefficient of friction between concrete-to-concrete interface
μeq	 =	 equivalent coefficient of friction
μRC	 =	 ductility factor of hybrid beam
μs	 =	 coefficient of friction between concrete-to-steel interface
σΒ	 =	 compressive strength of concrete
σt	 =	 splitting tensile strength of concrete
σwy	 =	 yield strength of ordinary shear reinforcement
σy	 =	 yield strength of reinforcement and steel (yield strength of 

longitudinal reinforcing bars in Eq. (4))
σyfr	 =	 yield strength of longitudinal reinforcing bars above slab-web 

interface
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Although estimating the post-cracking torsional stiffness is vital 
for distributing the torsional moment in analyzing statically inde-
terminate reinforced concrete (RC) structures, none of the North 
American codes provide an analytical approach for determining 
the torsional stiffness after cracking. Moreover, the scarcity of 
experimental work has resulted in the lack of torsion design provi-
sions for concrete box girders reinforced with glass fiber-reinforced 
polymer (GFRP). Therefore, the purpose of this research was to 
study the stiffness characteristics of RC box girders reinforced with 
GFRP reinforcement and to provide a simple analysis technique 
that can be used to predict post-cracking torsional stiffness. Four-
teen concrete box girders were fabricated and tested under a pure 
torsional moment. In addition, data on 10 solid rectangular RC 
beams with GFRP reinforcement was collected from the literature. 
The test results indicate that the concrete strength, as well as the 
ratio, type, and configuration of the web reinforcement, substan-
tially affected the post-cracking torsional stiffness of the tested 
specimens. An analytical model was developed for estimating 
the torsional stiffness after cracking. This model was based on a 
thin-walled tube and space truss analogy using a concept of post-
cracking shear modulus. The proposed model considers the effect 
of concrete strength, the configuration and ratio of the GFRP web 
reinforcement, and the ratio of the GFRP longitudinal bars. In addi-
tion, an equation to calculate the ultimate twist of the GFRP-RC 
members was developed. The validity of the proposed model was 
investigated by analytically regenerating the torque-twist curves 
of the tested box girders and the other specimens available in the 
literature.

Keywords: box girders; effective wall thickness; glass fiber-reinforced 
polymer (GFRP) bars; high-strength concrete (HSC); normal-strength 
concrete (NSC); post-cracking torsional stiffness; reinforced concrete (RC); 
spirals; steel reinforcement; ties; twist behavior; ultimate twist.

INTRODUCTION
In designing reinforced concrete (RC) structures subjected 

to torsion, the torsional moment can be classified into two 
types (ACI CODE-440.11-22). The first type—equilibrium 
torsion—occurs in statically determinate structures such as 
canopy beams and beams supporting cantilever slabs. Thus, 
the torsional moment can be simply determined using the 
static condition. This torque cannot be reduced by redis-
tributing internal forces. Torsional reinforcement must be 
provided to resist the total design torsional moments. The 
second type—compatibility torsion—occurs in statically 
indeterminate structures such as spandrel beams supporting 
an edge strip of a flat slab or transverse beams. Accurate 
determinations of the torsional moment of such members 

require that the redistribution of internal forces be consid-
ered. Therefore, the torsional stiffness of such members must 
be taken into account in the structural analysis (Karlsson and 
Elfagren 1972; Hsu 1968; Lampert 1971; Tavio and Teng 
2004). In the case of compatibility torsion, the cracking 
torque results in a substantial decrease in the torsional 
stiffness and an increase in the twist of the member, which 
leads to a reduction in the torsional moment carried by the 
member (ACI CODE-440.11-22). To consider the reduction 
in torsional stiffness due to cracking, ACI CODE-440.11-22 
specifies an upper limit for the design torsional moment 
calculated by elastic analysis to a specific value. Acquiring 
a more accurate redistribution of the torsional moment after 
cracking in statically indeterminate structures requires more 
accurate post-cracking torsional stiffness calculations to be 
considered in the structural analysis. That is the essence of 
the current study.

Robinson (1966) made the first attempt to derive post-
cracking torsional stiffness theoretically. The derivation 
applied only to circular cross sections, and the torsional 
stiffness had to be determined by trial and error. On the other 
hand, the post-cracking torsional stiffness of rectangular 
RC sections—either solid or hollow—reinforced with steel 
bars and tie stirrups has been developed in several studies 
(Karlsson and Elfagren 1972; Hsu 1973; Lampert 1971). 
Lampert (1971) derived an equation to calculate the post-
cracking torsional stiffness based on the thin-walled tube 
and space truss analogy and kinematic relationships. The 
derived equation is a function of the ratio of the longitudinal 
and web reinforcement only and disregards the contribution 
of the concrete to the post-cracking torsional stiffness. Hsu 
(1973) used the same concept of the thin-walled tube and 
space truss analogy to develop his theory for post-cracking 
torsional stiffness, which is derived with a concept of post-
cracking shear modulus. This concept provides the theory 
generally applicable to arbitrary, circular, and rectangular 
cross sections. Karlsson and Elfagren (1972) discussed a 
methodology for assessing the torsional stiffness of RC 
members at the cracked stage under pure torsional loading. 
The approach was founded on a truss analogy designed for 
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torsional analysis. Theoretical formulations were derived to 
calculate the torsional stiffness of beams with both arbitrary 
and rectangular cross sections. These theoretical predictions 
were then compared to experimental data obtained from rect-
angular beams. The study briefly explored the practicality 
of the employed theory and offered a corrective procedure 
to account for any imperfections in its application. Tavio 
and Teng (2004) improved upon the post-cracking torsional 
stiffness equations initially presented by Hsu in 1973 and 
Lampert in 1971. They achieved this by introducing addi-
tional factors that yielded the most accurate alignment with 
the comprehensive set of experimental data accessible in the 
literature.

Concrete box girders have been used for significant 
structures such as curved bridges, cable-supported bridges, 
pedestrian bridges, and modern elevated structures for light 
rail transport (Rahal and Collins 1995). Such structures are 
usually located in harsh environments and might have prob-
lems such as cracking due to applied stresses or shrinking 
and expansion. When this occurs, moisture can enter the 
structure, corroding the steel reinforcing bars and resulting 
in a loss of structural integrity. This issue can be overcome 
by substituting glass fiber-reinforced polymer (GFRP) 
reinforcement for the steel reinforcement. This eliminates 
corrosion and its associated deterioration and rehabilitation, 
thereby extending the service life and reducing maintenance 
costs. Using GFRP bars as internal reinforcement is gaining 
popularity as a viable technique for improving the perfor-
mance of RC structures. In the last two decades, GFRP 
reinforcing bars have been used in numerous structural 
applications, such as bridges, piles, parking garages, marine 
structures, water tanks, and tunnels (Eladawy et al. 2019; 
El-Salakawy et al. 2004; Mohamed et al. 2020; Mohamed 
and Benmokrane 2014; Mousa et al. 2018).

This study investigated the effects of concrete strength as 
well as the web reinforcement ratio, configuration, and type 
on the torsional stiffness of GFRP-RC box girders. In addi-
tion, this paper proposes an analytical model for predicting 
the post-cracking torsional stiffness and the ultimate twist of 
RC members reinforced with GFRP bars and ties or spirals. 
This would constitute the first such attempt in the literature.

RESEARCH SIGNIFICANCE
When analyzing statically indeterminate RC structures, 

post-cracking torsional stiffness is a crucial factor in calcu-
lating an accurate distribution of internal post-cracking 

forces. It can also be used to calculate the twist of the 
member. However, the post-cracking torsional stiffness of 
RC members reinforced with GFRP bars and ties or spirals 
has not been discussed so far. Besides, all FRP-RC code 
standards and guidelines (CSA S806-12; AASHTO-18; 
CSA  S6-19; ACI CODE 440.11-22) do not include any 
provisions or equations to estimate the torsional stiffness 
after cracking. Accordingly, the authors developed an analyt-
ical model for estimating post-cracking torsional stiffness. 
The developed model considers the effect of the concrete 
strength, the configuration and ratio of the GFRP web rein-
forcement, and the ratio of the GFRP longitudinal bars. 
Thus, this model could be helpful in analyzing GFRP-rein-
forced RC structures after cracking and up until failure.

EXPERIMENTAL PROGRAM
Material properties

Number 5 Grade III sand-coated GFRP longitudinal bars 
and No. 3 Grade II sand-coated GFRP stirrups (ties and 
spirals) (CSA S807-19) were used to reinforce all of the 
GFRP-RC box girders, as shown in Fig. 1. The ultimate 
tensile strength ffu and modulus of elasticity Ef of the GFRP 
bars and straight portions of GFRP stirrups were calculated 
according to ASTM D7205/D7205M-21, as reported by the 
manufacturer. The ultimate tensile strength of the GFRP stir-
rups at the bent portions ffu,bent was determined according to 
ASTM D7914/D7914M-21. Table 1 provides the mechan-
ical properties of the GFRP reinforcement, as reported by 
the manufacturer. The reinforcement in the steel-reinforced 
concrete specimens was grade 60 steel bars. Number 5  and 3 
(15 and 10M) deformed steel bars were employed as longitu-
dinal and web reinforcement, respectively. Table 1 provides 
the mechanical properties of the steel bars determined in 

Fig. 1—(a) GFRP continuous square spiral stirrups; (b) 
GFRP individual square tie stirrups; and (c) GFRP bars.

Table 1—Mechanical properties of GFRP and steel reinforcement

Bar size Diameter, mm Nominal area, mm2
Elastic tensile 
modulus, GPa Tensile strength, MPa Tensile strain, %

No. 3 9.5 71 58.20 fftu = 1225 2.10

― ― ― ―  fftu,bent = 671 ―

No. 5 15.9 198 62.5 fflu = 1500 2.4

M10 11.3 100 200 fy = 480 0.24

M15 16 200 200 fy = 480 0.24

Note: fftu is ultimate tensile strength of straight portion of GFRP bent bars (ASTM D7205/D7205M-21); fftu,bent is ultimate tensile strength at GFRP bent portions (ASTM D7914/
D7914M-21); 1 mm = 0.0394 in.; 1 mm2 = 0.00155 in.2; 1 MPa = 0.145 ksi.
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accordance with ASTM A615/A615M-20. The specimens 
were cast from three batches of normal weight, ready mixed 
concrete: two with normal-strength concrete (NSC) and 
one with high-strength concrete (HSC). The target 28-day 
compressive strengths of the NSC and HSC were 35 and 
70 MPa, respectively. Table 2 gives the actual concrete 
compressive strength for all test specimens according to 
ASTM C39/C39M-21.

Specimens, instrumentation, and testing
Fourteen full-scale RC box girders with a width of 380 mm 

(15 in.), a depth of 380 mm (15 in.), a total length of 4000 mm 
(157.48 in.), and a wall thickness of 100 mm (4  in.) were 
designed, cast, and examined under pure torsional moment 
until failure over a clear span of 2000 mm (78.74 in.). The 
test specimens included 12 reinforced entirely with GFRP 
bars and two with steel reinforcement as reference speci-
mens. The test parameters included the web reinforcement 
ratio (stirrup spacing) and configuration (ties or spirals), the 
type of reinforcement (GFRP or steel), and the concrete type 
(NSC or HSC). All GFRP specimens were reinforced longi-
tudinally with 12 No. 5 GFRP bars and transversely with 
No. 3 GFRP stirrups. The steel specimens were reinforced 
longitudinally with twelve 15M steel bars and transversally 
with 10M steel stirrups. Table 2 summarizes all the details 
of the tested specimens. Figure 2 illustrates the tested speci-
mens’ concrete dimensions and reinforcement details. Each 
specimen identification consists of letters and a number. The 
initial pair of letters (BG or BS) refers to GFRP or steel rein-
forcement, while H and N indicate specimens with HSC or 
NSC, respectively. The letters T and S represent individual 
tie stirrups or continuous spiral stirrups, respectively. The 
number stands for the spiral pitch or stirrup spacing in 
millimeters.

Four potentiometers were positioned at two different loca-
tions within the test region to measure the relative rotation 

of the specimens. Moreover, one potentiometer was posi-
tioned under the applied vertical load, as shown in Fig. 2. A 
servo-controlled, 1000 kN (224.8 kip) MTS hydraulic actu-
ator connected to a rigid steel arm fastened to the girder was 
used to apply the torsional moment to the girders. Figure 3 
depicts the details of the test setup. Actuator loading proce-
dures were prescribed using the displacement control rate of 
0.5 mm/min (0.02 in./min). All specimens were supported 
by a fixed hinge 2000 mm (78.74 in.) apart.

TEST RESULTS AND DISCUSSION
Torque-twist response

The torque and corresponding twist values were recorded 
for all specimens throughout testing until failure. Figures 4(a) 
through (c) give the relationships between the torque versus 
the corresponding twist from initial loading until the failure 
of all test specimens in three groups to show the effect of the 
test parameters on the torsional behavior of RC box girders. 
Until cracking occurred, the torsional behavior of all spec-
imens was essentially linear, as anticipated. The cracking 
torsional strength and the corresponding twist of the tested 
specimens were independent of the configuration, type, and 
amount of web reinforcement. Interestingly, the similar 
behavior was reported in the previous studies conducted 
by Hadhood et al. (2020) and Mohamed and Benmokrane 
(2015, 2016) for RC beams reinforced by GFRP reinforce-
ment with different web reinforcement configurations, types, 
and ratios. In contrast, using HSC instead of NSC signifi-
cantly affected the torsional behavior at the cracking stage. 
The HSC specimens achieved higher torsional strength and 
lower twist at cracking than the corresponding NSC speci-
mens by, on average, 26% and 29%, respectively. Interest-
ingly, Rasmussen and Baker (1995) reported similar find-
ings, in which increasing the concrete strength from 41.70 
to 76.20 MPa (6.05 to 11.05 ksi) improved the cracking 
strength by almost 29%. Figure 4 indicates that, immediately 

Table 2—Details of tested specimens

Specimen identifier fcꞌ, MPa

Longitudinal bars Transverse reinforcement

No. of bars ρL, % Conf. φ, degree Bar size S, mm ρT, %

BSNT-120 39.12 12 No. 5 1.66 Tie 90 M10 120 0.47

BSHT-120 71.50 12 No. 5 1.66 Tie 90 M10 120 0.47

BGNT-60 39.12 12 No. 5 1.66 Tie 90 No. 3 60 0.95

BGNT-120 39.12 12 No. 5 1.66 Tie 90 No. 3 120 0.47

BGNT-180 39.12 12 M15 1.66 Tie 90 No. 3 180 0.32

BGNT-240 39.12 12 No. 5 1.66 Tie 90 No. 3 240 0.24

BGNS-60 40.67 12 No. 5 1.66 Spiral 87 No. 3 60 0.95

BGNS-120 40.67 12 No. 5 1.66 Spiral 84 No. 3 120 0.47

BGNS-180 40.67 12 No. 5 1.66 Spiral 81 No. 3 180 0.32

BGNS-240 40.67 12 No. 5 1.66 Spiral 78 No. 3 240 0.24

BGHT-120 71.50 12 No. 5 1.66 Tie 90 No. 3 120 0.47

BGHT-180 71.50 12 No. 5 1.66 Tie 90 No. 3 180 0.32

BGHS-120 71.50 12 No. 5 1.66 Spiral 84 No. 3 120 0.47

BGHS-180 71.50 12 No. 5 1.66 Spiral 81 No. 3 180 0.32

Note: 1 mm = 0.0394 in.; 1 MPa = 0.145 ksi.
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after cracking occurred, the GFRP-RC specimens experi-
enced a sudden drop in torsional strength with an increase 
in twist. The drop’s value depended on the ratio of the 
GFRP reinforcement and concrete strength. In the case of 
the specimens reinforced with steel, the torsional strength 
was almost constant immediately after cracking occurred 
with an increase in twist. This is due to the steel having a 
higher modulus of elasticity than the GFRP reinforcement. 
On the other hand, the torsional behavior after cracking was 
affected by the ratio, type, and configuration of the web rein-
forcement, regardless of the concrete strength. All GFRP-RC 
box girders showed a post-cracking response and behaved 
linearly with increased torsional strength after cracking up to 
failure. This is due to the linear characteristics of the GFRP 
reinforcement. Generally, the presence of GFRP web rein-
forcement in the girders helped to redistribute the internal 
forces and form the truss shape. The reinforcement acted as 
tensile links and the concrete as compression struts.

Table 3 summarizes the experimental test results of 
all specimens. Table 3 points out that, regardless of the 
stirrup configuration and concrete strength, increasing the 
web reinforcement ratio increased the specimens’ ultimate 
torsional strength and twist capacity. Specimens BGNT-60 
and BGNS-60 had higher torsional strength than their coun-
terparts BGNT-240 and BGNS-240 by 58% and 67%, and 
higher twist capacity by 15% and 22%, respectively. All 
specimens reinforced with a continuous spiral experienced 
higher torsional strength and lower twist capacity than 
those with individual tie stirrups, regardless of the concrete 
strength. These findings support the earlier study conducted 
by Hadhood et al. (2020) for solid NSC beams reinforced 
with GFRP spirals and tie stirrups, which stated that the RC 
beams reinforced with continuous spirals produced higher 
torsional capacity and less twist capacity than those rein-
forced with individual closed stirrups. Aside from stirrup 
configurations, the HSC specimens acquired higher ultimate 
torsional strength and lower twist capacity than their NSC 

Fig. 2—Dimensions, instrumentation, and reinforcement details of tested box girders. (Note: Dimensions in mm; 1 mm = 
0.0394 in.)
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counterparts. The ultimate torsional strength of Specimens 
BGHS-120 and BGHT-120 was higher than that of Speci-
mens BGNS-120 and BGNT-120 by 23% and 22%, respec-
tively. The twist capacity of Specimens BGHS-120 and 
BGHT-120 was slightly lower than that of their counterparts, 
BGNS-120 and BGNT-120, by nearly 5% and 7%, respec-
tively. On the other hand, the GFRP specimens exhibited 
slightly higher ultimate torsional strength than their coun-
terpart steel specimens by 6% and 8% in the case of NSC 

and HSC, respectively. Interestingly, this behavior agrees 
with a study conducted by Mohamed and Benmokrane 
(2016) for solid NSC beams reinforced with GFRP and steel 
reinforcement.

Effect of test parameters on torsional stiffness
Figure 4 and Table 3 indicate that the pre-cracking  

torsional stiffness of the tested specimens was independent 
of the web reinforcement configuration, type, and ratio. This 

Fig. 3—Test setup schematic.

Fig. 4—Torque-twist response. (Note: 1 kN·m = 0.7376 kip·ft; 1 rad/m = 0.305 rad/ft).

Table 3—Experimental test results of current study

Specimens ID

Cracking stage Ultimate stage

Tcr, kN·m θcr, rad/m kun, kN·m2/rad Tu, kN·m θu, rad/m kcr, kN·m2/rad

BSNT-120 35.50 0.0011 32,270 56.85 0.0388 1000

BSHT-120 44.95 0.00090 49,900 68.00 0.039 1150

BGNT-60 35.35 0.0013 27,190 68.71 0.0721 564

BGNT-120 35.10 0.0012 29,250 60.11 0.0770 455

BGNT-180 35.39 0.0013 27,220 50.44 0.0671 400

BGNT-240 34.92 0.0014 24,940 43.61 0.0625 340

BGNS-60 35.94 0.0012 29,950 74.10 0.071 635

BGNS-120 35.51 0.0011 32,282 63.70 0.069 525

BGNS-180 35.31 0.0013 27,162 52.20 0.063 430

BGNS-240 34.95 0.0014 24,965 44.45 0.058 390

BGHT-120 44.20 0.00094 47,000 73.20 0.071 500

BGHT-180 44.10 0.00096 45,900 61.10 0.064 410

BGHS-120 44.70 0.00091 49,200 78.30 0.066 580

BGHS-180 44.25 0.00095 46,600 63.90 0.060 450

Note: 1 kN·m = 0.7376 kip·ft; 1 kN·m2 = 2.42 kip·ft2; 1 rad/m = 0.305 rad/ft.
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is due to the significant contribution of the gross moment of 
inertia of the concrete cross section in the uncracked phase. 
In contrast, the concrete strength significantly affected the 
pre-cracking  torsional stiffness of the tested specimens. As 
anticipated, the specimens constructed with HSC achieved 
higher pre-cracking  torsional stiffness than those with NSC. 
This was because increasing the concrete strength increased 
the shear modulus of concrete, thus increasing pre-cracking 
torsional stiffness. Increasing the concrete strength from 40 
to 71 MPa (5.80 to 10.15 ksi) increased the pre-cracking 
torsional stiffness by, on average, 62%.

On the other hand, the post-cracking torsional stiffness 
was determined as the slope of the torque-twist curves after 
cracking. The test results indicate that the post-cracking 
torsional stiffness of the test specimens was substantially 
dependent on the test parameters. Regardless of the concrete 

strength or web reinforcement configuration, increasing the 
web reinforcement ratio substantially increased the torsional 
stiffness. Increasing the web reinforcement ratio by almost 
300% (from 0.24 to 0.95%) increased the post-cracking 
torsional stiffness at the ultimate stage by 66% and 63% in 
the case of the specimens with tie and spiral configurations, 
respectively. The specimens with a spiral configuration 
achieved higher post-cracking torsional stiffness than their 
counterparts reinforced with tie stirrups, regardless of the 
reinforcement ratio or concrete strength. This might be owing 
to the spiral branches’ inclination being almost perpendicular 
to the cracking direction and the spirals’ continuous nature 
effectively controlling the width of the major diagonal crack 
and the distribution of diagonal cracks, thus improving the 
specimens’ post-cracking behavior. On average, the post-
cracking torsional stiffness of the HSC specimens at the 

Fig. 5—Twist profile for all GFRP-reinforced box girders. (Note: 1 m = 39.40 in.; 1 rad/m = 0.305 rad/ft.)
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ultimate stage was 8% greater than those fabricated with 
NSC. Regardless of the concrete strength, the post-cracking 
torsional stiffness of the steel specimens was greater than 
their counterpart GFRP specimens at any torque level from 
cracking up to failure. This could be attributed to the fact 
that the GFRP had a lower modulus of elasticity (58.20 GPa 
[8440 ksi]) than the steel reinforcement (200 GPa 
[29,000 ksi]) (almost one-third). The cracked torsional stiff-
ness of the GFRP specimens was almost, on average, 45% 
of that of the steel specimens at the ultimate stage. The test 
results indicate that the post-cracking torsional stiffness was 
a small fraction of the torsional stiffness before cracking, 
which was, on average, 1.5% and 3% for the GFRP and steel 
specimens, respectively.

Twist profile
This section discusses the effect of the test parameters 

on the twist behavior along the specimen’s length. Figure 5 
shows the twist distribution along the length of the girders at 
four different locations for all GFRP- RC box girders. These 
locations were chosen within the test region at 0.00, 0.33, 
0.67, and 1.00 of the test region’s length (L), where sections 
0.00L and 1.00L are located at the applied torque and the 
fixed end, respectively. Each chart in Fig. 5 involves curves 
representing different torque levels (a torque step of 5 kN·m 
[3.70 kip·ft] was chosen). The curves corresponding to the 
cracking and ultimate levels are highlighted in each chart. 
Figure 5 displays different phases for different torque levels. 
Up to the cracking torque level, all the curves are almost 
horizontal and coincide with the baseline. Moreover, the 
twist rate was nearly constant throughout the entire length 
of the girders. This means that the twist behavior along the 
girders’ length until the cracking phase was negligible and 
was not affected by the configuration or amount of the web 
reinforcement or concrete strength.

After the cracking level, the successive curves were 
more separated compared to the successive curves of the 
pre-cracked stage. Furthermore, regardless of the web rein-
forcement configuration or concrete strength, decreasing 
the web reinforcement ratio (increasing the stirrup spacing) 
resulted in greater separation between the successive curves 
after cracking. The specimens with continuous spirals 
achieved lower spacing between the successive curves than 
those with individual tie stirrups, regardless of concrete 
strength. The spacing between the successive curves after 
cracking was almost similar for the HSC and counter-
part NSC specimens. Figure 5 indicates that, for the same 
torque level and reinforcement ratio at locations 0.33L 
and 0.67L, the HSC specimens with spiral stirrups expe-
rienced the lowest twist, thus the higher torsional stiffness 
along the girder length. For example, at a torque level of 
50 kN·m (36.90 kip·ft), Specimen BGHS-120 had 29%, 
145%, and 210% less twist, respectively, than Specimens 
BGHT-120, BGNS-120, and BGNT-120 at location 0.33L. 
Consequently, it can be concluded that the test parameters 
discussed herein substantially affected the twist profile of the 
tested specimens.

Crack propagation and failure mechanisms
The growth of cracks at every load step of each girder was 

observed and recorded during testing until failure. Figure 6 
shows the cracks’ pattern along with the test specimens’ 
front face at the failure stage. Because the principal stress 
distribution in a section subjected to pure torsional moment 
comprises diagonal compression and tension in the concrete, 
the initial cracks were diagonal (Rasmussen and Baker 
1995). When the applied principal tensile stresses reached 
the tensile capacity of the concrete, the first crack appeared 
in the middle of the test zone’s front face in each specimen, 
irrespective of whether the specimen was made with NSC or 
HSC. With a further increase in torque, the first crack spread 
to the other faces (top, back, and bottom) in a spiral pattern 
(propagating in opposite directions on opposite sides) along 
the periphery of the specimen cross section. Subsequently, 
more spiral cracks parallel to the first one appeared to create 
the complete crack patterns of the box girders, as shown in 
Fig. 6.

The final crack patterns of the tested box girders were 
strongly affected by the ratio and configuration of the web 
torsional reinforcement. According to observations, there is a 
positive correlation between the web torsional reinforcement 

Fig. 6—Cracking pattern of tested specimens at failure.
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ratio, the number of induced torsional cracks, and smaller 
crack spacing. The specimens reinforced with continuous 
spiral stirrups had more cracks and narrower crack spacing 
than the counterparts reinforced with individual tie stirrups, 
regardless of the concrete strength. In the case of the HSC 
and NSC specimens with the same reinforcement ratio and 
configuration, the number of cracks instantly after cracking 
and up to failure was nearly the same. The cracking behavior 
of the HSC specimens was substantially different than that of 
their NSC counterparts. The cracking of the HSC specimens 
was more brittle than the NSC specimens because the cracks 
in the HSC traveled through both the matrix and aggregates, 
resulting in more brittle behavior and straighter diagonal 
cracks. The crack pattern of the specimens reinforced with 
steel (BSNT-120 and BSHT-120) was close to that of their 
counterparts BGNT-120 and BGHT-120.

Figure 7 displays the typical failure mode of the tested box 
girders. The failure of the GFRP specimens was not affected 
by concrete strength or web reinforcement configuration. 
Specimens BGNT-120, BGNT-180, BGNT-240, BGNS-
120, BGNS-180, BGNS-240, BGHT-120, BGHT-180, 
BGHS-120, and BGHS-180 exhibited similar failure mech-
anisms despite a large difference in the torque at torsional 

failure. The failure of these specimens was triggered by 
GFRP spiral or tie rupture at the bent portions at different 
locations throughout the test zone, as shown in Fig. 7(a). 
This was accompanied by spalling the concrete cover in the 
middle of the test region. In contrast, Specimens BGNT-60 
and BGNS-60 experienced a failure characterized by the 
diagonal concrete strut’s concrete crushing due to the higher 
web reinforcement ratio, as shown in Fig. 7(b). Specimens 
BSNT-120 and BSHT-120—reinforced with steel—failed 
due to the formation of a main diagonal crack with the web 
reinforcement yielding, accompanied by concrete crushing 
in the center of the test region’s back face.

DERIVATION OF POST-CRACKING TORSIONAL 
STIFFNESS

The torsional stiffness after cracking differed between 
the GFRP-reinforced members and the steel-reinforced 
members because the two types of reinforcement have 
different mechanical properties. The post-cracking torsional 
stiffness is mainly affected by the modulus of elasticity of 
the reinforcement, reinforcement ratio, and web reinforce-
ment configuration, as shown in the test results of this inves-
tigation and that of others (Hadhood et al. 2020; Mohamed 

Fig. 8—Equilibrium of space truss model reinforced with GFRP bars and spirals.

Fig. 7—Typical failure mode: (a) GFRP stirrup rupture; and (b) concrete crushing.
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and Benmokrane 2015, 2016). On the other hand, pure 
torsional moment applied to solid and hollow members with 
identical cross-sectional dimensions produced no substantial 
differences in torsional stiffness after cracking (Hsu 1968; 
Lampert and Thürlimann 1968). Therefore, the derivation of 
the post-cracking torsional stiffness in this study is based on 
a hollow section reinforced with GFRP bars and spirals and 
can be used for solid sections.

Space truss analogy
The space truss model for general cross sections was 

developed by Rausch in 1929. The truss comprises GFRP 
longitudinal bars and spirals acting as tension members and 
the concrete between the cracks acting as diagonal compres-
sion struts. The angle of the diagonals with respect to the 
beam axis depends on the reinforcement and is generally 
not 45 degrees. For determining stiffness, however, a truss 
is assumed to have 45-degree diagonals (Hsu 1973). The 
following assumptions are made in this truss analogy:

1. The GFRP longitudinal bars are considered to support 
the concrete struts. The spalling of the concrete corner is 
neglected.

2. The member is subjected to uniform torsion, and the 
cross section is free to wrap.

3. Diagonal concrete struts resist only compression (no 
shear resistance). The GFRP reinforcement resists only axial 
tension (no dowel resistance).

4. The GFRP reinforcement and concrete are assumed to 
comply with Hooke’s law.

Stresses in truss members
The hollow rectangular cross section in Fig. 8 is subjected 

to a constant external torsional moment T, which is balanced 
by an internal shear flow q induced in the centerline of the 
shear flow zone with an effective wall thickness, according 
to the thin tube theory. The stresses in the truss members 
due to the shear flow are deduced from the equilibrium 
conditions of the truss model. Rausch (1929) demonstrated 
that the stresses in all diagonal compressive struts must be 
equal. Similarly, the stresses in all web reinforcement and 
the stresses in all longitudinal bars should be equal. These 
stresses can be related to the shear stresses τ as follows

	​ τ  =  ​ 
q
 _ ​t​ w​​ ​  =  ​  T _ 2A ​t​ w​​ ​​	 (1)

where A is the area enclosed by the centerline of the wall; 
and tw is the wall thickness.

The stresses in the concrete strut are determined directly 
from the equilibrium in the y-direction, shown in Fig. 8(a), 
as follows

	​ ​σ​ c​​ ​t​ w​​ ​h​ o​​ cos α sin α  =  τ ​t​ w​​ ​h​ o​​​	 (2)

The stress in the diagonal compressive strut σc is

	​ ​σ​ c​​  =  ​  2τ _ sin 2α ​  =  2τ​	 (3)

where α is the inclination angle of the diagonal strut, and its 
value is equal to 45 degrees.

The stresses in the GFRP spirals are determined from the 
equilibrium in the y-direction for Detail A in Fig. 8(b), as 
follows

	​ ​σ​ ft​​ ​A​ ft​​ sin φ  =  ​σ​ c​​ ​t​ w​​ s ​sin​​ 2​ α  =  ​ 2τ ​t​ w​​ s ​sin​​ 2​ α _ sin 2α  ​  =  τ ​t​ w​​ s tan α​		
		  (4)

The stress in the GFRP spiral σft becomes

	​ ​σ​ ft​​  =  ​  τ ​t​ w​​ s _ ​A​ ft​​ sin φ ​​	 (5)

where s is the GFRP web reinforcement spacing; Aft is the 
area of one leg of the GFRP web reinforcement; and φ is the 
inclination angle of the spiral link.

The stresses in the GFRP longitudinal bars are obtained 
from the equilibrium in the z-direction of Section (B-B) in 
Fig. 8(c), as follows

	​ ​σ​ c​​ ​t​ w​​ ​p​ o​​ ​cos​​ 2​ α  =  ​σ​ fl​​ ​A​ fl​​ + ​σ​ ft​​ ​A​ ft​​ cos φ​	 (6)

Substituting σft from Eq. (5) into Eq. (6) yields

	​ τ ​t​ w​​ ​p​ o​​  =  ​σ​ fl​​ ​A​ fl​​ + ​ 
τ ​t​ w​​ s ​A​ ft​​ cos φ

 ___________ ​A​ ft​​ sin φ  ​​	 (7)

The stress in the GFRP longitudinal bars σfl is

	​ ​σ​ fl​​  =  ​ 
τ ​t​ w​​ ​p​ o​​ _ ​A​ fl​​  ​ − ​ 

τ ​t​ w​​ s cos φ
 _ ​A​ fl​​ sin φ  ​​	 (8)

where po is the perimeter of the centerline of the GFRP web 
reinforcement, and Afl is the total area of the GFRP longitu-
dinal bars. po can be calculated from Eq. (9) as follows

	​ ​p​ o​​  =  2​(​  ​h​ o​​ _ sin φ ​ + ​  ​b​ o​​ _ sin φ ​)​​	 (9)

Fig. 9—Shear strain of the concrete, GFRP bars, and GFRP 
spirals.
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where ho and bo are the projections of the height and width of 
the spiral links at the centerlines, respectively.

Strain in truss members
Because the stress-strain relationship for the GFRP rein-

forcement is linear and assumes the same relation for the 
concrete, the strains in the concrete and GFRP reinforcement 
can be determined from Eq. (3), (5), and (8), as follows

Strain in the diagonal concrete struts εc is

	​ ​ε​ c​​  =  ​ ​σ​ c​​ _ ​E​ c​​ ​  =  ​ 2τ _ ​E​ c​​ ​​	 (10)

Strain in the GFRP spirals εft is

	​ ​ε​ ft​​  =  ​ 
​σ​ ft​​ _ ​E​ ft​​ ​  =  ​  τ ​t​ w​​ s _ ​E​ ft​​ ​A​ ft​​ sin φ ​​	 (11)

Strain in the GFRP longitudinal bars εfl is

	​ ​ε​ fl​​  =  ​ 
​σ​ fl​​ _ ​E​ fl​​ ​  =  ​ 

τ ​t​ w​​ ​p​ o​​ _ ​E​ fl​​ ​A​ fl​​ ​ − ​ 
τ ​t​ w​​ s cos φ

 _ ​E​ fl​​ ​A​ fl​​ sin φ ​​	 (12)

where Ec, Eft, and Efl are the modulus of elasticity of the 
concrete, GFRP spirals, and GFRP longitudinal bars, 
respectively.

Shear strains
The induced strains in the concrete, GFRP spirals, and 

GFRP longitudinal bars result in shear distortion of the wall. 
This shear distortion can be determined from the compati-
bility of deformation, as shown in Fig. 9.

The shear strain of the diagonal concrete strut γc is

	​ ​γ​ c​​  =  ​  ​ε​ c​​ _ sin α cos α ​​	 (13)

The shear strain of the GFRP spirals γft is

	​ ​γ​ ft​​  =  ​ 
​ε​ ft​​ tan α

 _ ​sin​​ 2​ φ ​​	 (14)

The shear strain of the GFRP longitudinal bars γfl is

	​ ​γ​ fl​​  =  ​ 
​ε​ fl​​ _ tan α ​​	 (15)

The total shear strain γ of one wall is equal to the summa-
tion of the shear strains of the concrete, GFRP spirals, and 
GFRP bars

	​ γ  =  ​  ​ε​ c​​ _ sin α cos α ​ + ​ 
​ε​ ft​​ tan α

 _ ​sin​​ 2​ φ ​ + ​ 
​ε​ fl​​ _ tan α ​​	 (16)

With the assumed inclination angle of diagonal strut 
α = 45 degrees, the total shear strain becomes

	​ γ  =  2 ​ε​ c​​ + ​ 
​ε​ ft​​ _ ​sin​​ 2​ φ ​ + ​ε​ fl​​​	 (17)

By substituting εc, εft, and εfl from Eq. (10) through (12) 
in Eq. (17), the shear strain becomes a function of the shear 
stress, as follows

	​ γ  =  τ​(​ 4 _ ​E​ c​​ ​ + ​ 
​t​ w​​ s sin φ

 _ ​E​ ft​​ ​A​ ft​​  ​ + ​ 
​t​ w​​ ​p​ o​​ _ ​E​ fl​​ ​A​ fl​​ ​ − ​ 

​t​ w​​ s cos φ
 _ ​E​ fl​​ ​A​ fl​​ sin φ ​)​​	 (18)

Aft/tws = βt and Aft/twpo = βl are the GFRP spiral and longi-
tudinal reinforcement ratio with respect to the wall area. 
Therefore, the shear strain can be written as

	​ γ  =  τ​(​ 4 _ ​E​ c​​ ​ + ​ 
sin φ

 _ ​E​ ft​​ ​β​ t​​ ​ + ​  1 _ ​E​ fl​​ ​β​ l​​ ​ − ​ 
​t​ w​​ s cos φ

 _ ​E​ fl​​ ​A​ fl​​ sin φ ​)​​	 (19)

Determination of torsional shear modulus
The post-cracking shear modulus Gcr can be defined as the 

shear stress divided by shear strain and, therefore, Gcr can 
be written as

	​ ​G​ cr​​  =  ​ τ _ γ ​  =  ​  1  ____________________________   
​(​ 4 _ ​E​ c​​ ​ + ​ 

sin φ
 _ ​E​ ft​​ ​β​ t​​ ​ + ​  1 _ ​E​ fl​​ ​β​ l​​ ​ − ​ 

​t​ w​​ s cos φ
 _ ​E​ fl​​ ​A​ fl​​ sin φ ​)​ ​​	 (20)

Equation (20) provides the post-cracking shear modulus 
as mainly a function of the modulus of elasticity of the 
concrete, GFRP spirals, GFRP longitudinal bars, the GFRP 
longitudinal and web reinforcement ratios, and the web rein-
forcement configuration.

Fig. 10—Total GFRP reinforcement ratio versus effective 
wall thickness.

Fig. 11—Typical GFRP torque-twist curve.
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It is convenient to use the volume of reinforcement percent-
ages with respect to the cross-sectional area in Eq. (20)

	​ ​ρ​ ft​​  =  ​ 
​A​ ft​​ ​p​ o​​ _ ​A​ c​​ s ​  =  ​β​ t​​ ​ 

​p​ o​​ ​t​ w​​
 _ ​A​ c​​  ​​	 (21)

	​ ​ρ​ fl​​  =  ​ ​A​ l​​ _ ​A​ c​​ ​  =  ​β​ l​​ ​ 
​p​ o​​ ​t​ w​​

 _ ​A​ c​​  ​​	 (22)

where ρft and ρfl are the GFRP web and longitudinal rein-
forcement ratios, respectively; and Ac is the cross-sectional 
area enclosed by the perimeter of the concrete. Substituting 
ρft and ρfl in Eq. (20) gives

	​ ​G​ cr​​  =  ​  1  __________________________________    
​(​ 4 _ ​E​ c​​ ​ + ​ 

​p​ o​​ ​t​ w​​ sin φ
 _ ​E​ ft​​ ​A​ c​​ ​ρ​ ft​​  ​ + ​ 

​p​ o​​ ​t​ w​​
 _ ​E​ fl​​ ​A​ c​​ ​ρ​ fl​​ ​ − ​ 

​t​ w​​ s cos φ
 _ ​E​ fl​​ ​A​ fl​​ sin φ ​)​ ​​	 (23)

Determination of post-cracking torsional stiffness
The post-cracking torsional stiffness kcr is defined as the 

shear modulus Gcr multiplied by the torsional geometric 
property of the cross section after cracking, which can be 
called the post-cracking torsional constant Ccr. Thin tubes 
with a uniform wall thickness tw and constant torque Ccr can 
be determined according to the thin tube theory (Hsu 1973) 
as follows

	​ ​C​ cr​​  =  ​ 4 ​A​​ 2​ ​t​ w​​ _ ​p​ o​​  ​​	 (24)

The post-cracking torsional stiffness can be written as

	​ ​K​ cr​​  =  ​G​ cr​​ ​C​ cr​​ = 

	   ​  1  __________________________________    
​(​ 4 _ ​E​ c​​ ​ + ​ 

​p​ o​​ ​t​ w​​ sin φ
 _ ​E​ ft​​ ​A​ c​​ ​ρ​ ft​​  ​ + ​ 

​p​ o​​ ​t​ w​​
 _ ​E​ fl​​ ​A​ c​​ ​ρ​ fl​​ ​ − ​ 

​t​ w​​ s cos φ
 _ ​E​ fl​​ ​A​ fl​​ sin φ ​)​ ​​(​ 

4 ​A​​ 2​ ​t​ w​​ _ ​p​ o​​  ​)​​ 
� (25)

For simplicity, Eq. (25) becomes

	​ ​K​ cr​​  =  ​  4 ​A​​ 2​ ​A​ c​​  __________________________________   
​p​ o​ 2​​(​  4Ac _ ​E​ c​​ ​p​ o​​ ​t​ w​​ ​ + ​ 

sin φ
 _ ​E​ ft​​ ​ρ​ ft​​ ​ + ​  1 _ ​E​ fl​​ ​ρ​ fl​​ ​​(1 − ​ 

s cot φ
 _ ​p​ o​​  ​)​)​ ​​	 (26)

This equation calculates the post-cracking torsional stiff-
ness of RC members reinforced with longitudinal bars and 
spirals or ties. All terms in Eq. (26) are known except tw, 
which will be discussed in the following section.

Estimation of effective wall thickness
In Eq. (26), the wall thickness tw appears only in the first 

denominator term, which represents the contribution to 
distortion made by concrete struts. In fact, the entire wall 
thickness of a hollow section may not be used because only 
the compressive part of the wall thickness is effective. In 
addition, the wall thickness is unknown in case of a solid 
cross section. Hsu (1990) derived an iterative equation to esti-
mate the effective wall thickness. Using this equation results 
in a complex determination of the post-cracking torsional 
stiffness. Lampert (1971) neglected the concrete contribu-
tion entirely, thus avoiding the calculations pertaining to 
the effective wall thickness. Karlsson and Elfagren (1972) 
assumed a constant value for the effective wall thickness 
as one-fifth of the smaller dimension of the stirrup center-
line. Hsu (1973) proposed an empirical equation to estimate 
the wall thickness based on an analysis of the test results of 
steel-reinforced RC beams. Because the effective wall thick-
ness appears in only one of three terms in the post-cracking 
torsional stiffness equation, the theoretical estimation of the 
effective wall thickness is unnecessary. Therefore, the effec-
tive wall thickness estimation in this study followed that 
used by Hsu (1973).

The effective wall thickness teff is defined as the depth 
of the compression zone, similar to the compression zone 
in the case of bending moment C (Hsu 1990). An increase 
in the torsional strength due to increasing the GFRP rein-
forcement results in an increase in the effective wall thick-
ness. In addition, the effective wall thickness is significantly 
a function of the smaller dimension of the concrete cross 
section b (Karlsson and Elfagren 1972; Hsu 1973, 1990; 
Lampert 1971). Therefore, the effective wall thickness can 

Table 4—Test matrix, specimen details, and test results from past studies

Reference Specimen ID

Transverse reinforcement Test results

Conf. Size S, mm ρft, % Tu, kN·m θu, rad/m Kcr, kN·m2

Mohamed and Benmokrane 
(2015, 2016)

BG-60 Tie No. 3 60 1.07 56.85 0.075 412

BG-120 Tie No. 3 120 0.54 52.65 0.084 328

BG-180 Tie No. 3 180 0.36 41.75 0.064 300

BG-240 Tie No. 3 240 0.27 34.17 0.057 232

BG-300 Tie No. 3 300 0.21 29.89 0.051 214

Hadhood et al. (2020)

BG-100 Spiral No. 3 100 0.85 31.20 0.108 185

BG-150 Spiral No. 3 150 0.57 21.20 0.074 160

BG-200 Spiral No. 3 200 0.43 16.50 0.065 109

BG-250 Spiral No. 3 250 0.35 12.90 0.044 83

BGST200 Tie No. 3 200 0.42 14.20 0.081 105

Note: 1 mm = 0.0394 in.; 1 kN·m = 0.7376 kip·ft; 1 rad/m = 0.305 rad/ft; 1 kN·m2 = 2.42 kip·ft2.
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be estimated as a function of the total GFRP reinforcement 
and the smaller dimension of the cross section. Twenty-two 
full-scale RC specimens reinforced with GFRP bars and 
GFRP spirals or ties were collected from the current study 
and others (Hadhood et al. 2020; Mohamed and Benmokrane 
2015, 2016), as shown in Tables 3 and 4. The effective wall 
thickness teff was determined from Eq. (26) by using the 
experimental value of the post-cracking torsional stiffness 
for all specimens. Figure 10 shows a relationship between 
teff/b and the total GFRP reinforcement (ρfl + ρft). The effec-
tive wall thickness can be written as

	​ ​t​ eff​​  =  1.2​(​ρ​ fl​​ + ​ρ​ ft​​)​b​	 (27)

ULTIMATE TWIST
The torque-twist curve of the GFRP-RC members is 

essentially linear from cracking until failure. This is due to 
the linear characteristics of the GFRP materials. Unlike in 
the case of the steel-RC members, the torque-twist curve 
initially after cracking is linear and then bends toward hori-
zontal until failure. Therefore, it is simple to derive an equa-
tion estimating the ultimate twist of the cross section in the 
case of the GFRP-RC members, as the inclination of the 
torque-twist curve after cracking is known, represented by 
the post-cracking torsional stiffness kcr. Figure 11 shows a 
typical torque-twist curve of the GFRP-RC members. The 
figure shows that the extension of the line of the torque twist 
after cracking intersects the vertical axis. This vertical inter-
sect is called μTo, where μ is an empirical coefficient and To 
is the contribution of the concrete to torsion strength. There-
fore, To can be written as (Hsu 1973)

	​ ​T​ o​​  =  ​ 2.4 _ 
​√ 
_

 b ​
 ​ bh ​√ 

_
 fc' ​​	 (28)

where b and h are the width and height of the concrete cross 
section, respectively; and fcꞌ is the concrete compressive 
strength. From Fig. 4, the ultimate twist θu of the GFRP-RC 
members is

Table 5—Coefficient μ as function of total GFRP reinforcement

Reference Specimen ID ρfl + ρft, % μTo(exp), kN·m To, kN·m (Eq. (8)) μ

Current study

BGNT-60 2.61 29 17.70 1.64

BGNT-120 2.14 25 17.70 1.41

BGNT-180 1.98 22 17.70 1.24

BGNT-240 1.90 19 17.70 1.10

BGNS-60 2.61 30 18.10 1.66

BGNS-120 2.14 26 18.10 1.44

BGNS-180 1.98 22 18.10 1.22

BGNS-240 1.91 19 18.10 1.05

BGHT-120 2.14 38 23.65 1.60

BGHT-180 1.98 35 23.65 1.48

BGHS-120 2.14 40 23.65 1.70

BGHS-180 1.98 37 23.65 1.56

Mohamed and Benmokrane 
(2015, 2016)

BG-60 2.40 28 14.90 1.88

BG-120 1.87 25 15.40 1.63

BG-180 1.69 22 15.40 1.47

BG-240 1.60 20 14.95 1.40

BG-300 1.54 18 15.40 1.24

Hadhood et al. (2020)

BG-100 1.57 11 6.90 1.60

BG-150 1.29 9.5 6.90 1.37

BG-200 1.15 9 6.90 1.30

BG-250 1.07 8.5 6.90 1.27

BGST-200 1.14 9.2 6.90 1.35

Note: 1 kN·m = 0.7376 kip·ft.

Fig. 12—Coefficient μ versus GFRP reinforcement ratio.
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	​ ​θ​ u​​  =  ​ 
​T​ u​​ − μ ​T​ o​​ _ ​k​ cr​​

  ​​	 (29)

where Tu is the ultimate torsional strength. Equation (29) can 
be used to estimate the twist of the cross section at any given 
torque from cracking until failure.

The test results reveal that the vertical intersect μTo is a 
function of the total GFRP reinforcement ratio: μTo increased 
as the GFRP reinforcement ratio increased. Table 5 provides 
the experimental values of μTo for all the specimens. 

Fig. 13—Experimental to analytical torque-twist curves. (Note: 1 kN.m = 0.7376 kip.ft; 1 rad/m = 0.305 rad/ft.)
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Figure 12 depicts the relationship between μ and (ρfl + ρft), 
therefore, μ can be written as

	​ μ  =  1 + 23.5​(​ρ​ fl​​ + ​ρ​ ft​​)​​	 (30)

COMPARISON OF ANALYTICAL AND 
EXPERIMENTAL RESULTS

The accuracy of the proposed equations in estimating the 
post-cracking torsional stiffness kcr, vertical intersect μTo, 
and the ultimate twist θu of the cross section was evaluated 

by comparing their predictions to the experimental results 
of 22 specimens. The post-cracking torsional stiffness kcr 
was determined with two approaches: the first considers the 
effect of the concrete contribution on the torsional stiffness; 
the second neglect the concrete contribution entirely, thus 
avoiding the calculations of the effective wall thickness. The 
torque-twist curves of 22 GFRP specimens were regenerated 
analytically considering the discussions mentioned previ-
ously. Figure 13 compares the experimental and analytical 
torque-twist curves. The curves labeled Approach 1 and 2 

Table 6—Comparison of analytical to experimental results

Reference Specimen ID

Approach 1 Approach 2

μTo(theo),
kN·m ​​μTo(exp)/μTo(theo)

Kcr(theo), 
kN·m2 

Kcr(exp)/ 
Kcr(theo) 

θu(theo), 
rad/m 

θu(exp)/

θu(theo)

Kcr(theo), 
kN·m2/rad

Kcr(exp)/ 
Kcr(theo)

θu(theo), 
rad/m θu(exp)/θu(theo)

Current study

BGNT-60 668 0.85 0.060 1.20 955 0.59 0.042 1.71 28.60 1.01

BGNT-120 504 0.91 0.066 1.15 665 0.68 0.050 1.53 26.60 0.94

BGNT-180 382 1.04 0.064 1.05 477 0.84 0.052 1.30 25.90 0.85

BGNT-240 309 1.10 0.058 1.08 372 0.91 0.048 1.30 25.60 0.74

BGNS-60 671 0.96 0.067 1.06 958 0.66 0.047 1.51 29.13 1.03

BGNS-120 518 1.13 0.071 0.98 680 0.77 0.054 1.28 27.12 0.96

BGNS-180 402 1.07 0.064 0.99 502 0.86 0.052 1.23 26.45 0.84

BGNS-240 338 1.15 0.054 1.07 406 0.96 0.045 1.29 26.12 0.73

BGHT-120 467 1.07 0.081 0.88 578 0.87 0.065 1.10 35.60 1.07

BGHT-180 402 1.01 0.066 0.98 477 0.86 0.055 1.16 34.70 1.01

BGHS-120 549 1.05 0.077 0.85 680 0.85 0.063 1.05 35.60 1.12

BGHS-180 422 1.06 0.070 0.87 508 0.90 0.058 1.03 34.70 1.06

Mohamed 
and 

Benmokrane 
(2015, 2016)

BG-60 564 0.74 0.060 1.26 867 0.48 0.039 1.94 23.40 1.20

BG-120 374 0.88 0.082 1.03 528 0.62 0.058 1.46 22.10 1.13

BG-180 286 1.04 0.071 0.91 380 0.79 0.054 1.20 21.40 1.05

BG-240 232 1.00 0.059 0.98 297 0.78 0.046 1.24 20.60 1.02

BG-300 198 1.08 0.045 1.12 243 0.88 0.037 1.38 20.90 0.91

Hadhood et 
al. (2020)

BG-100 185 1.00 0.12 0.92 258 0.72 0.084 1.28 9.40 1.16

BG-150 153 1.04 0.080 0.93 215 0.74 0.057 1.30 8.90 1.05

BG-200 133 0.83 0.059 1.11 185 0.59 0.042 1.55 8.74 1.03

BG-250 118 0.72 0.037 1.20 161 0.51 0.027 1.64 8.60 1.01

BGST-200 132 0.80 0.041 1.70 183 0.57 0.030 2.40 8.71 1.06

Average ― ― 0.98 ― 1.06 ― 0.75 ― 1.40 ― 1.00

Standard 
deviation ― ― 0.12 ― 0.19 ― 0.14 ― 0.31 ― 0.12

COV, % ― ― 12.95 ― 17.70 ― 18.77 ― 22.40 ― 12.48

Note: 1 kN·m2 = 2.42 kip·ft2; 1 rad/m = 0.305 rad/ft; 1 kN·m = 0.7376 kip·ft.
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were developed using the experimental value of the ultimate 
torque. The general applicability of the proposed model is 
confirmed by the excellent agreement between the experi-
mental and Approach 1 curves for all the specimens. The 
regeneration of the torque-twist curves using Approach 2 
overestimated the corresponding experimental curves for all 
the specimens. Generally, Fig. 13 indicates that the predicted 
post-cracking torsional stiffness for the same cross-sectional 
dimensions increased as the reinforcement ratio increased. 
Moreover, for the same cross-sectional dimensions and 
reinforcement ratio, the specimen with spiral configura-
tion exhibited higher post-cracking torsional stiffness. 
Increasing the concrete strength resulted in an increase in 
the post-cracking torsional stiffness. Consequently, it can 
be concluded that the proposed model could estimate the 
post-cracking torsional stiffness considering many parame-
ters (reinforcement ratio, reinforcement configuration, and 
concrete strength).

Table 6 gives the average values, standard deviation, and 
coefficient of variation (COV) for the ratios of experimental 
to predicted values of kcr(exp)/kcr(theo), μTo(exp)/μTo(theo), and 
θu(exp)/θu(theo). The average value of the ratio kcr(exp)/kcr(theo) 
was 0.98 and 0.75 with a corresponding COV of 12.95% 
and 18.77% for Approaches 1 and 2, respectively. Table 6 
indicates that the calculated values of the vertical intersect 
μTo agree reasonably well with the experimental results. The 
average value of the ratio μTo(exp)/μTo(theo) was 1.00 with a 
COV of 12.48%. Table 6 points out that the calculated values 
of the ultimate twist θu using Approach 1 yielded a good 
prediction compared to the corresponding experimental 
results, whereas using Approach 2 resulted in a conserva-
tive prediction. The average value of the ratio θu(exp)/θu(theo)
was 1.06 and 1.40 with a corresponding COV of 17.70% and 
22.40% for Approach 1 and 2, respectively.

SUMMARY AND CONCLUSIONS
This study investigated the effects of the concrete strength 

as well as the web reinforcement ratio, configuration, 
and  type on the torsional stiffness of glass-fiber-reinforced 
polymer-reinforced concrete (GFRP-RC) box girders. 
Furthermore, it proposed an analytical model for estimating 
the post-cracking torsional stiffness and the ultimate twist of 
RC members reinforced with GFRP bars and ties or spirals. 
To achieve these objectives, 14 concrete box girders were 
constructed and examined under pure torsional moment. A 
post-cracking torsional stiffness model was proposed and 
verified using the experimental results for the tested box 
girders and the other specimens available in the literature. 
The main conclusions can be summed up as follows.

1. The test results indicate that the pre-cracking  torsional 
stiffness of the tested specimens was independent of the web 
reinforcement configuration, type, and ratio. In contrast, 
the concrete strength significantly affected the pre-cracking  
torsional stiffness of the tested specimens.

2. The concrete strength and the web reinforcement ratio, 
configuration, and type significantly affected the post-
cracking torsional stiffness. The specimens reinforced with 
GFRP spirals—whether made with normal- or high-strength 

concrete—achieved higher torsional stiffness at the cracked 
stage than their counterparts with GFRP ties.

3. The test results indicate that the post-cracking torsional 
stiffness was a small fraction of the torsional stiffness before 
cracking, which was, on average, 1.5% and 3% for the 
GFRP- and steel-reinforced specimens, respectively.

4. An analytical model was developed for estimating the 
torsional stiffness after cracking. This model was based on 
a thin-walled tube and space truss analogy using a concept 
of post-cracking shear modulus. The proposed model 
could estimate the post-cracking torsional stiffness of RC 
members, either solid or hollow, reinforced with GFRP bars 
and ties or spirals. The applicability of the proposed model 
was confirmed by regenerating the torque-twist curves of the 
tested box girders and the other specimens available in the 
literature.

5. An empirical equation to calculate the thickness of 
the shear flow zone was presented, which was used to esti-
mate the contribution of the concrete to the post-cracking 
torsional stiffness. In addition, an analytical equation was 
derived to determine the twist of the cross section corre-
sponding to any torque level from cracking until failure. The 
twist values determined using this equation agreed with the 
experimentally measured ones with an average experimental 
to calculated twist ratio of 1.06.

6. The calculated post-cracking torsional stiffness using 
Approach 1—considering the contribution of the concrete to 
torsional stiffness—provided an excellent prediction, as the 
average value of the ratio kcr(exp)/kcr(theo) was 0.98. In contrast, 
using Approach 2—disregarding the contribution of the 
concrete to torsional stiffness—resulted in an overestimation 
with an average value of the ratio kcr(exp)/kcr(theo) equal to 0.75.
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Using normal-strength (Grade 60) and high-strength (Grade 80) 
headed bars as shear reinforcement can improve the constructa-
bility of reinforced concrete structures. However, the ACI 318-19 
Code does not allow the use of headed bars as transverse reinforce-
ment in deep beams. Similarly, ACI 318-19 does not allow engi-
neers to take advantage of the increased yield strength of Grade 80 
reinforcement for use as shear reinforcement. Therefore, to inves-
tigate the performance of headed and high-strength transverse 
reinforcement on the shear behavior of deep beams, a series of six 
large-scale specimens were tested to failure. The member response, 
including crack widths and strains in transverse reinforcement, 
were examined. The results show that deep beams containing 
headed and high-strength transverse reinforcement performed well 
compared to companion tests using conventional reinforcement.

Keywords: deep beams; high strength; reinforced concrete; reinforcement; 
shear.

INTRODUCTION
Reinforced concrete deep beams are members that have 

small shear spans compared to their depth. When the shear 
span-depth ratio (a/d) of such members becomes less than 
approximately 2.5, the members are governed by shear 
deformations, and plane sections do not remain plane. Deep 
beams are common structural elements that can be found in 
buildings and bridges, including elements such as footings, 
transfer girders, corbels, bent caps, and foundations. Deep 
beams are considered disturbed regions and are typically 
designed using strut-and-tie procedures or other methods 
capable of capturing their complex response. It is common 
for deep beams to be shear-critical. These members are 
often heavily loaded and contain substantial quantities of 
longitudinal and transverse reinforcement. Reducing the 
reinforcement congestion in such members by using high-
strength reinforcement can improve the constructability of 
the members due to more simplified reinforcement cages 
and better concrete placement. Similarly, using headed bars 
as shear reinforcement can simplify the construction of such 
members and reduce the development lengths in comparison 
to other reinforcement details. Despite these benefits, codes 
have limits on the yield stress of the shear reinforcing steel 
that may be used in design and on the use of headed bars as 
shear reinforcement.

Headed bars use a head or plate attached to the end of 
reinforcing bars to provide mechanical anchorage between 
the concrete and the reinforcement. The ACI 318-19 Code1 
allows heads that have a net bearing area of at least four 
times the bar area. While ACI 318-19 allows the use of 
headed deformed bars as longitudinal reinforcement, it does 
not allow headed bars for use as shear reinforcement.

In 1962, Joint ACI-ASCE Committee 326, Shear and 
Diagonal Tension, wrote: “Recent tests at Cornell University 
included beams which contained stirrups having very high 
yield points. The test data indicate that the stirrups were not 
capable of developing their yield strength even though the 
Krfy values were moderate. Therefore, a limit of 60,000 psi 
is proposed on the value of fy in Eq (6-8).”2

This research was based on a small number of beam 
tests, with some beams that consisted of poor detailing in 
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cracks just prior to failure, and measured strain fields.
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comparison to modern standards. Based on this limited 
research, in 1963, the ACI Code placed a limit on the 
maximum yield stress that could be used for shear reinforce-
ment to 60 ksi (414 MPa).3 This 60 ksi (414 MPa) limit on 
the shear reinforcement still exists in the ACI 318-19 Code 
and can be found in Table 20.2.2.4(a). However, using high-
strength shear reinforcement, with yield stresses 80 ksi 
(552 MPa) and above, could reduce reinforcement conges-
tion and make heavily reinforced structures more construct-
ible. In some design scenarios, designers will increase the 
depth of a member to avoid using shear reinforcement. 
Allowing designers to take advantage of the benefits of 
high-strength steel by liberalizing code provisions would 
encourage designers to use steel rather than making members 
deeper and omitting steel. Members with at least minimum 
shear reinforcement are much more resilient than members 
without shear reinforcement. Thus, encouraging designers to 
use high-strength reinforcing steel can encourage engineers 
to design more resilient structures.

Several studies in literature have shown that high-
strength bars perform satisfactorily as shear reinforce-
ment. Proestos et al.4 conducted a series of 12 reinforced 
concrete shell elements subjected to combinations of pure 
shear and biaxial stresses. From the experimental campaign 
and analytical evaluations, it was concluded that it would 
be appropriate to increase the ACI 318 limit on the yield 
stress of shear reinforcement to 80 ksi (552 MPa). Cladera5 
conducted 18 tests on high-strength concrete beams with a/d 
of 3. These specimens had web reinforcement with yield 
stresses of 77 and 78 ksi (531 and 538 MPa). The quantity 
of transverse reinforcement, ρvfvy, varied between 0 and 
197.5 psi (0 and 1.36 MPa). The author observed a general 
trend of increasing shear strength when the concrete strength 
increased. The author also observed that adding web rein-
forcement increases the shear strength of the specimens and 
the ductility of the members, and that the cracks were more 
controlled and distributed when shear reinforcement was 
included. In the study by Munikrishna et al.,6 18 tests were 
conducted on nine 22 ft (6706 mm) long beams, with an a/d 
of 3. The specimens used No. 3 closed stirrups with a yield 
stress of 80 ksi (552 MPa), No. 4 closed stirrups with a yield 
stress of 69 ksi (476 MPa), and No. 4 closed stirrups with 
a yield stress of 100 ksi (689 MPa). The authors observed 
that the stirrups yielded before the crushing of the compres-
sion zone. They concluded that beams containing smaller 
amounts of high-strength stirrups can sustain similar loads to 
members that use larger quantities of lower-strength stirrups. 
Also refer to Rogowsky et al.7 and Birrcher et al.8

A series of reinforced concrete slender beam experiments 
containing high-strength headed bars were conducted by 
Lequesne et al.9 The beams had a/d of 3. These specimens 
included No. 4 bars with bearing areas four times the bar area 
and yield stresses of 66.3 and 84.5 ksi (457 and 583 MPa). 
The authors concluded that specimens with adequately 
anchored headed bars can achieve the same shear capacity as 
specimens that use stirrups for the transverse reinforcement. 
Their results showed that adequate anchorage to headed bars 
is provided if one of the following two conditions are met: 
1) when the transverse reinforcement was engaged with 

the longitudinal bars for No. 4 or smaller bars; or 2) when 
the headed bars are placed inside at least one longitudinal 
bar and a side cover to the headed bars of at least six bar 
diameters was provided for No. 6 or smaller bars. When 
these conditions were met, the headed bars could develop 
their yield strains. The authors also showed that when high-
strength shear reinforcement is used to replace larger quan-
tities of Grade 60 reinforcement, such that the quantity of 
reinforcement, ρvfvy, remains unchanged, the specimens 
achieve the same shear strength, and there is no discernible 
effect on crack patterns. Forest10 conducted an experimental 
program of four specimens to compare the effectiveness of 
135-degree hooked stirrups, 90-degree hooked stirrups, and 
headed bars as single-legged shear reinforcement. The spec-
imen with 135-degree hooked stirrups gave the highest shear 
strength, while the specimen with headed bars attained 90% 
of the shear strength compared to the member that contained 
stirrups. However, the specimens that contained stirrups 
with 90-degree bends were only able to reach 75% of the 
peak shear strength of the specimen with 135-degree hooked 
stirrups, on average. Also refer to Yoshida11 and Yang et al.12

This paper presents a series of six large-scale tests 
conducted to investigate the response of high-strength 
headed bars when used as shear reinforcement in reinforced 
concrete deep beams. Figure 1 shows the marking of cracks 
and measuring the crack widths on the specimens during 
the experimental series. Figure 1 also shows the principal 
strains measured using digital image correlation (DIC). 
The member response including crack widths and strains 
in transverse reinforcement are examined and compared for 
members with lower-strength conventional stirrups, lower-
strength headed shear reinforcement, and high-strength 
headed shear reinforcement.

RESEARCH SIGNIFICANCE
This study examines shear-critical concrete deep beams 

and the influence of high-strength headed steel reinforcement 
on member response. The objectives of this research are: 1) 
to assess the shear behavior of deep beams reinforced with 
high-strength headed shear reinforcement; 2) to compare the 
performance of beams with varying quantities of reinforce-
ment; and 3) to compare the performance of beams using 
varying reinforcement yield stresses. The overall objective 
of this study is to make recommendations as to the feasi-
bility of allowing the use of headed high-strength rein-
forcing bars as transverse reinforcement in concrete deep 
beams and examine if experimental data warrants liberal-
izing code limits.

EXPERIMENTAL PROGRAM
To investigate the response of deep beams that use headed 

and high-strength transverse reinforcement, a series of six 
simply supported large-scale deep beam experiments, the 
HTS series, was tested to failure. The specimens measured 
240 in. (6096 mm) long, 40 in. (1016 mm) deep, and 15 in. 
(381 mm) wide. The effective depth of the members, d, was 
33 in. (838 mm). The effective depth is calculated from 
the bottom flexural tension reinforcement. All the speci-
mens had an a/d of 2.5. These large members are therefore 
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representative of full-scale or near-full-scale structures 
used in practice. These members can also represent strips 
of wider members; as the literature notes, there is no width 
effect in shear.13 All six specimens contained eight No. 10 
reinforcing bars for the bottom longitudinal reinforcement, 
which corresponds to a longitudinal reinforcement ratio (ρl) 
of 2.05%. All six specimens contained horizontally distrib-
uted reinforcement consisting of eight Grade 60 No. 4 bars 
spaced at 6.6 in. (167.6 mm), arranged four on each face 
of the specimen. This reinforcement satisfies the distributed 
reinforcement spacing limit of d/5 in ACI 318-19.1 These 
distributed bars provided a horizontal reinforcement ratio 
(ρh) of 0.40%. The transverse reinforcement was a variable 
in the experiments and was changed for each specimen. The 
different transverse reinforcement arrangements investi-
gated included Grade 60 180-degree hooked No. 4 stirrups, 
Grade 60 No. 4 headed bars, and Grade 80 No. 4 headed bars. 
The headed bars had a bearing area (Abrg) of four times the 
bar area (Ab) and met the ASTM A970 Class HA standard. 
Stirrups were anchored around longitudinal bars, as required 
by ACI 318-19. The headed bars were anchored such that 
they were engaged with the longitudinal bars; specifically, 
the headed bars were placed inside of longitudinal bars and 
the bearing face was in contact with the longitudinal bars 
(refer to Fig. 2). According to ACI 318-19 the clear cover for 
headed deformed bars in tension shall be at least two times 
the bar diameter.1 Therefore, the minimum clear cover was 
kept to 2.5 in. (63.5 mm). The detailed arrangement of the 
transverse reinforcement is explained in the following. The 
detailed specimen properties are shown in Fig. 2.

HTS1 contained no shear reinforcement and was the 
control specimen for the experimental series. Specimens 
HTS2 to HTS6 contained transverse shear reinforcement. 
The response of these members can therefore be compared 
to HTS1 to examine the influence of the transverse rein-
forcement on the shear response. In HTS2 to HTS6, No. 4 
bars were used as the shear reinforcement. HTS2 contained 
Grade 60 stirrups with 180-degree hooks spaced at 10.7 in. 
(272 mm) along the span. HTS3 contained Grade 60 headed 
bars spaced at 10.7 in. (272 mm) along the span. HTS2 
and HTS3 contained a quantity of reinforcement ρv, equal 
to 0.25%. Therefore, both HTS2 and HTS3 contained 
the minimum transverse reinforcement stipulated in ACI 
318-191 for deep beams (ρv,min of 0.25%). The experiments 
contained slightly less than the AASHTO LRFD ninth 
edition14 minimum requirement for deep beams (ρv,min of 
0.30%). The response of these specimens can be compared 
to evaluate the performance of nominally identical members 
where one of the members contains headed transverse rein-
forcement and one contains traditional stirrups. HTS4 was 
designed such that the member contained the same ρvfvy as 
HTS3 but replaces the Grade 60 reinforcement with Grade 
80 reinforcement in the transverse direction. Therefore, 
the amount of Grade 80 transverse reinforcement, ρv, used 
in HTS4 was reduced to 0.19%. By comparing HTS3 and 
HTS4, the response of members that use lower quantities 
of Grade 80 headed reinforcement with members containing 
larger quantities of Grade 60 transverse reinforcement can 
be examined. HTS5 consisted of Grade 60 No. 4 headed 

bars for the transverse reinforcement spaced at 6.6 in. 
(167.6 mm), resulting in a quantity of reinforcement, ρv, of 
0.40%. HTS6 also contained No. 4 headed bars spaced at 
6.6 in. (167.6  mm), resulting in a reinforcement ratio, ρv, 
of 0.40%; however, HTS6 contained Grade 80 bars. Both 
HTS5 and HTS6 adhere to the minimum shear reinforce-
ment requirements, including the minimum spacing require-
ment that indicates the reinforcement must not be spaced 
more than d/5 or 12 in. (305 mm).1 Similarly, both HTS5 and 
HTS6 adhere to the minimum reinforcement spacing require-
ments indicated in AASHTO LRFD ninth edition, specifi-
cally that the maximum spacing must not exceed d/4 or 12 
in. (305 mm). Because the transverse reinforcement spacing 

Fig. 2—Specimen geometry and reinforcement details for 
HTS1 to HTS6. (Note: Dimensions are in inches; 1 in. = 
25.4 mm.)
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used in HTS5 and HTS6 was identical, specimen HTS6 has 
a larger quantity of transverse reinforcement, ρvfvy, of 357 psi 
(2.46 MPa), compared to HTS5 which contained a quantity 
of reinforcement ρvfvy, equal to 282 psi (1.94 MPa). Thus, 
HTS5 and HTS6 can be compared to examine the influence 
of the quantity of transverse reinforcement and can be used 
to compare differences in member response when Grade 80 
reinforcement directly replaces Grade 60 reinforcement.

Table 1 summarizes the material properties and concrete 
strength of the test specimens. The concrete cylinder 
strengths ranged from 3.90 to 5.19 ksi (26.9 to 35.8 MPa). 
The reinforcement material properties were obtained from 
steel coupon tests. The yield stress (fy), yield strain (ɛy), 
strain-hardening strain (ɛsh), ultimate strength (fu), and 
strain at ultimate strength (ɛu) are shown in Fig. 3. The yield 
stress of Grade 60 No. 4 bars and Grade 80 No. 10 bars 
were obtained using the sharp-kneed method described in 
ASTM A370-21.15 The yield stress of Grade 80 No. 4 bars 

was obtained using the 0.2% offset method as described in 
ASTM A370-21.15

The deep beam specimens, measuring 240 in. (6096 mm) 
long, were supported on two 12 x 15 x 2 in. (305 x 381 x 
51 mm) support plates. The support plates rested on roller 
supports. A loading plate measuring 12 x 15 x 3 in. (305 x 
381 x 76 mm) was used in all six experiments in the series. A 
fiberboard sheathing was used between the loading plate and 
the beam to ensure the load was evenly distributed on the 
specimen. A spreader beam was used to distribute the load 
from the actuator to the loading plate. A spherical bearing 
was used between the actuator head and the spreader beam 
to ensure that no moments were transmitted through the 
actuator. The load was placed in the center of the span of 
each specimen. A summary of the specimen properties is 
given in Table 1.

The surface deformations of the specimens were measured 
throughout loading using DIC equipment on the entire east 
face of the specimens, infrared light-emitting diode (LED) 
markers tracked with motion-capture cameras on the west 
face of the specimens, and a string potentiometer was used 
at the midspan. In addition to these measurement systems, 
video was recorded throughout loading. Local high- 
resolution photographs were also manually obtained to 
capture local observations and global observations period-
ically throughout the experiments.

The specimens were loaded monotonically to failure at a 
rate of approximately 1 kip/s (4.45 kN/s). All experiments 
were tested to failure. During loading, load stages were 
conducted where the cracks were measured and marked, 
on the west face of the specimens using a crack compar-
ator gauge. More details of the experimental program can be 
found elsewhere.16

EXPERIMENTAL OBSERVATIONS AND RESULTS
For all six members in the HTS series, initial loading 

resulted in flexural cracks near midspan, in the flexural 
tension region. As the load increased, flexural cracks widened 
and propagated towards the flexural compression region. 
Shear cracks formed between the support plate and near the 
edge of the loading plate. As the load increased the shear 
cracks grew in width. First shear cracking did not result in 
failure of the members, however, as the load increased, and 
cracks widened all specimens ultimately failed in shear. No 
splitting cracks were observed on the bottom of the speci-
mens up to the last load stage. The peak shear forces for each 
specimen and the failure span are given in Table 2.

Prior research including Trandafir et al.,17 Mihaylov 
et al.,18 and Kani et al.19 has demonstrated that the response 
of nominally identical deep beam specimens can exhibit 
substantial variability in the peak shear strengths achieved. 
This variability, which can exceed 15% and, in some cases, 
has been shown to be as large as 60% for deep beams, 
can be attributed to the critical crack shape and size of the 
uncracked region near the loading plate. Trandafir et al.17 
and Palipana et al.20 have quantified these phenomena and 
are described elsewhere. This variability should be consid-
ered in the context of the experimental results; that is, small 
differences in peak response may not be significant to the 

Table 1—Summary of HTS series specimens and 
material properties

Specimen
fc′, 
ksi

fy, 
ksi

ρv, 
%

fvy, 
ksi

ρvfvy, 
psi

Description of shear 
reinforcement

HTS1 5.19 87.6 — — — No shear reinforcement

HTS2 4.39 87.6 0.25 69.7 174
Grade 60 180-degree 

hooked stirrups; resulting ρv 
of 0.25%

HTS3 4.39 87.6 0.25 69.7 174 Grade 60 headed bars; 
resulting ρv of 0.25%

HTS4 3.90 87.6 0.19 88.4 168
Grade 80 headed bars with 
same ρvfvy as HTS3 (ρv is 

0.19%)

HTS5 4.66 87.6 0.40 69.7 282 Grade 60 headed bars at d/5 
spacing resulting ρv of 0.4%

HTS6 4.67 87.6 0.40 88.4 357 Grade 80 headed bars at d/5 
spacing; resulting ρv of 0.4%

Note: ρv is shear reinforcement ratio; fvy is yield stress of transverse reinforcement; 
1 in. = 25.4 mm; 1 ksi = 1000 psi = 6.89 MPa.

Fig. 3—Stress-versus-strain response of steel coupons and 
reinforcement properties. (Note: 1 ksi = 6.89 MPa.)
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conclusions as they relate to the use of high-strength headed 
transverse reinforcement in deep beams.

HTS1, which had no shear reinforcement, achieved the 
lowest shear capacity of 101 kip (449 kN). With the addition 
of shear reinforcement, the shear strength of the members 
increased significantly, regardless of the steel grade or 
anchorage type used. The shear strengths of HTS2, HTS3, and 
HTS4, which had approximately the same ρvfvy values, were 
206, 197, and 184 kip (916, 876, and 818 kN), respectively. 
HTS2, which contained minimum transverse reinforcement 
in the form of stirrups, achieved a peak shear force of more 
than double that of HTS1. HTS3, which contained Grade 60 
heads, achieved 96% of the strength of HTS2. HTS4, which 
contained the minimum ρvfvy in the form of headed Grade 
80 bars, reached a peak shear 1.8 times that of HTS1, which 
had no transverse reinforcement. HTS4 reached a shear 
capacity 89% of that achieved by HTS2, which contained 
Grade 60 stirrups, and 96% of the strength of HTS3, which 
contained Grade 60 headed bars with the same ρvfvy value 
of 174 psi (1.20 MPa). It should be emphasized that HTS4 
had a concrete cylinder strength of 3.90 ksi (26.9 MPa), 
which was 89% of the cylinder strength of HTS2 and HTS3 
(4.39 ksi [30.3 MPa]). This difference in concrete cylinder 
strengths contributes to the lower peak capacity of HTS4 
compared to HTS2 and HTS3. The average shear strength of 
HTS2, HTS3, and HTS4 was 196 kip (872 kN) and the peak 
strength of these three members has a coefficient of variation 
of 5.65%. This indicates that the variable member strengths 
for members with the same amount of shear reinforcement is 
similar regardless of reinforcement yield stress or anchorage 
type used. HTS5, which contained 0.40% transverse rein-
forcement, reached a peak load 2.8 times that of HTS1. 
HTS6 had a peak strength slightly higher than HTS5.

Figure 4 shows the shear force versus the midspan 
displacement response of the members. The displacement of 
the specimens was measured on the flexural tension side of 
the specimens at the midspan using DIC data and was calcu-
lated such that the strong floor deformations are neglected. 
Figure 4 shows that all specimens exhibited a similar 
uncracked stiffness and indicates that the post-cracking 
stiffness of the members was slightly lower for specimens 
using high-strength steel. For example, the stiffness of HTS4 
had a slightly lower stiffness than HTS2 and HTS3, which 
consisted of the same quantity of ρvfvy but used Grade 80 rein-
forcement. Additionally, HTS3 appeared to have a slightly 
lower post-cracking stiffness than HTS2. These differences 

are expected as a result of the lower stiffness of the shear 
reinforcement but are relatively small when examining the 
global member response.

Figure 5 shows the principal tensile strain fields at the 
peak load for the six experiments. The high strain regions 
in the principal tensile strains maps indicates the cracked 
regions. The large critical cracks on the two shear spans that 
dominated the deformations of HTS1 can be seen from the 
high-strain regions. In the strain maps, white indicates that 
there is a loss of correlation in the DIC data; this occurs in 
regions with large cracks.

Figure 6 shows the principal compressive strain fields 
at the peak load. At peak load, the large strains under the 
loading plate shows the concrete reaching strains that exceed 
the strain at peak concrete cylinder stress. It is also inter-
esting to note that there are strain concentrations near the 
edges of the plates. For example, refer to HTS4 in Fig. 6. 
For HTS1, Fig. 6 shows compression struts that extend from 
the loading plate to the support plates. However, in HTS2 
to HTS6, the load paths are distributed within the shear 
span. These compression fields indicate the effectiveness 
of the transverse reinforcement in redirecting the compres-
sion struts, therefore contributing to the shear strength of 
the members. Figure 6 also demonstrates that the inclusion 
of transverse reinforcement results in a larger distributed 
region of high compressive strains in the shear span.

Table 2—Summary of shear capacities of HTS1 to HTS6

Specimen fc′, ksi ρv, % fvy, ksi Type of shear reinforcement ρvfvy, psi Peak shear force, kip Failure span

HTS1 5.19 — — — — 101 North

HTS2 4.39 0.25 69.7 Grade 60 stirrups 174 206 South

HTS3 4.39 0.25 69.7 Grade 60 headed 174 197 South

HTS4 3.90 0.19 88.4 Grade 80 headed 168 184 South

HTS5 4.66 0.40 69.7 Grade 60 headed 282 280 South

HTS6 4.67 0.40 88.4 Grade 80 headed 357 288 North

Note: 1 in. = 25.4 mm; 1 kip = 4.45 kN; 1 ksi = 1000 psi = 6.89 MPa.

Fig. 4—Load-versus-displacement response for HTS1 to 
HTS6. (Note: 1 in. = 25.4 mm; 1 kip = 4.45 kN; 1 ksi = 
6.89 MPa.)
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EXPERIMENTAL OBSERVATIONS OF 
CRACK WIDTHS

For HTS1, deformations were concentrated along the one 
critical crack which formed in each shear span. These large 
shear cracks dominated the response of the member. The 
crack widths for HTS1 were substantially larger than for 
members that contained transverse reinforcement. For spec-
imens HTS2 to HTS6, which contained at least minimum 
shear reinforcement, the members exhibited well-distributed 
crack patterns, and the crack widths throughout loading were 
smaller than in HTS1. This can be observed in Fig. 5, which 
indicates well-distributed crack patterns for the specimens. 
Well-distributed crack patterns indicate that the inclusion 
of minimum reinforcement, regardless of whether the rein-
forcement was Grade 60 or Grade 80 and regardless of the 
end detail, was able to control the cracks. Additionally, as 
the spacing of the transverse reinforcement reduced and the 
quantity of shear reinforcement increased, the crack widths 
reduced, and the number of the cracks increased.

Crack width measurements were obtained using crack 
comparator gauges and nominally measured on a uniform 
grid. The maximum crack width observed at the last load 
stage on the east face of the specimen, the maximum average 
crack width of the failure crack at the last load stage, the 

maximum strain in the shear reinforcement at the peak load 
using a gauge length of 4 in. (102 mm), and the maximum 
strain at the peak load calculated using the unbonded length 
are given in Table 3. The gauge lengths used to calculate the 
maximum strains are discussed in subsequent sections.

The maximum crack widths observed at the load stages in 
each specimen are shown in Fig. 7. HTS1, which contained 
no shear reinforcement, showed the largest maximum crack 
width. HTS3, which contained Grade 60 headed shear rein-
forcement, showed larger maximum crack widths compared 
to specimens HTS2 and HTS4 with the same ρvfvy. HTS2 
and HTS4 exhibited similar crack widths at the peak load, 
indicating that using headed shear reinforcement or using 
Grade 80 reinforcement instead of Grade 60 reinforcement 
while maintaining the same ρvfvy has a limited effect on the 
observed crack widths. HTS5 and HTS6, which included 
shear reinforcement at d/5 spacing, exhibited the smallest 
maximum crack widths.

Figure 8 shows the average crack widths along the failure 
crack plotted with the applied shear. The dashed line shows 
crack widths measuring 0.016 in. (0.41 mm), which is the 
recommended maximum crack widths at service loads 
in ACI 224-01.21 The figure shows that the average crack 
widths for all the specimens remained below the suggested 
reasonable limit until high loads were achieved. HTS1, 

Fig. 5—Principal tensile strain fields on east face of speci-
mens at peak load. (Note: 1 kip = 4.45 kN.)

Fig. 6—Principal compressive strain fields on east face of 
specimens at peak load. (Note: 1 kip = 4.45 kN.)
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which contained no shear reinforcement, showed the largest 
average crack widths. HTS2 exhibited larger average crack 
widths along the failure crack compared to HTS3 and HTS4. 
HTS6 showed larger average crack widths at the peak load 
compared to HTS5. These average crack widths indicate a 
limited observable difference in the response of members that 
use Grade 80 transverse reinforcement compared to Grade 
60 reinforcement for specimens reinforced with similar ρvfvy 
values. It is expected that the crack widths of members with 
the same ρvfvy but higher yield stress reinforcement will have 
less stiffness in the transverse direction and therefore exhibit 
larger crack widths. However, given the inherit variability 
from specimen to specimen arising from specific critical 
crack shape, size and shape of the uncracked region near 
the load, and number and location of secondary cracks, 
the maximum and average crack widths are similar for the 
members investigated.

Examining the crack widths near service conditions can 
also be important. The service load can be estimated as 
approximately 60% of the ultimate load of the members; this 
approximately corresponds to the ultimate capacity reduced 
by load factors and strength reduction factors.6,9 For HTS2 
to HTS4, 206 kip (916 kN) corresponds to approximately 
60% of the ultimate load of HTS4, which had the lowest 
strength of the three specimens. At this load level, HTS3 had 
slightly higher crack widths measuring 0.016 in. (0.40 mm) 
compared to HTS2 and HTS4, which exhibited a maximum 

crack width of 0.012 in. (0.30 mm). This shows that neither 
using headed shear reinforcement nor using high-strength 
steel reinforcement to replace lower-grade steel with the 
same ρvfvy has a substantial effect on the crack patterns and 
crack widths of the specimens. That is, no significant differ-
ence was observed. For HTS5 and HTS6, 321 kip (1428 kN) 
corresponds to approximately 60% of the ultimate load of 
HTS5. The crack widths were well distributed within the 
shear span. HTS5 showed slightly higher crack widths 
compared to HTS6. All the specimens with shear reinforce-
ment showed crack widths below the 0.016 in. (0.41 mm) 
recommended maximum width listed in ACI 224-01 at 
service loads.21

The results indicate that the inclusion of minimum trans-
verse reinforcement is the most important factor in cracking 
response. Both Grade 60 and Grade 80 reinforcement 
with headed anchorage or traditional stirrups successfully 
controlled cracks. The results also suggest that the inclusion 
of additional transverse reinforcement, beyond the minimum, 
assists in further distributing cracks and controlling their 
widths. It should also be noted that in the longitudinal direc-
tion, Grade 80 No. 10 headed bars were used, and the flex-
ural cracks were well controlled throughout loading.

CRACK PATTERNS AND REINFORCEMENT 
STRAINS OBTAINED FROM DIC DATA

The crack patterns on the east face of the specimens were 
obtained using DIC data. The Automated Crack Detection 

Table 3—Summary of maximum crack width, average crack width, and maximum strains for HTS1 to HTS6

Specimen fvy, ksi ρvfvy, psi Maximum crack width, in.
Average crack width of 

failure crack, in.
Maximum strains, 4 in. gauge 

length (× 10–3)
Maximum strain using 

unbonded length (× 10–3)

HTS1 — — 0.055 0.031 44.8 4.8*

HTS2 69.7 174 0.033 0.019 22.7 24.5

HTS3 69.7 174 0.047 0.013 20.7 18.3

HTS4 88.4 168 0.031 0.014 21.8 32.8

HTS5 69.7 282 0.026 0.011 26.1 23.6

HTS6 88.4 357 0.024 0.016 18.7 30.9
*For HTS1, which does not contain shear reinforcement, a gauge length of 36 in. (914 mm) was used.

Note: 1 in. = 25.4 mm; 1 kip = 4.45 kN; 1 ksi = 1000 psi = 6.89 MPa.

Fig. 7—Maximum crack widths versus shear force for HTS1 
to HTS6. (Note: 1 in. = 25.4 mm; 1 ksi = 6.89 MPa; 1 kip = 
4.45 kN.)

Fig. 8—Average crack width along failure crack versus 
shear force for HTS1 to HTS6. (Note: 1 in. = 25.4 mm; 
1 ksi = 6.89 MPa; 1 kip = 4.45 kN.)



142 ACI Structural Journal/May 2024

and Measurement (ACDM) tool, an open-source tool  
developed by Gehri et al.,22 was used in conjunction with 
the DIC data to obtain crack diagrams. The principal tensile 
strain fields obtained from the DIC were input to the ACDM 
tool. The tool then identified the high-tensile-strain regions 
using two-dimensional image processing. The detected 
high-strain regions were thinned to obtain crack lines. The 
crack patterns obtained for the three stereo systems of each 
specimen were combined to generate the full crack patterns 
at the peak load on the east face of the specimens.

Figure 9(a) shows the crack pattern determined from the 
ACDM tool for HTS1. To compare the influence of shear 
reinforcement on crack patterns, Fig. 9(b) also shows the 
crack diagrams for HTS2, HTS3, and HTS4. These three 
specimens contained the same ρvfvy reinforcement quantities. 
As can be seen, the crack patterns, the number of cracks, 
the crack shapes, and the crack locations were remarkably 
similar. HTS2 and HTS3 exhibited some additional cracks, 
shown on the left side of Fig. 9(b) near the support. When 
comparing the crack patterns of HTS1 to the other crack 
patterns shown in Fig. 9(b), it is clear that including at least 
minimum reinforcement improves the crack control char-
acteristics of the specimens. However, no significant differ-
ence was evident in the crack patterns or shapes for members 
reinforced with Grade 60 versus Grade 80 steel or between 
members reinforced with traditional stirrups compared to 
headed transverse bars. Figure 9(c) compares the HTS5 
and HTS6 crack patterns determined from the ACDM tool. 
These specimens had same ρv. The crack patterns were 
symmetrical, and the number of cracks in HTS6 was slightly 
higher than HTS5.

The crack patterns obtained for HTS1 to HTS6 using the 
ACDM tool are also shown in Fig. 10. Figure 10 highlights, 
in blue, the critical shear crack in each shear span (full-color 
PDF can be accessed at www.concrete.org). The critical 
crack was identified as the crack that extended from the 
support plate to near the edge of the loading plate and exhib-
ited the largest crack widths at the last load stage. In some 

cases, particularly those with at least minimum transverse 
reinforcement and members that have horizontal distributed 
reinforcement, multiple shear cracks with different widths 
along the crack may make it difficult to identify the critical 
crack before failure. For HTS4, the beam failed along a 
different crack than the crack identified as the critical crack 
at the last load stage; for HTS4, the failure crack is shown in 
green in Fig. 10.

An important aspect in the assessment of the perfor-
mance of transverse reinforcement in deep beams is to 
develop an understanding of the transverse straining in the 
member. Strain gauges can give highly localized values. At 
the cracks, strains in the reinforcement can register 10 to 
15 times the strain between the cracks.23 Unless many strain 
gauges are applied to the bars embedded in the concrete, 
the strains from gauges may be difficult to interpret. Addi-
tionally, the strains across the critical crack are of impor-
tance for commenting on the forces that are transmitted in 
the transverse reinforcement across the critical shear crack. 
Because the precise location of the critical shear crack is not 
known before testing, the use of full-field-of-view displace-
ment field measurements is more amenable to determine the 
strain in the transverse reinforcement near the critical shear 
crack. For these reasons, rather than using strain gauges, the 
DIC system was used to determine the strains in the rein-
forcement, on average, across the critical shear crack. This 
approach has been shown to give good results, particularly 
for use in quantifying the shear transfer mechanisms in 
deep beams.20

Figure 10 shows the strains in each transverse reinforce-
ment calculated across the critical crack. The strains were 
calculated using a consistent gauge length of 4 in. (102 mm) 
with 2 in. (51 mm) on either side of the critical crack. This 
gauge length was selected based on the minimum spacing 
that was observed between adjacent cracks. The strains 
calculated in this matter are labeled in blue across the bottom 
of the specimens in Fig. 10.

Fig. 9—Comparison of crack patterns on east face of HTS1 to HTS6 at peak load.
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To further investigate the influence of the gauge length 
used to determine the strains in the reinforcement across the 
critical crack, an unbonded length for each transverse bar 
crossing the critical crack was determined and used to calcu-
late the strain in the reinforcement. In the unbonded zone, 
the strain in a reinforcement bar (ɛs) is equal to the crack 
width (w) divided by the unbonded length, Lu

24,25; refer to 
Eq. (1)

	 Lu = w/ɛs	 (1)

In this series of tests, the measured crack widths were 
available, and therefore the measured crack widths were 
used to obtain the unbonded length of the bar at the crack 
using Eq.  (1). The yield strain was used as a reasonable 
assumption for the strain in the reinforcement bar to calcu-
late unbonded length.24,25

The strains listed across the top of the specimens in 
Fig. 10 (shown in red) were calculated using the unbonded 
length corresponding to the crack width at the last load stage 
at the intersection of the crack and the transverse reinforce-
ment for each transverse bar that crosses the critical crack. 
For the failure span of HTS4, the strain shown at the top of 
the beam was obtained for the failure crack rather than the 
critical crack as determined at the last load stage. The values 
show that almost every transverse reinforcement bar in the 
shear span of the members yielded prior to reaching the peak 
load. For some bars near the ends of the critical crack—that 
is, near the flexural compression region and loading plate or 
near the support plate—the strains are lower and may not 
reach the yield strain. This is as an expected result, because 
at these locations, the deformations in the members, and 
therefore crack widths and demand on the transverse rein-
forcement, are small. Near the center of the shear span, some 
distance away from the support and loading plates, the strains 
in the transverse reinforcement that cross the critical crack 
are large and exceed the yield strain of the reinforcement.

The strains calculated using a gauge length of 4 in. 
(102 mm) for HTS2 ranged between 4.6 × 10–3 and 22.7 × 
10–3, while strains calculated using the unbonded length 
ranged between 8.4 × 10–3 and 24.5 × 10–3. The strains for 
HTS3 calculated using a gauge length of 4 in. (102 mm) 
ranged between 2.2 × 10–3 and 20.7 × 10–3, while strains 
calculated using the unbonded length ranged between 2.9 × 
10–3 and 18.3 × 10–3. Comparing HTS2 and HTS3, there are 
not significant differences in the strains in transverse rein-
forcement crossing the critical crack. This suggests that the 
response of members that use stirrups compared with headed 
transverse bars is similar for the members tested. The strains 
calculated using a gauge length of 4 in. (102 mm) for HTS4 
ranged between 4.3 × 10–3 and 21.8 × 10–3, while strains 
calculated using the unbonded length ranged between 14.0 × 
10–3 and 32.8 × 10–3. Because HTS4 had a smaller area of 
transverse reinforcement compared to HTS3 and HTS4, 
the average transverse stiffness of the member was lower, 
and the strains are expected to be higher. While some of the 
strains in HTS4 were higher than HTS2 and HTS3, the range 
of strains observed were similar to those measured for HTS2 
and HTS3. The strains calculated using a gauge length of 
4  in. (102 mm) for HTS5 ranged between 2.6 × 10–3 and 
26.1  × 10–3, while strains calculated using the unbonded 
length ranged between 3.4 × 10–3 and 32.1 × 10–3. The strains 
calculated using a gauge length of 4 in. (102 mm) for HTS6 
ranged between 3.6 × 10–3 and 18.7 × 10–3, while strains 
calculated using the unbonded length ranged between 6.4 × 
10–3 and 30.9 × 10–3.

Figure 11 shows the shear force versus the strains calcu-
lated using a gauge length of 4 in. (102 mm) and strains 
determined using the calculated unbonded length for the 
transverse reinforcement in HTS2 to HTS6. The strains 
were obtained for the shear reinforcement that showed the 
largest magnitude of that strain at the peak load. As seen in 
Fig. 11, the strains in members HTS2 to HTS6 reached the 
yield strain of the shear reinforcement bars, at 67%, 40%, 
56%, 39%, and 55% of the peak shear force, respectively. 
For HTS1, Fig. 11 shows the strain at the crack calculated 

Fig. 10—Crack pattern for HTS1 to HTS6 on east face at 
peak load and strains in each transverse reinforcement 
bar at peak load (× 10–3). (Note: Full-color PDF can be 
accessed at www.concrete.org.)
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using a gauge length of 4 in. (102 mm) and the global 
strain determined at the middle of the shear span. The strain 
using 4 in. (102 mm) gauge length at the crack is provided 
for reference and comparison to other specimens. The 
global strain was determined over a gauge length of 36 in. 
(914 mm), extending nearly the full height of the beam. For 
HTS1, the deformations are large because minimum trans-
verse reinforcement was not provided. For the specimens 
that contained transverse reinforcement, HTS2 to HTS6, a 
vertical dashed line indicates the yield strain of transverse 
reinforcement. For all specimens that include transverse 
reinforcement, both the strains calculated using a gauge 
length of 4 in. (102 mm) and strains calculated using the 
unbonded length, the shear reinforcement exceeded the yield 
strain. The maximum strain in the transverse reinforcement 
at the peak load using a gauge length of 4 in. (102 mm), and 
the maximum strain at the peak load calculated using the 
unbonded length are summarized in Table 3.

CONCLUSIONS AND RECOMMENDATIONS
In this study, six large-scale, shear-critical reinforced 

concrete deep beam experiments were examined to inves-
tigate the influence of high-strength headed reinforcing bars 
for use as transverse reinforcement. The transverse rein-
forcement arrangements investigated included Grade 60 
180-degree hooked No. 4 stirrups, Grade 60 No. 4 headed 
bars, and Grade 80 No. 4 headed bars. The headed bars used 
in this study had a bearing area of four times the bar area 
and met the ASTM A970 Class HA standard. The stirrups 

used were anchored around longitudinal bars, as required 
by ACI 318-19. The headed bars were anchored by placing 
them inside of the longitudinal bars and by placing the 
bearing face in contact with the longitudinal reinforcement. 
The minimum clear cover was 2.5 in. (63.5 mm), which is 
theminimum clear cover required by ACI 318-19 for headed 
deformed bars in tension. The use of minimum transverse 
reinforcement in shear critical deep beams greatly improves 
the shear capacity and response of the members, regardless 
whether Grade 60 or 80 reinforcement is used and regard-
less if the transverse reinforcement is provided as stirrups 
with 180-degree bends or headed bars with bearing areas 
four times the bar area. The use of Grade 60 headed bars 
for use as transverse reinforcement in deep concrete beams 
performs well compared to similar members that use conven-
tional stirrups with 180-degree hooks. The use of Grade 80 
headed bars as transverse reinforcement in the HTS series of 
deep beam tests performs well compared to similar members 
that contain the same quantity of transverse reinforcement, 
ρvfvy. For the HTS series experiments, whether Grade 60 or 
80 headed reinforcement bars are used, an increase in quan-
tity of transverse reinforcement, in terms of ρvfvy or percent 
quantity, results in increased shear capacity.

The results also showed that regardless whether Grade 
60 or 80 reinforcement is used and regardless if the trans-
verse reinforcement is provided as stirrups with 180-degree 
bends or headed bars, the transverse reinforcement yielded 
across the critical cracks. All the members with minimum 
shear reinforcement exhibited controlled distributed crack 
patterns. The inclusion of at least minimum reinforcement 
improved crack control in all cases. For the HTS series exper-
iments, the crack widths near service loads were reasonable 
and the crack widths at the peak load were not excessive 
when transverse reinforcement, in any form, was provided.

Based on the previous conclusions determined from the 
research conducted, the following are several recommenda-
tions as they pertain to the design of high-strength headed 
reinforcing bars for use as transverse reinforcement in shear 
critical deep beams.

1. The ACI 318 Code should allow for the use of transverse 
reinforcement in concrete deep beams with yield stresses up 
to at least 80 ksi (552 MPa).

2. The ACI 318 Code should allow for the use of headed 
reinforcement bars with a bearing area of at least four times 
the bar area for use as transverse reinforcement.

3. The AASHTO LRFD code should allow for the use of 
transverse reinforcement in concrete deep beams with yield 
stresses up to at least 80 ksi (552 MPa).

As variables beyond those explored are modified, there 
may be a need to conduct further analysis or experimental 
studies to investigate the influence of those parameters on 
the shear response.
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The use of normal-strength (Grade 60) and high-strength (Grade 80) 
headed bars as transverse reinforcement can improve the construc-
tability of reinforced concrete structures. However, the ACI 318-19 
Code does not allow the use of headed bars as transverse rein-
forcement in deep beams. ACI 318-19 also does not allow engi-
neers to take advantage of the increased yield strength of Grade 80 
reinforcement for use as shear reinforcement. This paper presents 
an analytical evaluation of shear-critical deep beams that use 
high-strength headed reinforcement. Six recently conducted large-
scale experiments are modeled using the two-parameter kinematic 
theory, the nonlinear finite element tool VecTor2, and strut-and-tie 
methods described in codes. The predictions are compared with 
experimental results. A parametric study is conducted to evaluate 
the influence of the quantity of transverse reinforcement and yield 
stress of the transverse reinforcement on the response of shear- 
critical deep beams.

Keywords: deep beams; finite element modeling; headed reinforcement; 
high strength; reinforced concrete; shear; strut-and-tie.

INTRODUCTION
Reinforced concrete deep beams have small shear span-

depth ratios (a/d). ACI 318-191 defines deep beams as 
members that have a clear span (ln) less than four times 
the depth of the member (h) or members that have concen-
trated loads within two times the depth from the face of the 
support. The AASHTO LRFD Bridge Design Specifications 
(ninth edition)2 defines deep beams as members with an a/d 
of 2 or less. Unlike in slender beams, in deep beams, shear 
deformations become significant and plane sections do not 
remain plane. These shear-critical members are often heavily 
loaded and contain large quantities of steel reinforcement 
in the longitudinal and transverse directions. Reducing the 
reinforcement congestion in such members by using high-
strength reinforcement can improve the constructability of 
the members due to more simplified reinforcement cages 
and better concrete placement. Similarly, using headed bars 
for the transverse reinforcement can simplify the construc-
tion of such members and reduce the development lengths in 
comparison to other reinforcement details.

The ACI 318-19 Code limits the maximum yield stress 
that can be used for shear reinforcement to 60 ksi (414 MPa). 
ACI 318-19 also does not allow the use of headed bars as 
shear reinforcement; it does, however, allow the use of 
headed bars for longitudinal reinforcement.

A series of tests conducted by Proestos et al.3 on elements 
subjected to combinations of pure shear and biaxial stresses 
showed that it would be appropriate to increase the permitted 
yield stress of transverse reinforcement in the ACI 318 Code 
to 80 ksi (552 MPa). Munikrishna et al.4 studied the behavior 

of slender beams with high-yield-strength stirrups. In these 
tests, the stirrups yielded before crushing of the compression 
zone. The authors also observed that the specimens with high-
strength stirrups performs well compared to the specimens 
with lower-strength stirrups. The authors also found that 
beams that contain smaller amounts of high-strength stirrups 
can achieve similar loads to members that use larger quan-
tities of lower-strength stirrups. A series of tests conducted 
on simply supported slender beams by Lee et al.5 showed 
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that the shear strength of specimens increases approximately 
linearly with the quantity of reinforcement, ρvfvy. The authors 
also observed that the shear strength of specimens increases 
with increasing concrete strength for constant ρvfvy values. 
The experiments showed that the measured maximum crack 
widths in specimens that contained transverse reinforcement 
with high yield stresses were approximately the same as the 
crack widths in members that contained transverse reinforce-
ment with lower yield stresses. The authors also observed 
that, irrespective of the yield stress of the reinforcement, the 
crack widths at a specific applied load were approximately 
the same in all the experiments. Finally, the authors observed 
that even when transverse reinforcement with larger yield 
stresses was used, the cracks were well distributed.

The effectiveness of headed bars for use as transverse shear 
reinforcement in reinforced concrete beams has been studied 
by several researchers.6-9 Lequesne et al.7 conducted a series 
of tests on reinforced concrete beam experiments containing 
headed bars and found that the members performed well if 
sufficient anchorage was provided for the transverse bars. 
The authors concluded that adequate anchorage is provided 
when one of the following two conditions are met: 1) when 
the transverse reinforcement is engaged with the longitu-
dinal bars for No. 4 or smaller bars; or 2) when the headed 
bars are placed inside at least one longitudinal bar and a 
side cover to the headed bars of at least six bar diameters is 
provided for No. 6 or smaller bars. Under these conditions, 
it was observed that the headed bars could reach their yield 
stress. These results also showed that when high-strength 
shear reinforcement replaces larger quantities of Grade 60 
reinforcement, such that the ρvfvy remains unchanged, the 
specimens achieve the same shear strength, and there is no 
discernible effect on crack patterns.

This paper presents an analytical study conducted to eval-
uate shear-critical reinforced concrete deep beams that use 
high-strength headed shear reinforcement. The paper first 
compares different analytical methods used to predict the 
detailed response of six recently tested deep beam exper-
iments. Figure 1 shows a specimen in the experimental 
series under load and the marking and measuring of cracks 
during the experiment. In this paper, the specimen behavior 
is modeled using the two-parameter kinematic theory 
(2PKT), the nonlinear finite element tool VecTor2, and strut-
and-tie models from ACI 318-19, the AASHTO LRFD ninth 
edition, and CSA A23.3-19.10 Figure 1 shows the principal 
compressive strains measured from digital image correla-
tion (DIC), which are compared with principal compres-
sive stresses obtained from VecTor2. Figure 1 also shows 
a strut-and-tie model for deep beams with transverse rein-
forcement. A parametric study is then conducted to evaluate 
the influence of the quantity of transverse reinforcement 
and the yield strength of the transverse reinforcement on the 
shear strength of deep beams. This analytical study explores 
the effect of a/d, transverse reinforcement yield stress (fvy), 
transverse reinforcement quantity (ρv), quantity of reinforce-
ment (ρvfvy), longitudinal reinforcement quantities (ρl), and 
concrete strength (fc′) on shear performance.

RESEARCH SIGNIFICANCE
The paper conducts an analytical study of deep beams 

that use no shear reinforcement, normal-strength (Grade 60) 
reinforcement in the form of conventional stirrups, normal-
strength (Grade 60) headed shear reinforcement, and high-
strength (Grade 80) headed shear reinforcement. The results 
are compared with a recently conducted experimental program. 
A parametric study is conducted to evaluate the influence of 
quantity and yield strength of transverse reinforcement on the 
shear performance of deep beams. The results support liber-
alizing code limits on the use of high-strength headed bars as 
transverse reinforcement in deep beams.

EXPERIMENTAL PROGRAM
To investigate the performance of high-strength headed 

bars as shear reinforcement in deep beams, a series of six 
large-scale, shear-critical deep beam experiments, the HTS 
series, were recently conducted. The specimens measured 
240 in. (6096 mm) long, 40 in. (1016 mm) deep, and 15 in. 
(381 mm) wide. The effective depth of the members, d, was 
33 in. (838 mm). All six specimens contained eight No. 10 
reinforcing bars for the bottom longitudinal reinforcement, 
which corresponds to a longitudinal reinforcement ratio (ρl) 
of 2.05%. All six specimens contained horizontally distrib-
uted reinforcement consisting of eight Grade 60 No. 4 bars 
spaced at 6.6 in. (167.6 mm), arranged four on each face of 
the specimen. These distributed bars result in a horizontal 
reinforcement ratio (ρh) of 0.40%. The transverse reinforce-
ment was a variable in the experiments and was changed 
for each specimen. The different transverse reinforcement 
arrangements investigated included Grade 60 180-degree 
hooked No. 4 stirrups, Grade 60 No. 4 headed bars, and 
Grade 80 No. 4 headed bars.

HTS1 contained no shear reinforcement. HTS2 contained 
Grade 60 stirrups with 180-degree hooks spaced at 10.7 in. 
(272 mm) along the span. HTS3 contained Grade 60 headed 
bars spaced at 10.7 in. (272 mm) along the span. HTS2 
and HTS3 contained a quantity of reinforcement ρv equal 
to 0.25%, which is the minimum transverse reinforcement 
stipulated in ACI 318-19 for deep beams (ρv,min of 0.25%).1 
HTS4 was designed such that the member contained the 
same ρvfvy ratio as HTS3 but replaces the Grade 60 rein-
forcement with Grade 80 reinforcement in the transverse 
direction. Therefore, the amount of Grade 80 transverse 
reinforcement ρv used in HTS4 was reduced to 0.19%. HTS5 
consisted of Grade 60 No. 4 headed bars for the transverse 
reinforcement spaced at 6.6 in. (167.6 mm), resulting in a ρv 
of 0.40%. HTS6 also contained No. 4 headed bars spaced 
at 6.6 in. (167.6 mm), resulting in a ρv of 0.40%; however, 
HTS6 contained Grade 80 bars. Both HTS5 and HTS6 
adhere to the minimum shear reinforcement requirements, 
including the minimum spacing requirement that indicates 
the reinforcement must not be spaced more than d/5 or 12 in. 
(305 mm).1

The headed bars used in this series of tests consisted of a 
bearing area (Abrg) of four times the bar area (Ab) and met the 
ASTM A970 Class HA standard. The a/d for the six speci-
mens examined was 2.5. In this series of tests, the a/d of the 
deep beams was selected to minimize the shear transmitted 
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by mechanisms other than the transverse reinforcement. 
Specifically, the specimen design was selected to minimize 
the shear transmitted by the critical loading zone and the 
shear transmitted by aggregate interlock. That is, relatively 
large a/d were selected so that shallower critical crack angles 
would form, resulting in smaller aggregate interlock forces 
along the cracks and smaller forces transmitted in the critical 
loading zone.11-14 By selecting the specimen properties in 
this manner, the influence of the transverse reinforcement on 
member response is increased which is appropriate for this 
study on the influence of high-strength transverse reinforce-
ment on deep beam behavior. Figure 2 and Table 1 provide a 
summary of the geometrical and reinforcement details of the 
experiments considered in this paper. The concrete cylinder 

strengths of the specimens, fc′, are also provided in Table 1. 
The yield stress (fy), yield strain (ɛy), strain-hardening strain 
(ɛsh), ultimate strength (fu), and strain at ultimate strength 
(ɛu) of all the reinforcement obtained following ASTM 
A370-2115 are shown in Fig. 3.

The deep beam test specimens, measuring 240 in. (6096 mm) 
long, were supported on two 12 x 15 x 2 in. (305  x 381 x 
51  mm) support plates. The support plates rested on roller 
supports. A loading plate measuring 12 x 15 x 3 in. (305 x 381 
x 76 mm) was used in all six experiments in the series. The load 
was placed in the center of the span of each specimen.

DIC was used to capture the surface deformations of the 
specimens throughout loading on the east face of the members. 
On the west face of the specimens, infrared light-emitting 
diode (LED) markers were tracked with motion-capture 
cameras to obtain surface deformations. A string potentiom-
eter was used at the midspan of the specimens. In addition to 
these measurement systems, video was recorded throughout 
loading. Local high-resolution photographs were also 

Fig. 2—Specimen geometry and reinforcement details for 
HTS1 to HTS6. (Note: 1 in. = 25.4 mm; 1 ksi = 6.89 MPa.)

Table 1—Summary of HTS series specimens and 
material properties

Specimen
fc′, 
ksi

fy, 
ksi

ρv, 
%

fvy, 
ksi

ρvfvy, 
psi

Description of shear 
reinforcement

HTS1 5.19 87.6 — — — No shear reinforcement

HTS2 4.39 87.6 0.25 69.7 174
Grade 60 180-degree 

hooked stirrups; resulting ρv 
of 0.25%

HTS3 4.39 87.6 0.25 69.7 174 Grade 60 headed bars; 
resulting ρv of 0.25%

HTS4 3.90 87.6 0.19 88.4 168
Grade 80 headed bars with 

same ρvfvy as HTS3  
(ρv is 0.19%)

HTS5 4.66 87.6 0.40 69.7 282 Grade 60 headed bars at d/5 
spacing; resulting ρv of 0.4%

HTS6 4.67 87.6 0.40 88.4 357 Grade 80 headed bars at d/5 
spacing; resulting ρv of 0.4%

Note: ρv is shear reinforcement ratio; fvy is yield stress of transverse reinforcement; 
1 in. = 25.4 mm; 1 ksi = 1000 psi = 6.89 MPa.

Fig. 3—Stress-versus-strain response of steel coupons and 
reinforcement properties. (Note: 1 ksi = 6.89 MPa.)
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manually obtained to capture local observations and global 
observations periodically throughout the experiments. The 
specimens were loaded monotonically to failure at a rate of 
approximately 1 kip/s (4.45 kN/s).

Summary of HTS series member response
With initial loading, flexural cracks occurred at the 

bottom of the beams near midspan. With further loading, 
flexural cracks widened and propagated toward the flexural 
compression region. Shear cracks formed in the clear shear 
span between the support and loading plate. As the load 
increased the shear cracks extended and grew in width. Ulti-
mately all the specimens failed in shear. Figure 4 shows a 
summary of the load versus displacement response for the 
six specimens. More details of the experimental setup, the 
experimental program and detailed experimental results can 
be found elsewhere.11

COMPARISON OF MEMBER RESPONSE WITH 
MODEL PREDICTIONS

This section compares the experimental observations with 
the predictions from five models. Comparisons are made 
with the 2PKT, the nonlinear finite element tool VecTor2, 
and strut-and-tie models from three codes—the ACI 318-19 

Code, the AASHTO LRFD ninth edition Code, and the 
CSA A23.3-19 Code.

2PKT
The 2PKT proposed by Mihaylov et al.12 is a kinematic 

model capable of predicting the full deformation field and 
peak load of shear critical deep beams. The method is based 
on equilibrium and constitutive relationships. The response 
of deep beams is predicted based on two kinematic parame-
ters: the vertical deformation of the critical loading zone (Δc) 
and the average strain in the bottom reinforcement (ɛt,avg). 
The 2PKT captures four shear transfer mechanisms: shear 
transferred in the uncracked region near the loading plate—
the critical loading zone (CLZ) (VCLZ), shear transferred by 
aggregate interlock (Vci), shear transmitted in the transverse 
reinforcement (Vs), and shear transmitted by dowel action 
(Vd). Previous research has shown that the 2PKT can predict 
the behavior of the deep beams well. When compared 
to a database of 529 deep beam experiments, the method 
has shown to provide excellent results with a mean test to 
predicted ratio of 1.10 and a coefficient of variation (COV) 
of 13.7%.12,16,17 Table 2 summarizes the 2PKT predictions 
for the HTS series of experiments examined in this paper. 
The predicted shear strength (V2PKT) is also compared with 
the experimentally measured peak shear force.

For HTS1, the amount of shear carried in the CLZ 
accounts for 71% of the predicted shear that can be trans-
mitted in the member, with the contributions from aggre-
gate interlock and dowel action accounting for the balance 
of the predicted shear that can be transmitted. For HTS2 and 
HTS3, the predicted shear that is transmitted in the CLZ 
accounts for 35% of the total shear that can be transmitted, 
with 37% predicted to be carried in the transverse rein-
forcement. The balance is predicted to be carried through 
aggregate interlock and dowel action. HTS4, which uses the 
same ρvfvy but replaces Grade 60 reinforcement with Grade 
80 reinforcement, is predicted to have a shear strength 94% 
of HTS2 and HTS3. The prediction captures well the reduc-
tion observed in the experimental results, indicating that the 
2PKT can predict the influence of using Grade 80 reinforce-
ment in comparison to Grade 60 reinforcement. HTS5 and 
HTS6 are predicted to transmit 66 kip (294 kN) of shear 
force in the critical loading zone. This corresponds to 30% 
and 28% of the predicted total shear capacity, respectively. 

Fig. 4—Load-versus-displacement response for HTS1 to 
HTS6. (Note: 1 in. = 25.4 mm; 1 kip = 4.45 kN; 1 ksi = 
6.89 MPa.)

Table 2—Summary of shear-strength predictions

Specimen
Vexp, 
kip

VCLZ, 
kip

Vci, 
kip

Vs, 
kip

Vd, 
kip

V2PKT, 
kip

VSTM, ACI,  
kip

VSTM, AASHTO, 
kip

VSTM, CSA, 
kip

VVT2, 
kip

Vexp/ 
V2PKT

Vexp/ 
VSTM, ACI

Vexp/ 
VSTM, AASHTO

Vexp/ 
VSTM, CSA

Vexp/ 
VVT2

HTS1 101 72 22 0 40 134 47 179 113 140 0.75 2.15 0.56 0.89 0.72

HTS2 206 63 19 68 31 182 241 243 169 212 1.13 0.85 0.85 1.22 0.97

HTS3 197 63 19 68 31 182 241 243 169 212 1.08 0.82 0.81 1.17 0.93

HTS4 184 57 18 63 32 171 214 224 154 198 1.08 0.86 0.82 1.19 0.93

HTS5 280 66 19 110 24 219 253 255 205 245 1.28 1.11 1.1 1.37 1.14

HTS6 288 66 18 135 19 239 253 255 224 263 1.21 1.14 1.13 1.29 1.1

Average 1.09 1.15 0.88 1.19 0.96

COV 16.6% 43.9% 23.8% 13.6% 15.4%

Note: 1 kip = 4.45 kN.
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The amount of predicted shear that can be transmitted in the 
transverse reinforcement is predicted to be 110 and 135 kip 
(489 and 601 kN), respectively, which corresponds to 50% 
and 46%, respectively. These predictions indicate that the 
increase in strength that is obtained by replacing Grade 60 
transverse reinforcement with the same quantity of Grade 
80 transverse reinforcement can be quantified. Notably, 
unlike slender members, since the contribution of the critical 
loading zone significantly contributes to the total shear that 
can be carried, the influence of the transverse reinforcement 
must be considered along with the contribution of the other 
shear carrying mechanisms.

The average test-to-predicted ratio (Vexp/V2PKT) determined 
from the 2PKT for the six experiments of the HTS series was 
1.09, with a COV of 16.6%. HTS1 had the lowest Vexp/V2PKT 
with a value of 0.75, and this member was also the only 
specimen that did not contain shear reinforcement. It should 
also be noted that the 2PKT sectional check was omitted 
in the calculations. For HTS2 to HTS6, the members that 
contained transverse reinforcement, all the predictions were 
conservative, with the Vexp/V2PKT ranging from 1.08 to 1.28. 
The 2PKT predicted that all the specimens will fail in shear 
before the yielding of bottom longitudinal reinforcement, 
which is consistent with the experimental observations.

Nonlinear finite element predictions using VecTor2
The nonlinear finite element program VecTor2 was used 

to determine the shear capacity and full member response 
of the specimens. VecTor2 is a nonlinear finite element 
program that is based on the Modified Compression Field 
Theory (MCFT)18 and the Distributed Stress Field Model 
(DSFM).19 VecTor2 has been used extensively over the past 
decades with success in a variety of applications.20 Addi-
tionally, because the tool is also based on the MCFT, the 
tool is consistent with the intent of the AASHTO LRFD 
and the CSA A23.3 Code. The beams were modeled using 
rectangular elements for the concrete and truss elements for 
longitudinal reinforcement. Transverse reinforcement was 
modelled as smeared reinforcement. All the default consti-
tutive models were used, except the parabola constitutive 
model was changed to the Modified Popovics stress-strain 
relationship described by Collins and Mitchell.21 The steel 
properties obtained from the steel coupon tests were used to 
model steel material behavior. Figure 5 compares the experi-
mentally measured midspan displacement versus the applied 
shear force with the response predicted by VecTor2.

For all six HTS experiments, the uncracked stiffness is 
well predicted by VecTor2. The cracked stiffness is some-
what overpredicted for all the HTS members, regardless 
of whether shear reinforcement was included, the grade of 
transverse reinforcement used, or the anchorage detail of the 
transverse reinforcement. The peak load is well predicted for 
the series, with an average test-to-predicted ratio of 0.96 and a 
COV of 15.4%. VecTor2 overpredicts the response of HTS1, 
the member without minimum transverse reinforcement. It 
should be emphasized that no parameters were calibrated to 
develop the predictions from VecTor2. The material proper-
ties were simply input into program and the predictions were 
obtained. Additionally, the constitutive models were not 

fit or otherwise adjusted to match the predictions with the 
globally observed experimental response (except, as previ-
ously noted, the only change from the default settings was 
that the Modified Popovics relationship was selected for use 
as opposed to the parabola constitutive model). Thus, while 
there are some discrepancies between the observed and 
measured response, it remains impressive that the response 
is well predicted without the need to calibrate results. This 
gives confidence the tool can be used to explore variables 
not directly tested in the experimental series.

In addition to predicting the shear capacity and load defor-
mation response, VecTor2 can be used to investigate the crack 
patterns and stresses in the reinforcement. Because the MCFT 
and the DFSM are smeared, rotating crack models, VecTor2 
can predict the average crack widths that occur. Figure 6 
shows in red, the crack patterns predicted by VecTor2 at the 
peak load. Overlaid on the VecTor2 crack patterns are the 
experimentally determined crack patterns shown in black. 
Also indicated in the figure is the experimentally observed 
failure span and the experimentally determined critical crack 
marked in blue. The critical crack is the crack that has the 
largest crack widths in a shear span. In deep beams, this crack 
propagates from the inner edge of the support plate to near 
the loading plate. Due to the significant deformations of this 
crack, typically, the failure of the members occur along this 
crack. However, for HTS4, the failure crack differed from the 
critical crack identified at the final load stage prior to failure, 
the failure crack is marked in green.

For all the specimens, the predicted crack patterns 
obtained from VecTor2 match the experimentally observed 
crack patterns well. Both the shear and flexural cracks are 

Fig. 5—VecTor2 load deformation predictions for HTS1 to 
HTS6. (Note: 1 in. = 25.4 mm; 1 kip = 4.45 kN.)
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well predicted. As can be seen, the size of the uncracked 
region underneath the loading plate where the cracks termi-
nate is also well predicted. Notably, the predicted crack 
angles agree well with the experimentally observed cracks.

Figure 7 compares the principal compressive strain fields 
obtained from the DIC data with the principal compressive 
stresses in the concrete determined from VecTor2. It can be 
seen that VecTor2 predicts the load arching from the loading 
plate to the support plates well and is in agreement with the 
measured strains. The VecTor2 models also predicts high 
compressive stresses near the edges of the loading plate well. 
Finally, there is good agreement between the experimental 
measurements and VecTor2 as they relate to the region of 
compressive straining and how that changes with the rein-
forcement used. The benefits of using transverse reinforce-
ment predicted by VecTor2 are reflected in the strain field 
maps measured in the experiments.

The vertical strain maps obtained from the DIC system 
can be compared to the maps of stress in the reinforce-
ment predicted by VecTor2; refer to Fig. 8. The compari-
sons can be used to evaluate whether the transverse steel is 
predicted to yield and if the region over which substantial 
straining is expected is consistent with the strains observed 

in the experiments. For HTS2 to HTS6, VecTor2 predicts 
substantial distributed yielding of the transverse reinforce-
ment in the clear span of the members. This is the case for 
members reinforced with Grade 60 transverse reinforcement 
and Grade 80 transverse reinforcement. Yielding was also 
observed for members containing minimum transverse rein-
forcement and for members with substantially more than 
minimum transverse reinforcement.

Strut-and-tie modeling of HTS series
This section summarizes strut-and-tie model predictions 

for the HTS series of experiments. Models were developed 
based on ACI 318-19, the AASHTO LRFD ninth edition 
Code, and CSA A23.3-19. In these calculations, the ϕ factors 
are taken as unity to assess the efficacy of the codes in 
predicting the shear capacity of the members.

The strut-and-tie models developed based on the 
ACI 318-19 are first discussed. For HTS1, the strut-and-tie 
model is shown in Fig. 9(a). In this model, the applied load 
is divided into two-point loads at the quarter point of the 
loading plate. The top nodes are connected by a horizontal 
strut. The longitudinal steel is modeled as a tension tie at 
the centroid of the flexural tension reinforcement. Consistent 
with the ACI 318-19, the strut strength was obtained using 
Eq. (1) and (2). Herein, Acs is the cross-sectional area of the 
strut and fc′ is the concrete strength. The parameter βc was 
taken as 1.0. For boundary struts, βs was taken as 1.0. For 
interior struts, βs was taken as 0.4, because HTS1 did not 
contain minimum distributed reinforcement.

	 Fns = fceAcs	 (1)

	 fce = 0.85βcβsfc′	 (2)

The strength of the tie was calculated using Astfy. Herein, 
Ast is the area of longitudinal reinforcement and fy is the yield 
stress of longitudinal reinforcement. The longitudinal tie is 
located at the centroid of the longitudinal reinforcement. The 
strength of the nodes (blue regions in Fig. 9; full-color PDF 
can be accessed at www.concrete.org) was calculated using 
Eq. (3) and (4)

	 Fnn = fceAcz	 (3)

	 fce = 0.85βcβnfc′	 (4)

Herein, βc was taken as 1.0. For the top nodes, which are 
bounded by struts and bearing areas, βn was taken as 1.0. 
For the bottom nodes, which anchor one tie, βn was taken 
as 0.8. The maximum load predicted by the model is asso-
ciated with the load that just exceeds these limits. The force 
in the horizontal strut is taken as the maximum force it can 
transmit. The ultimate load is then determined based on the 
geometry of the model, where equilibrium is satisfied and 
strength limits are reached.

The strut-and-tie models for HTS2 to HTS6, which 
contained shear reinforcement, were refined to account for 
the transverse reinforcement (refer to Fig. 9(b)). In these 
models, half the quantity of transverse reinforcement in the 

Fig. 6—Experimentally observed crack patterns and 
predicted crack patterns determined from VecTor2 at peak 
load for HTS1 to HTS6.
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Fig. 7—Principal compressive stresses in concrete from VecTor2 (left); and principal compressive strains obtained from exper-
iments (right).

Fig. 8—Transverse steel stresses from VecTor2 (left); and vertical strains obtained using DIC data (right) for HTS2 to HTS6. 
(Note: 1 MPa = 0.145 ksi.)
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clear shear span was lumped at the center of the clear shear 
span in a vertical tie.10,22 The force of vertical tie was taken 
as the yield force of transverse reinforcement considered. 
The strengths of the nodes, struts, and ties were determined 
as described previously for HTS1. For interior struts of 
HTS2 to HTS6, βs was taken as 0.75, because the members 
contained minimum distributed reinforcement.

The same geometric arrangement for the strut-and-tie 
models as illustrated in Fig. 9 were used to develop predic-
tions consistent with the AASHTO LRFD ninth edition 
Code, according to which nodes are characterized as: 1) 
CCC: nodes where three struts intersect; 2) CCT: nodes 
where a single tie intersects two struts; and 3) CTT: nodes 
where two ties intersect a concrete strut. The resistance of 
a nodal face is given by Eq. (5) and (6). Herein, Acn is the 
cross-sectional area of the node face and m is the confine-
ment factor, taken as 1.0 for the HTS series specimens. The 
factor v is taken as 0.45 if the structure does not contain 
at least the minimum crack control reinforcement ratio of 
0.003 in horizontal and vertical directions. For the top CCC 
nodes of HTS2 to HTS6, 0.85 was used as v for the back face 
and the bearing face. For the bottom CCT nodes of HTS2 to 
HTS6, 0.75 was used as v for the back face and the bearing 
face. For the strut-to-node interface of the CCC and CCT 
nodes in HTS2 to HTS6, the v term was taken as 0.63, 0.63, 
0.65, 0.62, and 0.62, respectively.

	 Pn = fuAcn	 (5)

	 fcu = mvfc′	 (6)

The strength of the tie is given by Astfy. Ast is the area of 
longitudinal reinforcement, and fy is the yield stress of the 
reinforcement. The location of the longitudinal is defined at 
the centroid of the longitudinal reinforcement.

The load on each nodal face and in each tie must be less 
than the capacity limits described. The force in the hori-
zontal strut is taken as the maximum force it can transmit. 
The maximum predicted load is determined based on the 
geometry of the model, where equilibrium is satisfied and 
another nodal strength limit is reached.

The same geometric arrangement of strut-and-tie models as 
shown in Fig. 9 was used to develop predictions consistent 
with the CSA A23.3-19 Code. In CSA A23.3-19, the compres-
sive force in the strut is limited to fcuAcs. The term Acs is the 
effective cross-sectional area of strut. The limiting compres-
sive stress fcu is calculated using Eq. (7) and (8). Herein, θs is 
the smallest angle between the strut and the adjoining ties, and 
εs is the tensile strain in the tie inclined at θs. This reduction 
in strut capacity is based on the compression softening rela-
tionship proposed by Vecchio and Collins.18 The force in the 
ties cannot exceed the yield force of the reinforcement, Astfy.

	​ ​f​ cu​​  =  ​ 
fc′ ___________ 0.8 + 170 ​ε​ 1​​ ​  ≤  0.85 fc′​	 (7)

	 ε1 = εs + (εs + 0.002)cot2θs	 (8)

To determine the maximum predicted force from the model, 
the force in the horizontal strut is taken as the maximum force 
it can transmit. The ultimate load is determined based on the 
geometry of the model, where equilibrium is satisfied and 
another strength limit is reached. For CSA A23.3-19 strut-
and-tie models, the strut at the support at the intersection 
of the flexural tension tie is typically critical because of the 
compression softening effect at that location.

Table 2 summarizes the strut-and-tie model predictions 
determined using the ACI 318-19, the AASHTO LRFD ninth 
edition, and CSA A23.3-19 Codes. The table also summa-
rizes the 2PKT and the VecTor2 predicted shear capacities.

The results indicate that beneficial effects of including 
transverse reinforcement can be captured by the strut-and-tie 
models. In particular, the results obtained give reasonable 
predictions for HTS2 to HTS4. The results also indicate that the 
strut-and-tie models can capture the increase in shear capacity 
that occurs when quantities above minimum shear reinforce-
ment are provided, as can be seen in HTS5 and HTS6.

The use of strut-and-tie models to predict the capacity 
of the HTS series of experiments gave different results 
depending on the code used. The ACI 318-19 Code gave a 
mean test-to-predicted ratio of 1.15, with a COV of 43.9%. 
The lowest test-to-predicted ratio occurred for HTS3 with a 
value of 0.82, and the prediction for specimen HTS1 was most 
conservative with a test-to-predicted ratio of 2.15. AASHTO 
LRFD ninth edition gave a mean test-to-predicted ratio for 
the strut-and-tie models of 0.88 with a COV of 23.8%. The 
CSA A23.3-19 Code gave a mean test-to-predicted ratio of 
1.19 and a COV of 13.6%. It should be noted that for HTS1, 
the only member without transverse reinforcement, there is 
a significant range of predictions. Comparing the predic-
tions of HTS1 with other specimens, the results indicate that 
the inclusion of shear reinforcement improves the spread 
of the predictions by the models. This result is consistent 
with other studies in the literature.23 Importantly, the strut-
and-tie models were able to capture the beneficial effects of 
including shear reinforcement. Notably, the quality of the 
strut-and-tie model predictions was unaffected by the type 
of transverse reinforcement used, whether the transverse 
reinforcement consisted of Grade 60 or 80 reinforcement, 

Fig. 9—HTS Series strut-and-tie models.
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or whether the transverse reinforcement was anchored with 
stirrups or headed bars.

PARAMETRIC STUDY ON DEEP-BEAM 
SHEAR CAPACITY

To explore the variables that were not tested in the exper-
imental series, a parametric study was also conducted on 
several variables relevant to the shear strength of deep 
beams. The parametric evaluations were conducted to inves-
tigate the influence of the a/d, yield stress of reinforcement, 
quantity of reinforcement (ρvfvy), quantity of shear reinforce-
ment (%), longitudinal reinforcement quantity, and concrete 
cylinder strength on the shear performance of the members. 
The member properties of the HTS series were used, except 
for the variable that is parametrically varied. For example, 
the average concrete strength of HTS specimens was used. 
The parametric study was conducted using the 2PKT because 
the model can capture the influence of these variables on the 
shear capacity and the model had a very good mean test-to-
predicted ratio and COV for the HTS series. The figures in 
this section also include the HTS series experiments, where 
appropriate.

Figure 10 shows the influence of a/d on the shear response 
of the members predicted by the 2PKT. The figure includes 
the predictions for five different ρvfvy values that were 
selected to match the ρvfvy values used in the HTS experi-
mental series. One additional line corresponding to a yield 
stress of the reinforcement of 80 ksi (552 MPa) and a ρvfvy 
value of 500 psi (3.45 MPa) is included. Figure 10 also 
shows the experimentally observed shear strengths for the 
HTS series of experiments. It should be noted that the 2PKT 
predictions are not limited to the sectional capacity of the 
equivalent slender member for these predictions. That is, as 
the a/d increase beyond approximately 2.5 or 3, the response 
of the members may be governed by slender beam action. 
The predictions from the sectional shear equations may give 
higher predicted shear strengths than the 2PKT, and it would 
be appropriate to use those values. Therefore, the predictions 
provided in Fig. 10 represent a lower limit on the predicted 
strength.

Figure 11 shows the effect of the yield stress of the trans-
verse reinforcement on the predicted shear strength for 
members with different quantities of transverse reinforce-
ment. The figure shows the predicted response for yield 
stresses of the reinforcement ranging from 40 to 120 ksi (276 
to 827 MPa) and for quantities of transverse reinforcement 
ranging from 0.05 to 1.0%.

Figure 12 shows the influence of quantity of transverse 
reinforcement, in terms of percent, on the shear strength 
of the member for quantities of transverse reinforcement 
ranging from 0.05% to 1.0%. The figure shows the predicted 
influence for members that contain transverse steel rein-
forcement with yield stresses ranging from 40 to 120 ksi 
(276 to 827 MPa).

Figure 13 also shows the influence of the quantity of shear 
reinforcement in terms of ρvfvy on shear capacity. The figure 
shows the predicted capacity of members ranging from 
0 to 500 psi (0 to 3.45 MPa) and also plots several lines 

Fig. 10—Influence of a/d on shear strength. (Note: 1 kip = 
4.45 kN; 1 ksi = 6.89 MPa.)

Fig. 11—Influence of fvy on shear strength. (Note: 1 kip = 
4.45 kN; 1 ksi = 6.89 MPa.)

Fig. 12—Influence of ρv on shear strength. (Note: 1 kip = 
4.45 kN; 1 ksi = 6.89 MPa.)
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corresponding to the predictions of members using steel 
yield stresses ranging from 40 to 120 ksi (276 to 827 MPa). 
The results indicate that while the total quantity of reinforce-
ment included in terms of ρvfvy is important, there is a rela-
tively minor influence of the yield stress of the reinforce-
ment on the ultimate capacity for the members investigated.

The influence of the longitudinal reinforcement quantity 
on the shear strength is shown in Fig. 14. The figure shows 
the predictions for the quantity of reinforcement that range 
from 0.5 to 3.5%. As expected, while there is a predicted 
influence, the shear strength is less sensitive to this param-
eter than to parameters such as the transverse reinforcement.

Finally, the influence of the concrete cylinder strength on 
the shear capacity is shown in Fig. 15. The figure shows the 
predicted shear strength for concrete strengths ranging from 
2.5 to 12 ksi (17.2 to 82.7 MPa). Several predictions corre-
sponding to different quantities of transverse reinforcement 
are plotted.

The results show that the shear strength decreases with 
increasing a/d. Larger shear reinforcement quantities give 
larger shear strength for a specific a/d. For a given ρv, the 
shear strength of the specimens increases with increasing 
yield strength of the transverse reinforcement. For very 

small ρv such as 0.05%, the increase of shear strength can 
be insignificant, even if shear reinforcement with very large 
yield strength such as 120 ksi (827 MPa) is used. Increases 
in ρvfvy increases the shear strength of deep beam members. 
This increase is approximately linear for the specimens and 
range of values explored. Increases in longitudinal rein-
forcement ratio results in higher strengths. This effect is less 
significant than increases to transverse reinforcement quan-
tities. The shear strength of the deep beams examined, also 
increases with increasing concrete strength.

CONCLUSIONS AND RECOMMENDATIONS
The paper presents an analytical evaluation of deep beams 

that use no shear reinforcement, normal-strength (Grade 60) 
conventional stirrups, normal-strength (Grade  60) headed 
shear reinforcement and high-strength (Grade 80) headed 
shear reinforcement. The results are compared with the 
experimental results of a recently conducted experimental 
program, the HTS series. The numerical studies were 
conducted using the Two-Parameter Kinematic Theory 
(2PKT), the nonlinear finite element program VecTor2, 
and strut-and-tie models from the ACI 318-19 Code, the 
AASHTO LRFD ninth edition Code, and the CSA A23.3-19 
Code. To further complement the experimental work and 
existing literature, the 2PKT was used to conduct a para-
metric study to investigate the influence of various parame-
ters on the shear strength of members with similar properties 
to the HTS series.

The 2PKT was able to predict the shear capacity with 
a mean test-to-predicted ratio of 1.09 and a coefficient of 
variation (COV) of 16.6% and is capable of capturing 
the response of deep beams reinforced with high-strength 
reinforcement. The 2PKT predicted that all the specimens 
will fail in shear before the yielding of bottom longitu-
dinal reinforcement and that the transverse reinforcement 
is predicted to yield at failure. This is consistent with the 
experimental observations.

The nonlinear finite element program VecTor2 was able 
to predict the shear capacity of the HTS series of tests with 
a mean test-to-predicted ratio of 0.96 and a COV of 15.4%. 
VecTor2 can capture the response of deep beams reinforced 
with high-strength reinforcement. The VecTor2 models also 
predicted the shear and flexural cracks well. Comparing the 
predicted principal compressive stresses in the concrete with 

Fig. 13—Influence of ρvfvy on shear strength for different 
reinforcement yield stresses. (Note: 1 kip = 4.45 kN; 1 ksi = 
6.89 MPa.)

Fig. 14—Influence of longitudinal reinforcement quantity 
(ρl %) on shear strength. (Note: 1 kip = 4.45 kN; 1 ksi = 
6.89 MPa.)

Fig. 15—Influence of fc′ on shear strength. (Note: 1 kip = 
4.45 kN; 1 ksi = 6.89 MPa.)
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the principal compressive strains measured in the exper-
iments, illustrates that VecTor2 predicts the compression 
fields in the experiments well and captures the influence 
of reinforcement on member response. VecTor2 predicted 
yielding of transverse reinforcement in the clear spans of 
the members. This agreed well with the strain measurements 
observed in the experiments.

The use of strut-and-tie models to predict the capacity 
of the HTS series of experiments gave different results 
depending on the method used. The ACI 318-19 Code gave 
a mean test-to-predicted ratio of 1.15 with a COV of 43.9%. 
AASHTO LRFD gave a mean test-to-predicted ratio for 
the strut-and-tie models of 0.88 with a COV of 23.8%. The 
CSA A23.3-19 Code gave a mean test-to-predicted ratio of 
1.19 with a COV of 13.6%. The strut-and-tie models were 
able to capture the beneficial effects of including shear 
reinforcement. Additionally, the quality of the strut-and-tie 
model predictions were unaffected by the type of transverse 
reinforcement used, whether the transverse reinforcement 
consisted of Grade 60 or 80 reinforcement, or whether the 
transverse reinforcement was anchored with stirrups or 
headed bars. Thus, the use of strut-and-tie design provisions 
can be used in the design of members that use Grade 60 or 
Grade 80 reinforcement anchored with conventional stirrups 
with 180-degree bends or with headed bars.

A parametric study was conducted to explore influence of 
shear span-depth ratio (a/d), transverse reinforcement yield 
stress (fvy), transverse reinforcement quantity (ρv), quantity 
of reinforcement (ρvfvy), longitudinal reinforcement quantity 
(ρl) and concrete strength (fc′) on shear strength. The para-
metric study corroborates the findings of the experimental 
program and demonstrates that while reinforcement yield 
stresses corresponding to Grade 60 and 80 steels were exper-
imentally investigated, the conclusions of this research likely 
extend to steel reinforcement yield stresses beyond 80 ksi 
(552 MPa). The results certainly extend to steel transverse 
reinforcement yield stresses of 88.4 ksi (610 MPa), which 
is the measured yield stress of the Grade 80 reinforcement 
used in the HTS series of experiments.

Based on the previous conclusions determined from the 
research conducted, the following are several recommenda-
tions as they pertain to the design of high-strength headed 
reinforcing bars for use as transverse reinforcement in 
shear-critical deep beams.

1. The ACI 318 Code should allow for the use of transverse 
reinforcement in concrete deep beams with yield stresses of 
at least 80 ksi (552 MPa).

2. The ACI 318 Code should allow for the use of headed 
reinforcement bars with a bearing area of at least four times 
the bar area for use as transverse reinforcement.

3. The AASHTO LRFD Code should allow for the use of 
transverse reinforcement in concrete deep beams with yield 
stresses of at least 80 ksi (552 MPa).

These recommendations are based on the literature 
reviewed, the experimental series conducted, and numerical 
studies conducted. As variables beyond those explored are 
modified, there may be a need to conduct further analysis 
or experimental studies to investigate the influence of those 
parameters on the shear response.
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Beam-column (BC) joints are crucial components for ensuring 
the safety of structures during earthquakes. Various standards/
codes (Eurocode 8, ACI 352R-02, and IS 13920:1993) prescribe 
special reinforcement detailing at the joint region to improve the 
seismic performance. Although extremely important, execution of 
the same is challenging due to heavy reinforcement congestion. 
In this regard, an attempt has been made in this study to develop 
a strain-hardened, high-performance cementitious composite 
(SHCC) with improved tension-related performance for seismic- 
resistant BC joints, which can potentially reduce the reinforcement 
demand. The efficacy of SHCC in improving the gravity-load- 
designed (GLD) BC joints without any additional reinforce-
ment required for ductile detailing is investigated. Full-scale BC 
joint specimens were developed and subjected to reversed cyclic 
loading, and the critical seismic performance—such as hysteresis 
behavior, damage pattern, energy dissipation, shear deformation, 
and strength/stiffness degradation—were evaluated and compared 
with GLD specimens with normal concrete. It is observed that the 
GLD specimens with SHCC at the joint region showed remark-
able performance. Without any additional confinement in the joint 
region, energy dissipation is doubled (100%), and shear deforma-
tion is only 40% of the GLD under the same drift demand. The 
findings of this study will help in developing seismic-resistant BC 
joints with the minimum reinforcement.

Keywords: beam-column (BC) joint; energy dissipation; hysteresis behavior; 
seismic upgradation; strain-hardened cementitious composite (SHCC).

INTRODUCTION
The structural integrity of framed reinforced concrete 

(RC) structures is primarily governed by the performance of 
the beam-column (BC) joints.1,2 Utmost care has to be taken 
to appropriately design the BC joints to meet their func-
tional requirements (to transfer vertical loads from beams 
and slabs to columns), strength requirements (to withstand 
vertical loads such as dead load, live load, and so on), and 
ductility requirements (to undergo inelastic deformation 
without significant reduction in load-carrying capacity 
during wind and seismic lateral loads).1-3 Severe earthquakes 
in the past have shown that most multi-story buildings were 
severely damaged/completely collapsed due to the sudden 
shear failure of the rigid BC joints, causing huge losses to 
human lives and the economy.4,5 Most existing RC struc-
tures have been designed only to withstand gravity loads, 
and hence, their performance becomes questionable during 
earthquakes. To prevent this brittle failure that causes devas-
tating effects and to offer confinement to the concrete in the 
plastic hinge region, additional transverse reinforcements 

are suggested.6-8 Most countries have improved their design 
codes to include clauses for ductile design and special 
detailing of BC joints to improve their ductility and offer 
seismic resistance. Though the addition of transverse rein-
forcements and special detailing improve the seismic resis-
tance of the joints, the inherent weakness of concrete being 
brittle leads to the spalling of concrete at the joint region and 
prevents the joint from being able to withstand further defor-
mation. Also, due to the strain incompatibility between steel 
and concrete, at higher drift ratios, interfacial slip occurs 
and leads to deterioration of the bond between them, leading 
to the failure of the joint.9 The special and stringent rein-
forcement detailing also causes difficulty in the fabrication 
of reinforcement cages and consolidation of concrete at that 
region, leading to a vulnerable joint.10

To overcome these issues, attempts are being made to 
use fiber-reinforced concrete (FRC)/advanced cementitious 
composites at joint regions to reduce the reinforcement 
requirement. FRC possesses high strength, ductility, tough-
ness, and damage-tolerant capabilities and can undergo 
deformation even after attaining peak load (improved post-
peak behavior).11-13 The presence of fibers controls the 
damage propagation by arresting the cracks and enables a 
better bond with the reinforcement, thereby improving the 
joint performance. The use of FRC in joint regions has 
proven to increase the shear strength, ductility, energy dissi-
pation capacity, and reduce the reinforcement requirement. 
The specimens also demonstrated limited/stable damage 
progression and had inelastic deformation capabilities.14,15 
Attempts were also made to develop BC joints with FRC 
consisting of hybrid fibers to take advantage of each type 
of fiber. It was demonstrated that using FRC with hybrid 
fibers improved the hysteresis behavior, energy dissipation 
capacity, displacement ductility index, and showed a stable 
degradation in strength and stiffness.16-19 However, increased 
fiber content causes workability issues, segregation, and 
balling of concrete. In the meantime, the performance of 
concrete with less fiber content is found to be ineffective due 
to the inadequacy of fiber in improving the material proper-
ties to the desired level.
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A superior alternative to FRC is high-performance cementi-
tious composites (HPCCs), which are highly workable due to 
the absence of coarse aggregates and the inclusion of additives 
such as silica fume and fly ash at their optimum dosages.20-22 
Strain-hardened cementitious composite (SHCC) is a type 
of HPCC with high tensile strength (>4  MPa [0.58 ksi]) 
and large strain capacity (3 to 7%) that exhibits multiple 
microcracks (rather than the formation of a single macro-
crack) and possesses strain-hardening behavior (increase in 
stress after peak stress), as opposed to the strain-softening 
behavior exhibited by FRC.23-25 Because this type of remark-
able and unconventional characteristic is achieved through 
meticulous engineering, SHCC is also termed as engineered 
cementitious composite (ECC). The large strain capacity 
and tolerance to damage make SHCC an ideal candidate for 
developing seismic-resistant BC joints. The incorporation 
of SHCC improved the ultimate strength, ductility, energy 
dissipation capacity, damage tolerance of the joint, and the 
maximum joint shear stress was found to be much below 
the seismic code recommendations (ACI  318-19).20,26,27 
The use of SHCC reduced the requirement of transverse 
reinforcements in beams, columns, and the joint region,17,28 
thereby improving the ease of fabrication without compro-
mising the ductile behavior. Fischer and Li29 carried out 
exhaustive experimental investigations on ECC BC joint 
specimens with different parameters, such as the percentage 
of transverse reinforcement and surface coating of fiber- 
reinforced polymer (FRP) reinforcements (ribbed or sanded), 
and demonstrated that FRP-reinforced ECC BC joints 
showed stable hysteresis behavior with minimum residual 
deflection and gradual damage progression, in comparison 
to normal concrete joints. SHCC is also a suitable candi-
date for seismic rehabilitation of existing structures. Due to 
the high-performance characteristics, jacketing can be done 
with a very thin SHCC panel and without additional stirrups, 
as opposed to normal concrete jacketing, therefore staying 
within the original structural dimensions.30-32 Upgradation 
with SHCC is beneficial for existing structures with poor 
concrete quality or damaged/deteriorated substrate as it can 
overcome the debonding issues encountered by the conven-
tional techniques involving FRP wrapping.10 However, to 
achieve the appropriate performance, the concrete should 
be easily flowable and penetrate the existing reinforcements 
without any segregation.33 Though extensive work has been 
carried out in the past, a holistic study of the development of 
easily workable SHCC and the design of BC joints (without 
additional transverse reinforcements) with the plastic hinge 
at a defined location in the beam pertaining to the needs of 
seismic-resistant structures has not yet been achieved.

In view of this, this study aims to develop easily work-
able SHCC, which can be used to develop seismic-resistant 
BC joints. The novelty of the present study lies in devel-
oping suitable material with strain-hardening properties 
for the BC joints, which are generally subjected to high 
shear during seismic loading. The present study has under-
lined two aspects: 1) without any additional confinement or 
special ductile detailing, the developed material can enable 
the BC joints to perform excellently under seismic loading; 
and 2) for conventional design with ductile detailing where 

congestion of reinforcement is always an issue, to ensure 
proper concrete compaction, the developed material will be 
a potential solution. Then, the efficacy of SHCC is evaluated 
by incorporating it in the joint region of a full-scale BC joint 
specimen where the reinforcements were provided according 
to the gravity load design (GLD) only. The reversed cyclic 
loading test with increasing drift ratios is carried out on the 
GLD-SHCC specimen (reinforcements pertaining to GLD 
with SHCC at the joint region), and its shear capacity, energy 
dissipation capabilities, damage tolerance, and seismic resis-
tance are evaluated. The responses obtained from the spec-
imen(s) with SHCC are also quantitatively compared with 
those of normal concrete GLD specimens.

RESEARCH SIGNIFICANCE
Reinforcement congestion and improper concreting due to 

difficulty in compaction are the two major challenges in the 
construction of seismic-resistant, framed RC structures. To 
overcome this issue, an attempt has been made in this study 
to develop an easily workable SHCC that can impart seismic 
resistance to the GLD structures. Performance in terms of 
hysteresis behavior, damage progression, strength/stiffness 
degradation, energy dissipation, shear deformation, and so 
on of full-scale BC joints is evaluated under reversed cyclic 
loading. The study suggests that the scheme will be useful 
for both new construction with less reinforcement and for 
upgrading existing GLD structures.

EXPERIMENTAL INVESTIGATION
Development of SHCC

The material constituents used for SHCC are cement (ordi-
nary portland cement [OPC], Grade 53), silica fume, silica 
sand, polyvinyl alcohol (PVA) fibers, water, and high-range 
water-reducing admixture (HRWRA). The mixture propor-
tions for developing the SHCC are cement, silica fume, and 
silica sand in the ratio of 1:0.7:0.7, with a water-binder ratio 
(w/b) (by weight) of 0.25 along with PVA fibers of 2% by 
volume of the dry mixture (cement, silica fume, and silica 
sand). The PVA fibers used in this study have a length 
of 8 mm (0.315 in.) and diameter of 40 μm (0.0016  in.) 
with a tensile strength and elastic modulus of 1600 MPa 
(232.06  ksi) and 41 GPa (5946.55 ksi). Measured quanti-
ties of cement, silica fume, and silica sand were mixed thor-
oughly in a concrete mixer. Then water with HRWRA was 
added to this mixture and mixed for 2 minutes. PVA fibers 
were added slowly to this mixture and mixed at 198 rpm for 
5 minutes (Fig. 1). More details about the development of 
SHCC can be found elsewhere.21,34,35

Flow properties of SHCC
Proper concreting in the joint region is very important 

for proper load transfer from beams to columns and for 
withstanding the lateral loads experienced by the struc-
ture. However, due to practical difficulties, in most cases, 
concreting is poorly done at the joint regions with very 
little or no compacting. This challenge has been addressed 
in this study by developing highly flowable SHCC that 
requires minimal/no external compaction (self-consolidating 
concrete) at the joint region. Tests have been carried out 
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(results are presented in Table 1) to ascertain the flow char-
acteristics, such as filling ability, passing ability, viscosity, 
and segregation resistance, as per the EFNARC36 guidelines, 
and it has been observed that the SHCC developed in the 
present study meets the code recommendations for self- 
consolidating concrete. Figures 1(a) and (b) show the flow-
able nature of the developed SHCC.

Mechanical properties of SHCC
Tension-related properties of SHCC were evaluated in a 

high-precision, servo-hydraulic universal testing machine 
(UTM). Direct tension tests were carried out on a dog-bone-
shaped specimen of dimensions 30 x 12.5 mm (1.18 x 
0.49 in.) (as shown in Fig. 2(a)). The gauge length was kept 
at 80  mm (3.15 in.). An in-house fabricated fixture was 
used to hold the specimen while testing to prevent grip-
ping failure. Two linear variable displacement transformers 
(LVDTs) (front and back) were attached to the specimen 

to measure the axial elongation. The test was carried out 
in a displacement control mode at a rate of 0.05 mm/min 
(0.002 in./min). Flexure and fracture tests were carried out 
on prism specimens of dimensions 40 x 40 x 160 mm (1.57 x 
1.57 x 6.30 in.) (as shown in Fig. 2(b) and (c)). Specimens 
were subjected to three-point bending in a displacement 
control mode. The deflection of the specimens at midspan 
was recorded through an LDVT. For fracture tests, a notch 
of 2 mm (0.079 in.) thickness was created at the center of the 
specimen for a depth of 12 mm (0.47 in.). Two knife edges 
were pasted at the bottom of the specimen adjacent to the 
notch on both sides. A crack mouth opening displacement 
(CMOD) gauge was affixed to the knife edges to record the 
CMOD. Six specimens of each type were tested to determine 
the properties.

Figure 3(a) shows the stress versus strain response 
obtained from direct tension tests. The strain data presented 
in this figure are calculated from the elongation recorded in 

Fig. 1—(a) Flowable nature of SHCC; and (b) J-ring test to 
evaluate the self-consolidation of SHCC.

Table 1—Flow properties of SHCC

Test parameter Test method Measured value
Code 

recommendations

Filling ability

Slump flow Ds = 795 mm 650 to 800 mm

T50 slump flow T50 = 2.75 seconds 2 to 5 seconds

V-funnel T = 10 seconds 6 to 12 seconds

Passing ability

J-ring H2 – H1 = 6.75 mm 0 to 10 mm

U-box (H2 – H1) = 0 mm 0 to 30 mm

L-box H2/H1 = 0.94 0.8 to 1.0

Segregation 
resistance V-funnel T5minutes =  

12 seconds
T to (T + 3) 

seconds

Note: Ds is final average diameter of mixture in slump flow test; T50 is time taken for 
SHCC to reach 500 mm spread circle in slump flow test; T is time taken for SHCC to 
get discharged fully in V-funnel test; T5minutes is time taken for SHCC to get discharged 
fully after allowing it to stand for 5 minutes in V-funnel test; 1 mm = 0.039 in.

Fig. 2—Experimental test setup to determine mechanical properties of SHCC: (a) direct tension test; (b) flexure test; and 
(c) fracture test.



162 ACI Structural Journal/May 2024

the LVDTs. The stress-strain response of SHCC shows the 
promising strain-hardening behavior post the pseudo-yield 
strength. This phenomenon is observed due to the forma-
tion of chemical bonds in addition to the mechanical bonds 
formed between the fiber and the matrix, causing efficient 
crack bridging and multiple cracking (when a crack forms, 
fibers in the matrix bridge the crack, causing the formation of 
cracks at the adjacent location and closing the current active 
crack). This process delays the failure of the composite, 
leading to improved strain capacity. The strain capacity 
(considering 40% residual strength) of SHCC developed in 
this study is found to be 9000 με with an ultimate strength of 
5.49 MPa (0.80 ksi).

From the load-versus-deflection response (Fig. 3(b)) 
obtained from flexure tests, the strain-hardening phenom-
enon can be observed after the sudden drop in load from 

the peak load. The observed strain-hardening phenomenon 
is due to the crack bridging by the PVA fibers, which form 
the chemical bonds in addition to the mechanical bonds with 
the surrounding cementitious matrix. This strain-hardening 
behavior is also responsible for the high energy dissipation 
capacity (1.68 × 10–3 J [0.00124 lb∙ft]) of SHCC. Similar 
behavior can also be witnessed in the load versus CMOD 
response obtained from the fracture tests. Table 2 pres-
ents the mechanical properties of SHCC determined from 
the compression, direct tension, flexure, and fracture tests. 
From the mechanical tests carried out on hardened SHCC, 
it  has  been found that the fracture energy of the devel-
oped material is 1453.30 J/m2 (0.69 ft∙lb/in.2) (compared 
to 268.75  J/m2 [0.13 ft·lb/in.2] for reference concrete 
used in  the present study and also 50 to 150 J/m2 [0.024 

Fig. 3—(a) Stress-versus-strain response obtained from cylinder compression test; (b) stress-versus-strain response obtained 
from direct tension test; (c) load-versus-deflection response obtained from flexure test; and (d) load-versus-CMOD response 
obtained from fracture test. (Note: 1 MPa = 0.145 ksi; 1 kN = 0.225 kip; 1 mm = 0.039 in.)

Table 2—Mechanical properties of SHCC and reference concrete mixture

Test Property SHCC Normal concrete

Cylinder compression
Compressive strength 43 MPa (6.24 ksi) 35 MPa (5.08 ksi)

Elastic modulus 64 GPa (9.28 × 103 ksi) 23 GPa (3.34 × 103 ksi)

Direct tension
Tensile strength 5.49 MPa (0.80 ksi) 3.5 MPa (0.51 ksi)

Strain capacity (considering 40% residual strength) 9000 με —

Flexure
Flexural strength 17.58 MPa (2.55 ksi) 5.9 MPa (0.86 ksi)

Energy dissipation capacity 1.68 × 10–3 J (0.00124 ft∙lb) —

Fracture Fracture energy 1453.30 J/m2 (0.69 ft∙lb/in.2) 268.75 J/m2 (0.13 ft∙lb/in.2)
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to 0.071  ft∙lb  in.2] for normal concrete with compressive 
strength of 30 to 70 MPa [4.35 to 10.15 ksi]37).

SHCC FOR SEISMIC UPGRADATION OF  
BEAM-COLUMN JOINTS

Beam-column joint specimen details
The performance of SHCC with high strain capacity, 

energy dissipation capacity, and fracture energy in enhancing 
the hysteresis performance of GLD BC joints is investigated 
in detail. A full-scale exterior BC joint with the beam cross 
section of 400 x 300 mm (15.75 x 11.81 in.) and column 
cross section of 300 x 300 mm (11.81 x 11.81 in.) is consid-
ered for this purpose. The dimensions of the members and 
reinforcements provided are based on the design of a typical 
exterior BC joint of a three-bay, three-story RC framed 
building for the maximum bending moment under different 
load combinations (dead load, superimposed dead load, and 
live load) as per the codal provisions. More details on the 
analysis and design can be found elsewhere.38 The dispo-
sition of the member length of the subassemblage (the BC 
joint with the appropriate length of beam and upper/lower 
columns) is done in such a way as to maintain the joint shear 
and joint face moments obtained from the numerical analysis 
of the full structure. The details of the specimen geometry, 
including the reinforcement details, are provided in Fig. 4. 
Steel reinforcements with a yield strength of 500  MPa 
(Fe 500) (72.52 ksi) were used in this study. Four 25 mm 

(0.98 in.) diameter bars were provided as main reinforce-
ments in columns, along with two-legged 8 mm (0.31  in.) 
diameter stirrups with a spacing of 300 mm (11.81 in.) center-
to-center. Two 16 mm (0.63 in.) diameter bars were provided 
as reinforcements in both the top and bottom of the beams, 
with an additional two 16 mm (0.63  in.) diameter bars at 
the top. Two-legged 8 mm (0.31 in.) diameter stirrups were 
placed at a spacing of 130 mm (5.12 in.) center-to-center. All 
the main reinforcements from the beams were extended for a 
length of 525 mm (20.67 in.) in the columns. The reinforce-
ment details at different sections are also shown in Fig. 4.

To reduce the complexities involved in providing rein-
forcements as per ductile detailing, an attempt has been 
made to use SHCC in the GLD BC subassemblage, which 
can withstand the seismic load without any intervention on 
the reinforcement detailing just by replacing the concrete in 
the joint portion with ductile SHCC. To quantitatively deter-
mine the enhancement in properties due to SHCC, two types 
of specimens are considered in this study: one with normal 
concrete (properties provided in Table 2) throughout, and the 
other with SHCC in the joint region.

Initially, a reinforcement cage was made ready with the 
detailing shown in Fig. 5(a). Strain gauges were pasted on the 
reinforcements in the joint region to get a complete picture 
of the strain distribution in this localized area. The reinforce-
ment cage was then placed in the steel mold with appro-
priate cover thickness. For the reference specimen, normal 

Fig. 4—(a) Geometry and reinforcement details of BC joint specimen considered in this study along with strain gauge loca-
tions; and (b) LVDTs placed for measuring beam deflection (L1 to L4), joint rotation (L6, L7, L10, L11, L14, and L15), shear 
deformation (L12 and L13), and column buckling (L5, L8, L9, and L16). (Note: 1 mm = 0.039 in.)
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concrete with a mixture of cement to fine aggregate to coarse 
aggregate in the ratio of 1:2.25:2.35 is used. For developing 
the GLD specimen with SHCC at the joint region, wooden 
planks were used as separators between normal concrete 
and SHCC. A portion of normal concrete was filled near the 
joint portion to hold the wooden planks sturdily. Then, the 
joint portion was filled with SHCC. Finally, concrete was 
filled in the remaining portion, and the surface was finished 
smoothly. The curing of the specimens was carried out for 
28 days using wet gunny bags.

Test protocol and instrumentation details
To assess the seismic performance of the joint, specimens 

were subjected to reversed cyclic loading in a displacement 
control mode. The specimen was laid on the floor, and the tip 
of the beam was subjected to load in the horizontal direction 
using a computer-controlled servo-hydraulic actuator. To 
allow rotation of the specimen and movement of the actu-
ator, rollers were placed below the specimen and the actu-
ator. The tests were carried out while the column was under 
a constant axial load to replicate the phenomenon observed 
in the actual structure. The axial load of 300 kN (67.44 kip) 
was applied using a hydraulic jack at one end of the column 
while rigidly supporting the other end. Load cells were 
placed on both ends of the column (between the column end 
and hydraulic jack and between the other column end and 
bulkhead) to monitor the axial force applied while testing.

Reversed cyclic loading was applied in terms of drift ratio, 
which is the measure of displacement with respect to the free 
length of the beam.

	​ Drift ratio ​(%)​  =  ​ Δl _ L ​ ⋅ 100​	 (1)

where Δl is the applied displacement at the tip of the beam 
(mm); and L is the free length of the beam (from the column 
face) (mm).

The displacement time history adopted in this study is 
presented in the inset graph in Fig. 6. The displacements are 
applied in the increments of 12.5 mm (0.49 in.) (drift ratio of 

0.735%). To get a stabilized response (crack stabilization), at 
each drift ratio, three load cycles were applied. The response 
of the specimen during the loading cycles was monitored 
using LVDTs. Four LVDTs were mounted along the length 
of the beam at each of the L4 locations, starting from L1 at 
the tip of the beam up to L4 near the column face, to measure 
the beam deflection. To capture the joint rotation, six LVDTs 
were placed near the joint: two at the beam end (L6 and L7), 
two at the edge of the top column (L10 and L11), and two 
at the edge of the bottom column (L14 and L15). To capture 
the joint shear deformation, two LVDTs (L12 and L13) were 
placed in the joint region in a diagonal fashion, as shown in 
Fig. 6. The test arrangement, along with the hydraulic jack 
and instrumentation setup, is shown in Fig. 6.

RESULTS AND DISCUSSION
The responses of the GLD specimen and seismically 

upgraded GLD specimen with SHCC at the joint region 
(GLD-SHCC) under reversed cyclic loading are analyzed 
in detail to evaluate the efficacy of SHCC in improving the 
seismic resistance of the BC joint.

Hysteresis behavior
The load versus displacement responses (measured from 

the actuator) of the GLD and GLD-SHCC specimens are 
presented in Fig. 7. It can be observed that both the load- 
carrying capacity and the deformability are high in the case 
of the GLD specimen with the SHCC joint. In both cases 
(GLD and GLD-SHCC), the load-carrying capacity is higher 
during loading in the negative direction (causing tension in 
the beam top) than the load-carrying capacity in the posi-
tive direction (causing tension in the beam bottom). In the 
GLD specimen, peak load was attained at 37.5 mm (1.48 in.) 
displacement during loading in the negative direction. 
However, for the displacement levels from 25 to 50  mm 
(0.98 to 1.97 in.), the load-carrying capacity remained 
almost stable. Due to a further increase in drift demand 
(displacement), major cracks started to appear, and the 
load-carrying capacity of the specimen started decreasing. 

Fig. 5—(a) Reinforcement cage as per requirements of GLD (inset picture shows strain gauges pasted in joint region); and 
(b) seismically upgraded GLD BC joint subassemblages (by providing SHCC at joint region).
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During the loading in the positive direction, the peak load is 
also attained at 37.5 mm (1.48 in.) displacement. On further 
increase in displacement, the load-carrying capacity drops 
drastically. Hence, the application of reversed cyclic loading 
was stopped at 75  mm (2.95 in.) displacement (corre-
sponding to a drift ratio of 4.41%).

In the GLD-SHCC specimen, during the loading in the 
negative direction, the peak load was attained at 37.5 mm 
(1.48 in.) displacement. On further increase in displacement, 
the load-carrying capacity dropped suddenly by approx-
imately 16%; thereafter, the reduction remained very low/
stable. During the loading in the positive direction, the 

peak load was attained at 37.5 mm (1.48 in.) displacement, 
and with a further increase in displacement up to 100 mm 
(3.94  in.), the load-carrying capacity reduced in a stable 
manner, with the final reduction of approximately 20% of 
peak load. Because 100 mm (3.94 in.) displacement (corre-
sponding to the drift ratio of 5.88%) is very high for seis-
mic-resistant structures, reversed cyclic loading on the 
GLD-SHCC specimen was stopped at that displacement 
demand. The load-carrying capacity of GLD-SHCC is found 
to be 32.57% higher (during loading in the negative direc-
tion) and 15.32% higher (during loading in the positive 
direction) than the GLD specimen. Though the improvement 

Fig. 6—Test arrangement for investigating efficacy of BC joint subassemblages under reversed cyclic loading (inset picture 
shows LVDT arrangements in joint region); and (inset graph) displacement (in terms of drift) time history applied at tip of beam.

Fig. 7—(a) Hysteresis behavior of GLD and GLD-SHCC specimens under reversed cyclic loading; and (b) envelope curve of 
load-versus-displacement response. (Note: 1 kN = 0.225 kip.)
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level is less at peak load on the negative side, at 75  mm 
(2.95  in.) displacement, the load capacity is improved by 
89.26% due to the replacement of normal concrete in the 
joint region with SHCC. However, on the positive side, at 
75  mm (2.95 in.) displacement level, the improvement in 
load capacity is by 52.75%.

Damage progression with increase in drift demand
The crack development/damage pattern of GLD and 

GLD-SHCC specimens is monitored for different displace-
ment levels (drift ratios) during positive and negative 
displacement cycles. There is a significant difference in the 
crack pattern between GLD and GLD-SHCC specimens, 
indicating the change in the mode of failure between the two 
specimens. The crack patterns of the GLD and GLD-SHCC 
specimens at different drift demands are presented in Fig. 8.

The crack pattern of the GLD specimen after three 
reversed loading cycles with drift ratios of 0.74 and 1.47% 
shows uniformly spaced flexural cracks in both the top and 
bottom of the beam adjacent to the joint region. A few hori-
zontal cracks developed near the joint region in the bottom 
column. Additionally, a few diagonal cracks were also 
formed parallel to the L12 LVDT. Further, after two sets of 
reversed cyclic loading with drift ratios of 2.21 and 2.95%, 
the previously developed diagonal crack widened along 
with the formation of another wide diagonal crack perpen-
dicular to it, creating an X-shaped crack pattern. In addition, 
a wide vertical crack developed parallel to the column exte-
rior face at approximately 50 mm (1.97 in.) away from the 
column face and at the interior column face in the region 
connected to the beam. Further, after another two sets of 
reversed cyclic loading cycles with drift ratios of 3.69 and 
4.43%, the earlier developed diagonal and vertical cracks 
further widened; thus, a drastic reduction in the strength and 
stiffness of the specimen was observed. A large number of 
equally spaced horizontal cracks formed along the length 
of the bottom column. Many new diagonal cracks and their 
branches also developed in the joint region. Spalling of 
concrete was observed near the X-shaped diagonal crack 
and between the diagonal and vertical cracks. Upon further 
loading until failure, most parts of the concrete in the joint 
region from the column external face to the intersection of 
the X-shaped crack wedged out, creating a wide V-shaped 
failure, as shown in Fig. 9(a).

The GLD-SHCC specimen also exhibited uniformly 
spaced flexural cracks in both the top and bottom of the 
beam adjacent to the joint region at initial drift cycles, and 
equally spaced horizontal cracks in the column. The major 
difference is that there were a greater number of flexural 
cracks in the top of the beam than in the bottom of the beam, 
leaving some of the top cracks up to the midheight of the 
beam, whereas, in the GLD specimen, all the top flexural 
cracks were connected. The horizontal cracks formed in the 
column were more closely spaced and for a much longer 
column length. One X-shaped crack formed from two diag-
onal cracks was present in addition to another diagonal crack 
parallel to the L12 LVDT. After two sets of reversed cyclic 
loading with drift ratios of 2.21 and 2.95%, a significant 
vertical crack formed at the inner face of the column in the 

region connecting to the beam. The widening of diagonal 
cracks did not occur in the GLD-SHCC specimen; instead, 
many new diagonal cracks formed, forming multiple 
X-type cracks. Many new horizontal cracks developed in 
the column exterior face, reducing the spacing between the 
cracks. Further, under increased drift demand, that is, drift 
ratios of 3.69 and 4.43%, one diagonal crack (parallel to the 
L13 LVDT) widened along with the vertical crack formed in 
the column inner face. This is in addition to the formation 
of a large number of fine horizontal cracks in the column 
external face, making the spacings between them very small 
(≈10 to 25 mm [0.39 to 0.98 in.]). Because the damage to the 
GLD-SHCC specimen was less, it was subjected to higher 
loading. After two sets of reversed loading cycles with drift 
ratios of 5.17 and 5.88%, two diagonal cracks parallel to 
the L12 LVDT (perpendicular to the previously developed 
diagonal crack) were found to widen further. Additionally, 
multiple new fine cracks and crack branches were formed 
in the beam, column, and joint region. This is the signature 
nature of SHCC material: it is capable of forming multiple 
crack paths due to the crack bridging by the PVA fibers; 
in contrast, in normal concrete, once a crack is formed, it 
widens, and failure takes place. Another interesting fact is 
that no spalling of concrete was observed even after the 
displacement level of 100 mm (3.94 in.) (drift of 5.88%). The 
specimen was subjected to monotonic loading up to 120 mm 
(4.72 in.) displacement, and the test was stopped. The final 
damage pattern of the specimen is shown in Fig. 9(b). The 
crack bridging by the well-distributed PVA fibers can also be 
witnessed in this figure.

Development of strain in reinforcements
Strain development along the beam longitudinal rein-

forcement, starting from the column face toward the loading 
point at the beam bottom (BB2 to BB6) in both the GLD 
and GLD-SHCC specimens, is presented in Fig. 10(a) and 
(b), respectively, for different drift ratios. From the figures, 
it can be observed that the strain distribution in the GLD 
and GLD-SHCC specimens is different. In the GLD spec-
imen, the maximum strain develops closer to the column 
face, and as the distance from the column face increases, 
the strain monotonically decreases. The yielding of rein-
forcement near the BC interface starts after the drift ratio 
of 1.47% (witnessed by the reinforcement strain greater 
than 2500 με). Once the yielding of reinforcement started, 
the zone became weak, causing further deterioration in that 
area. However, in the case of the GLD-SHCC specimen, 
strain development seems to be constant along a certain 
portion of the beam, depicting distributed regions of distress. 
The yielding of reinforcement near the BC interface of the 
GLD-SHCC specimen also started after the drift ratio of 
1.47%. A further increase in drift ratio increased the strain 
in the joint region, and the strain gauge was subsequently 
damaged (found from the received strain data). An inter-
esting phenomenon observed in the GLD-SHCC specimen 
is that the yielding of reinforcement occurred even far away 
from the face of the column. The constant strain above 2500 
με from 200 to 600 mm (7.87 to 23.62 in.) from the face of 
the column indicates that the damage is not concentrated at 
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a particular location and is distributed, thereby increasing 
the capacity of the joint. The same can also be witnessed 
in Fig. 10(b). Multiple damage sites also pave the way for 
higher energy dissipation capacity of the component. It 

should be mentioned that the replacement of concrete in the 
joint portion with SHCC shifted the plastic hinge forma-
tion away from the column face and led to the development 
of a long plastic hinge zone (rather than at a concentrated 

Fig. 8—Damage pattern of: (a) GLD; and (b) GLD-SHCC specimens during different displacement levels.
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location) in the beam, which is very favorable behavior to 
prevent collapse of multi-story buildings.

Strength and stiffness degradation
The strength degradation of the GLD and GLD-SHCC 

specimens for different displacement levels (drift ratios) 
during positive and negative load cycles is presented in 
Fig. 11(a). The strength of the GLD specimen during the 
positive load cycle is 52.23 kN (11.74 kip), and during the 
negative load cycle is 93.4 kN (21 kip). During both cycles 
(positive and negative), the specimen attains its strength at 
37.5 mm (1.48 in.) displacement (2.21% drift ratio). When 
the displacement level was increased to 50 mm (1.97 in.) 
(2.95% drift ratio), the strength reduced nominally (less than 
3%). On a further increase in displacement, the strength 
dropped drastically. For a drift ratio of 4.43%, the reduc-
tion in strength amounts to 34% and 43% during the positive 
and negative load cycles, respectively. The strength of the 
GLD-SHCC specimen is 69.24 kN (15.57 kip) during the 
positive cycle and 107.71 kN (24.21 kip) during the negative 
cycle. Similar to the GLD specimen, the specimen attains its 

strength at 37.5 mm (1.48 in.) displacement in both the posi-
tive and negative load cycles. The degradation in strength of 
the GLD-SHCC specimen was initially very high (16% for 
a drift ratio of 2.95%), which stabilized later. The maximum 
degradation in strength for a drift ratio of 5.89% is very low 
(20% during negative displacement and 27% during positive 
displacement). The most interesting phenomenon observed 
from the plot is the steep and linear degradation of strength 
in the case of the GLD specimen compared to the nonlinear 
degradation of strength in the GLD-SHCC specimen. A 
change in the slope of the strength degradation curve is 
observed at a drift ratio of 4.43% in the GLD-SHCC spec-
imen, with degradation happening at a reduced pace during 
positive displacement and at a faster pace during negative 
displacement beyond that.

Similar to strength degradation, the stiffness of the spec-
imen also degraded during reversed cyclic loading with 
increased displacement levels. The stiffness degradation of 
the BC specimen is evaluated in terms of secant stiffness 
(slope of one complete reversed loading cycle, as shown in 
the inset figure in Fig. 11(b). The stiffness degradation of 

Fig. 9—Final damage pattern of: (a) GLD; and (b) GLD-SHCC specimens.

Fig. 10—Strain development at beam bottom during different drift ratios: (a) GLD; and (b) GLD-SHCC specimens.
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both the GLD and GLD-SHCC specimens started at a drift 
ratio of 1.5%. The stiffness degradation of the GLD and 
GLD-SHCC specimens was almost similar up to a drift ratio 
of 3%, with the GLD showing a slightly higher degradation 
than the GLD-SHCC specimen. However, after a drift ratio 
of 3%, the stiffness degradation of the GLD-SHCC spec-
imen slowed down drastically (this can be interpreted from 
the change in slope of Fig. 11(b)). However, in the case of 
the GLD specimen, the rate of stiffness degradation is very 
minor. At a drift ratio of 3.68%, the stiffness degradation of 
the GLD specimen was 16.88% higher than the GLD-SHCC 
specimen. The maximum degradation in stiffness of 77% 
is observed in the GLD specimen at a drift ratio of 3.68%. 
A similar level of stiffness degradation takes place in the 
GLD-SHCC specimen at a drift ratio of 5.15%.

Energy dissipation
Energy dissipation capacity is a key property that dictates 

the performance of the BC joint under seismic loading. It 
is a measure of the area under the load-displacement curve. 
The higher the energy dissipation capacity, the higher the 
chances of the joint to withstand seismic events, which even-
tually averts the collapse of structures. Figure 12(a) shows 
the energy dissipated by the GLD and GLD-SHCC speci-
mens during positive and negative drift scenarios. During the 
initial stages (up to a drift ratio of 2.21%), the energy dissi-
pated by the GLD and GLD-SHCC specimens is nearly the 
same. However, during higher drift ratios, the energy dissi-
pation capacity of the GLD-SHCC specimen is very high 
compared to the GLD specimen. At a drift ratio of 2.94%, 
the energy dissipated by the GLD-SHCC specimen is 50% 
higher than the GLD specimen during positive drift and 20% 
higher during negative drift. Beyond this displacement level, 
the ability of the GLD specimen to dissipate energy reduced 

Fig. 11—(a) Strength degradation; and (b) secant stiffness degradation of GLD and GLD-SHCC specimens under reversed 
cyclic loading.

Fig. 12—(a) Energy dissipated; and (b) cumulative energy dissipated by GLD and GLD-SHCC specimens during reversed 
cyclic loading. (Note: 1 kN∙m = 737.56 lb∙ft.)
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owing to higher deterioration of the specimen. However, in 
the case of the GLD-SHCC specimen, the ability to dissipate 
energy reduced after a drift ratio of 3.68% during positive 
displacement and 5.15% during negative displacement. The 
cumulative energy dissipated (Fig. 12(b)) by the GLD-SHCC 
specimen is 64% higher than the GLD specimen up to a drift 
ratio of 4.41% during positive displacement and 50% higher 
during negative displacement. The cumulative energy dissi-
pated by the GLD-SHCC specimen up to 100 mm (3.94 in.) 
displacement (5.88% drift ratio) is 11.76 and 13.45 kN∙m 
(8373.73 and 9920.21 lb∙ft) during positive and negative 
displacement cycles.

Shear deformation
Shear deformation/distortion of BC joints is an important 

aspect to consider during the seismic design of structures. 
As per the guidelines of FEMA 273,39 the allowable limits 
for joint shear distortion in terms of the shear angle (γ) is 
0.005 rad at peak strength and 0.01 rad at the collapse stage. 
To determine the shear angle of the BC joint, the deforma-
tion measurements from two diagonal LVDTs (L12 and L13) 
were used (shown in Fig. 13(a)). The shear angle (the angle 
between the undistorted and distorted joints) (Fig. 13(b)) 
was calculated using the procedure established in Sasmal 
et al.,40 according to which

	

	​ γ  =  ​ 
​(2D + ​δ​ 1​​ + ​δ​ 2​​)​​(​δ​ 2​​ − ​δ​ 1​​)​  ___________________  4​h​ c​​​h​ b​​

  ​​	 (2)

where hb is the depth of the beam (400 mm [15.75 in.]); hc 
is the width of the column (300 mm [11.81 in.]); and D is 
the diagonal length (500 mm [19.69 in.]). After deformation, 
the diagonal lengths get altered to (D + δ1) and (D + δ2). The 
deformation of diagonals δ1 and δ2 are obtained from LVDTs 
L12 and L13, respectively. The shear angle thus obtained 
for the GLD and GLD-SHCC specimens is presented in 
Fig. 14(a), and the envelope of positive shear deformation is 
presented in Fig. 14(b). From the figure, it can be identified 
that the shear deformation of the GLD specimen is much 
higher than that of the GLD-SHCC specimen. The allowable 
shear deformation at the collapse of 0.01 rad was reached in 
the GLD specimen at a drift ratio of 2.94%, during which 
the GLD-SHCC specimen had undergone deformation of 
only 0.0027 rad (72.73% less). This allowable collapse level 
deformation was achieved by the GLD-SHCC specimen at 
a drift ratio of 4.41% (50% higher drift ratio than GLD). 
The maximum shear deformation experienced by the GLD 
specimen is 0.027 rad at a drift ratio of 4.41%, and in the 
case of the GLD-SHCC specimen, it is 0.043 rad at a drift 
ratio of 5.58%.

Fig. 13—(a) Instrumentation for measuring joint shear deformation; and (b) schematic representation of joint distortion.

Fig. 14—(a) Joint shear deformation of GLD and GLD-SHCC specimens; and (b) envelope of positive shear deformation.
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Displacement ductility
The displacement ductility of the BC joints is determined 

using the method suggested in the literature.41,42 From the 
envelope curve of the hysteresis load versus displacement 
response, points corresponding to first concrete cracking 
(A), steel yielding (B), maximum stress (C), and joint failure 
(D) are determined (as shown in Fig. 7(b)). The points corre-
sponding to the first change in stiffness denote concrete 
cracking, and the second change in stiffness denotes rein-
forcement yielding. The displacement ductility is deter-
mined from the ratio of displacements at joint failure and 
reinforcement yielding (Δu/Δy). In the GLD-SHCC spec-
imen, the point D is marked with the asterisk as it does not 
correspond to actual failure (instead, the test was halted due 
to excessive displacement). Accordingly, the displacement 
ductility of the GLD specimen was found to be 3.75, and the 
GLD-SHCC specimen was found to be greater than 5.

CONCLUSIONS
The development of a novel strain-hardened cementi-

tious composite (SHCC) with high tensile properties and 
self-consolidating capabilities and the application of the 
developed material for seismic-resistant beam-column (BC) 
joints with the minimum reinforcement are discussed in the 
present study. The technique for developing less congested 
joints with SHCC can be used to develop congestion-free 
joints with seismic-resistant capabilities. Material-level tests 
were carried out to evaluate the primary tensile properties of 
SHCC and its ability for self-consolidation. Then, compo-
nent-level reversed cyclic loading tests were carried out to 
demonstrate the seismic-resistant capabilities of the newly 
developed BC joints (gravity load-designed [GLD] speci-
mens with SHCC at the joint region: GLD-SHCC). Some of 
the key conclusions drawn from this study include:

1. From the material-level tests carried out on SHCC, it has 
been found that its tensile strength is 5.49 MPa (0.80 ksi), its 
energy dissipation capacity is 1.68 × 10–3 J (0.00124 ft∙lb), 
and its fracture energy is 1453.30 J/m2 (0.69 ft∙lb/in.2). It 
also possessed the capabilities required for self-consoli-
dating concrete as per the code recommendations.

2. The hysteresis behavior of the GLD-SHCC specimen 
showed improved load-carrying capacity and deforma-
bility compared to GLD. The load-carrying capacity of 
GLD-SHCC is 32.57% higher than GLD in the positive 
direction and 15.32% higher in the negative direction. The 
GLD specimen could not withstand the drift demand of 
more than 2.95% (with reasonable strength degradation) 
due to high damage at this displacement level. However, 
the GLD-SHCC specimen could be displaced up to 5.88% 
drift with minimum damage (fewer adverse cracks and less 
strength/stiffness degradation).

3. The damage pattern of the GLD specimen showed a 
brittle shear failure with an X-shaped crack pattern at the 
joint, and a significant amount of spalling of concrete was 
observed. However, in the GLD-SHCC specimen, the 
damage was distributed with finer cracks, and the plastic 
hinge zone was away from the column face and for a longer 
portion of the beam.

4. The degradation in strength and stiffness is also consid-
erably less in the GLD-SHCC specimen than in the GLD 
specimen. The maximum degradation in stiffness of 77% 
was observed in the GLD specimen at a drift ratio of 3.68%. 
A similar level of stiffness degradation happened in the 
GLD-SHCC specimen at a much higher drift ratio (5.15%).

5. The cumulative energy dissipated by GLD-SHCC is 
greater than 10 kN∙m (7375.62 lb∙ft), which is more than 
double that of the GLD specimen. Similarly, the maximum 
shear deformation experienced by the GLD specimen is 
0.027 rad, and, in the case of the GLD-SHCC specimen, it 
is 0.043 rad. The displacement ductility of the GLD spec-
imen is 3.75, and the GLD-SHCC specimen is greater than 
5. These three performance characteristics are crucial for the 
joints to possess seismic resistance.

To summarize, it was identified that the BC joints studied 
here with highly workable SHCC at the joint zone can 
significantly improve the seismic resistance of GLD BC 
joints and reduce the need for providing transverse reinforce-
ments, making construction more practical and feasible. The 
present study provides new information on the potential use 
of flowable strain-hardened cement-based composite in BC 
joints in seismic-prone areas without the requirement of 
additional reinforcement at the joint region.
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This research evaluated the structural behavior of precast concrete 
box culverts (PCBCs) reinforced with glass fiber-reinforced 
polymer (GFRP) bars, both experimentally and theoretically. Four 
full-scale specimens with a span of 1500 mm (59.06 in.), a rise 
of 1500 mm (59.06 in.), and a joint length of 1219 mm (48 in.) 
were prepared, along with one specimen with a span of 1800 mm 
(70.87 in.). Four specimens were reinforced with GFRP bars, and 
one specimen with steel bars as a reference. The PCBCs were tested 
up to failure under a concentrated load over a contact area of 250 x 
600 mm (9.8 x 23.6 in.) on the top slab. The load plate simulated the 
footprint of the truck wheel load (87.5 kN [19.67 kip] CL-625 truck) 
according to the Canadian Highway Bridge Design Code. The 
investigated test parameters were the longitudinal reinforcement 
stiffness (GFRP versus steel), the longitudinal GFRP reinforcement 
ratios, specimen clear span, and slab thickness. Two-way shear 
failure was observed in all the tested specimens as a result of the 
concentrated load acting on the top slab. The test results revealed 
that increasing the longitudinal reinforcement ratio, as well as 
increasing the top-slab thickness, resulted in higher load-carrying 
capacity, lower deflection, and lower concrete and reinforcement 
strains. The experimental shear strengths were compared to the 
values predicted using current code provisions for two-way shear 
resistance equations. The results show that the punching-shear 
resistance equation in CSA S806-12 provided good yet conservative 
predictions of the shear capacity of the PCBCs’ top slab. The Cana-
dian Highway Bridge Design Code does not provide an equation 
for two-way shear design of FRP-reinforced concrete members. 
The two-way shear equation available for steel-reinforced concrete 
members was modified to take into account the characteristics of 
FRP bars. The modified equation produced predictions consistent 
with the experimental results. Moreover, the findings of this study 
demonstrate the feasibility and effectiveness of using GFRP bars as 
internal reinforcement for PCBCs as an alternative to steel bars.

Keywords: design codes; experimental and analytical studies; failure mode 
and cracking pattern; glass fiber-reinforced polymer (GFRP) reinforcement; 
load-deflection behavior; precast concrete box culverts (PCBCs); punch-
ing-shear resistance; reinforced concrete; strains.

INTRODUCTION
The culvert is a water structure used to convey drainage or 

stormwater along roadways, railways, or any other crossing 
where it intersects with the direction of water flow. The box 
culvert is the most popular shape in field applications and is 
usually used as a single or multicell culvert (Kim and Yoo 
2005). Culvert construction can be cast-in-place or involve 
precast units. There are some advantages of using precast 
concrete box culverts (PCBCs) over in-place construction, 
including higher quality control, higher concrete strength, 

uniform structure parts, lower cost, and shorter installation 
time. The culvert is a buried structure surrounded by soil, 
and consequently, it is subjected to aggressive environments 
that expose the structure to high moisture, chlorides, and 
salt content. The flowing waters may contain acids, alkalies, 
industrial waste, or chemicals. In addition, there is a risk 
of exposure to deicing salts, especially in North America. 
This exposure impacts the structure’s durability and leads 
to corrosion of the steel reinforcement. Corrosion of steel 
reinforcement is one of the causes of the deterioration of 
concrete structures, thereby reducing the expected lifetime 
(Capozucca 1995; Chang and Seo 2012). Corrosion of 
steel reinforcing bars is a primary concern with infrastruc-
ture as it leads to costly repairs and rehabilitation (Angst 
2018). Using fiber-reinforced polymer (FRP) is one of the 
most effective alternative solutions for reinforcing bars in 
concrete structures, especially when steel corrosion is a 
major concern (Gudonis et al. 2013). FRP is considered a 
high-performance material with many advantages compared 
to steel, including a weight of approximately one-quarter 
that of steel, corrosion resistance, high tensile strength, high 
mechanical performance, low maintenance costs, and easy 
installation (Benmokrane and Rahman 1998; Mufti et al. 
2005; Ahmed et al. 2020). Concrete structures reinforced 
with FRP bars have been used in a wide range of structures 
in the United States and Canada (Benmokrane et al. 2004, 
2021a). FRP reinforcement has recorded tangible successes 
in the areas of parking garages, tunneling, marine struc-
tures, water tanks, and highway bridges (El-Salakawy et al. 
2003, 2005; Benmokrane et al. 2006, 2007, 2016; Mohamed 
and Benmokrane 2014, 2015; ACI Committee 440 2015; 
Caratelli et al. 2017; Ahmed et al. 2017, 2020; Hosseini et al. 
2023; Idemudia et al. 2023). Glass FRP (GFRP) bars have 
been one of the most popular types of FRP reinforcing bars 
in the last few decades. GFRP bars are characterized by high 
tensile strength and high corrosion resistance compared to 
steel bars (Jabbar and Farid 2018; Benmokrane et al. 2021b).

Steel-reinforced concrete box culverts have been the 
topic of significant research efforts over the last two 
decades. Experimental and finite element analyses have 
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been performed on the shear behavior of the top slab of 
standard sizes of steel-reinforced concrete box culverts 
as per ASTM C1433-03 (Garg and Abolmaali 2006). The 
effect of different parameters, including culvert size and 
loading locations, on the shear capacity of steel-reinforced 
concrete box culverts has been studied (McGrath et al. 2005; 
Garg and Abolmaali 2006, 2009; Garg et al. 2007; Abol-
maali and Garg 2008a,b). These studies have significantly 
improved the knowledge about how box culvert concrete 
structures should be analyzed and designed. Although the 
shear behavior of steel-reinforced concrete box culverts 
has been thoroughly studied, knowledge concerning the 
shear behavior of PCBCs with GFRP reinforcement is still 
in its early stages and has been dealt with in limited proj-
ects. Recently, Hassanli et al. (2022) studied the structural 
behavior of the inverted U-shaped concrete culvert rein-
forced with GFRP bars and shear reinforcement in the top 
slab. The tests were performed according to AS 1597.1-2010 
under vertical loading. The load location was varied with 
three different cases: lateral load applied, no lateral load 
applied and walls restrained, and no lateral load applied and 
walls unrestrained. Punching-shear failure was observed in 
all the specimens with acceptable load-carrying capacity. It 
was concluded that the serviceability limit states (deflection 
and crack width) governed the design.

The box culvert is structurally analyzed as a rigid frame 
using the moment distribution method to obtain the final 
moment distribution at joints using the relative stiffness of 
the slabs and walls (Ahmed and Alarabi 2011; Kolate et al. 
2014). Concrete box culverts are subjected to different types 
of loads, including dead loads, permanent loads, water 
loads, earth loads, live loads, and vertical surcharge loads 
(AASHTO 2018; CSA S6:19). When the fill height above 
the top slab is 0.6 m (23.62 in.) or more, a uniform distri-
bution of the wheel load through the fill is considered. 
Otherwise, the wheel load is applied to the top slab with the 
specified wheel footprint with no distribution through the fill 
(AASHTO 2018; CSA S6:19). The vicinity of a concentrated 
load on a slab, such as with bridges and culverts, is evaluated 
for two-way shear (ACI Committee 318 2019).

The shear strength of FRP-reinforced concrete slabs has 
been reported in the literature (Matthys and Taerwe 2000; 
Ospina et al. 2003; El-Sayed et al. 2005; Hassan et al. 
2013; Nguyen-Minh and Rovňák 2013). The results indi-
cated that increasing the longitudinal FRP reinforcement 
ratio increased the punching-shear capacity, decreased 
the reinforcement strains, and achieved lower deflection 
values. Bouguerra et al. (2011) studied the punching-shear 
capacity of FRP-reinforced concrete bridge deck slabs with 
different thicknesses. The punching-shear capacity of the 
tested slabs was directly proportional to the slab thickness, 
and the measured strains were affected inversely by the slab 
thickness and the longitudinal reinforcement ratio. Kurtoğlu 
et al. (2023) investigated the punching-shear strength of 
GFRP-reinforced slabs with different slab thicknesses. They 
concluded that increasing the slab thickness by 20% resulted 
in 50% higher punching-shear capacity with higher pre- and 
post-cracking stiffness.

FRP-reinforced concrete box culvert design is not included 
in the current design codes (AASHTO 2018; CSA S6:19). 
There are no research results in the literature on the shear 
behavior of GFRP-reinforced PCBCs, which is the motiva-
tion of the current study. This research is part of an ongoing 
research program in the Department of Civil and Building 
Engineering at the University of Sherbrooke, in which the 
shear behavior of full-scale FRP-reinforced PCBCs is inves-
tigated with different culvert spans, loading locations, FRP 
reinforcing bar types, longitudinal FRP reinforcement ratios, 
concrete compressive strengths, and test bedding materials.

RESEARCH SIGNIFICANCE
Over the last two decades, outstanding research has been 

conducted on steel-reinforced concrete box culverts. Few 
research articles and discussions have been published on 
FRP-reinforced concrete culverts. So far, this study is the 
first experimental program aimed at providing experimental 
data on the shear strength and behavior of full-scale concrete 
box culvert units reinforced with GFRP bars under truck 
wheel loading in terms of various parameters. The findings 
will help implement the use of GFRP bars in concrete box 
culverts, which can be an innovative solution to the corro-
sion problem in buried structure applications. This study 
also provides analysis to determine the effects of the longi-
tudinal GFRP reinforcement ratio, reinforcement stiffness 
(steel versus GFRP), and culvert size on the shear strength 
of the top slab. The experimental data and theoretical study 
provide the evidence required to include design provisions 
in the updated “AASHTO LRFD Bridge Design Guide 
Specifications for GFRP-Reinforced Concrete” (AASHTO 
2018) and the Canadian Highway Bridge Design Code (CSA 
S6:19) for the use of GFRP bars as internal reinforcement in 
PCBCs under traffic loads.

EXPERIMENTAL INVESTIGATION
Test matrix and specimen details

A total of five full-scale PCBC specimens reinforced with 
GFRP or steel bars were constructed and tested up to failure 
under vertical loading. Four specimens were reinforced with 
GFRP bars with longitudinal reinforcement ratios ranging 
from 0.66 to 1.67%; one specimen was reinforced with steel 
bars as a reference. Table 1 presents the test matrix, spec-
imen ID, dimensions, concrete strength, and reinforcement 
details of the specimens. Each specimen was identified with 
a unique three-part ID. The first part indicates the number 
of longitudinal bars per layer in each slab or wall. This is 
followed by the letter G or S identifying the type of rein-
forcing bar: G for GFRP and S for steel. The last part indi-
cates the clear span: S1 for 1500 mm (59.06 in.) and S2 for 
1800 mm (70.87 in.). Specimens 6-G-S1, 9-G-S1, 12-G-S1, 
and 6-S-S1 had a clear span of 1500 mm (59.06 in.) and a 
rise of 1500 mm (59.06 in.) with a joint length of 1219 mm 
(48 in.). The top and bottom slabs as well as the side walls 
were 150 mm (5.91 in.) thick. The haunch dimensions were 
equal to the wall thickness in both directions: 150 mm 
(5.91 in.). Specimen 6-G-S2 had a clear span of 1800 mm 
(70.87 in.) and a rise of 1500 mm (59.06 in.) with a joint 
length of 1219 mm (48.00 in.). The thickness of the top 
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slab, bottom slab, and side walls was 180 mm (7.09 in.). 
The haunch dimensions were equal to the wall thickness 
in both directions: 180 mm (7.09 in.). The inner and outer 
concrete covers (cin and cout) were kept constant at 35 mm 
(1.4 in.) for all the specimens. Figure 1 shows the concrete 
dimensions and the reinforcement details of the PCBCs. 
Each specimen in this study had two layers of reinforcement 
as outer and inner layers of reinforcement per slab or wall. 
Each layer consisted of longitudinal reinforcement, parallel 
to the traffic direction, and transverse reinforcement, perpen-
dicular to the traffic direction, without shear reinforcement. 
Three different longitudinal GFRP reinforcement ratios 
were used to reinforce the specimens in the slabs, walls, and 
haunches to investigate the effects of the longitudinal rein-
forcement ratio (refer to Fig. 1, Section A-A). The longi-
tudinal reinforcement ratio of 0.83% was used in specimen 
6-G-S1 and consisted of six No. 5 longitudinal GFRP bars at 

233 mm (9.17 in.) in outer and inner layers of reinforcement 
per slab or wall. The other two longitudinal reinforcement 
ratios (1.25% and 1.67%) were used for specimens 9-G-S1 
and 12-G-S1, respectively, and consisted of nine and 12 
No. 5 GFRP longitudinal bars at 146 and 106 mm (5.75 and 
4.17 in.) in outer and inner layers of reinforcement per slab 
or wall, respectively. Specimen 6-G-S2 was reinforced with 
six No. 5 GFRP longitudinal bars at 233 mm (9.17 in.) in the 
outer and inner layers of reinforcement per slab or wall, with 
a longitudinal reinforcement ratio of 0.66%. All the GFRP 
specimens had No. 4 GFRP bars at 292 mm (11.50 in.) as 
transverse reinforcement in outer and inner layers of rein-
forcement per slab or wall. Steel-reinforced specimen 6-S-S1 
had six 15M steel longitudinal bars at 233 mm (9.17 in.) in 
outer and inner layers of reinforcement per slab or wall with 
a longitudinal reinforcement ratio of 0.83%; 10M steel bars 
at 292 mm (11.50 in.) were used as transverse reinforcement 

Table 1—Dimensions, reinforcement, and concrete strength of tested specimens

Specimen 
ID

Span, 
mm

Rise, 
mm

t slab/wall, 
mm

t haunch, 
mm d, mm

Reinforcement 
type

Transverse 
reinforcement

Longitudinal reinforcement Concrete strength

Reinforcement ρf, % n*
COV, 

%
fc′, 

MPa

6-G-S1 1500 1500 150 150 117 GFRP No. 4 @ 292 mm No. 5 @ 233 mm 0.83 6 8.2 38

9-G-S1 1500 1500 150 150 117 GFRP No. 4 @ 292 mm No. 5 @ 146 mm 1.25 6 8.8 44.9

12-G-S1 1500 1500 150 150 117 GFRP No. 4 @ 292 mm No. 5 @ 106 mm 1.67 6 5.6 41.4

6-G-S2 1800 1500 180 180 147 GFRP No. 4 @ 292 mm No. 5 @ 233 mm 0.83 6 3.1 43.1

6-S-S1 1500 1500 150 150 117 Steel 10M @ 292 mm 15M @ 292 mm 0.66 6 2.7 45.1

*n is number of tested concrete cylinders for each test specimen.

Note: 1 mm = 0.0394 in.; 1 MPa = 0.145 ksi.

Fig. 1—Dimensions and reinforcement details of specimens. (Note: 1 mm = 0.0394 in.)
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in outer and inner layers per slab or wall (refer to Fig. 1, 
Section A-A).

Materials
Sand-coated No. 5 and No. 4 GFRP bars were used to 

reinforce the GFRP specimens (6-G-S1, 9-G-S1, 12-G-S1, 
and 6-G-S2) in the longitudinal and transverse directions, 
respectively. The GFRP straight and bent bars were manu-
factured with a boron-free glass fiber content of 84.7% and 
72.0% (by weight), respectively, in a vinyl ester resin. The 
ultimate tensile strength (ffu) and modulus of elasticity (Ef) 
of the longitudinal and bent GFRP bars were determined 

according to CSA S806-12 (Annex C) and CSA S807:19 
(Annex E), as reported by the manufacturer. The transverse 
shear strength of the GFRP bars was determined according to 
ASTM D7617/D7617M-11(2017), as reported by the manu-
facturer. The steel-reinforced specimen (6-S-S1) was rein-
forced with 15M and 10M deformed steel bars in the longi-
tudinal and transverse directions, respectively, as shown in 
Fig. 2(a). Table 2 provides the mechanical properties of the 
GFRP and steel bars.

The PCBC specimens were cast with normalweight 
concrete in Saint-Hyacinthe, QC, Canada, with a target 
28-day compressive strength of 40 MPa (5.80 ksi). Six 

Fig. 2—(a) GFRP bars and steel bars; (b) GFRP and steel cages; and (c) PCBC specimen fabrication.
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standard concrete cylinders measuring 100 x 200 mm 
(3.94 x 7.87 in.) per specimen were collected during casting 
to measure the compressive strength of each specimen. The 
concrete compressive strength (fc′) was determined on the 
day of testing of each specimen, as presented in Table 1.

Specimen fabrication
Figure 2(b) shows the assembled GFRP and steel PCBC 

cages at the University of Sherbrooke’s Centre de mise à 
l’échelle laboratory (CME). The cages were prepared and 
then shipped to the precast concrete producer for casting. 
Wooden formwork was carefully fabricated to suit the 
different dimensions of the specimens. Figure 2(c) shows 
the casting and demolding of the PCBC specimens. After 
curing, the PCBC specimens were shipped to the University 
of Sherbrooke’s structural laboratory for testing.

Test setup and instrumentation
The test setup was designed and fabricated at the structural 

laboratory of the University of Sherbrooke in accordance 
with CSA S6:19. The tested specimens were placed directly 
on the laboratory’s rigid floor. A standard steel load plate 
measuring 250 x 600 mm (9.8 x 23.6 in.) was used to simu-
late a CL-625 truck wheel footprint. CSA S6:19 presents 
the CL-625 truck axle and wheel loads with a total load of 
625 kN (140.51 kip). The maximum wheel load of 87.5 kN 
(19.67 kip) was used in this study for comparison with the 
experimental results. The load plate was placed on the top 
slab to simulate a wheel load on a box culvert with less than 
0.6 m (23.62 in.) depth of earth fill above the top slab, as 
illustrated in CSA S6:19. The load-plate location shown in 
Fig. 3 was chosen to generate the maximum shear stresses at 
the most expected critical location for the truck wheel above 
the top slab of the box culvert structure. It was located at the 
edge of the joint length and along the span at a distance d 
(critical shear location) between the edge of the load plate 
and the tip of the right haunch. The load plate was attached 
to a 1000 kN (224.8 kip) hydraulic actuator mounted to a 
steel frame. A 20 mm (0.79 in.) thick layer of rubber was 

placed between the load plate and the concrete surface for 
a uniform load distribution over the loading area. The load 
was applied at a displacement-controlled rate of 0.3 mm/min 
(0.01 in./min) during the testing of the specimens. Figure 3 
shows the details of the test setup.

For each specimen, 10 electrical resistance strain 
gauges with a gauge length of 6 mm (0.24 in.) and a gauge 

Table 2—Material properties of GFRP and steel reinforcing bars

GFRP reinforcement

Bar No. dbar, mm Abar
*, mm2 Aim.

†, mm2 Ef, GPa ffu, MPa
ffu, MPa 

(bent bar) εfu, %
Transverse shear tensile 

strength, MPa

GFRP (straight bars)

No. 4 13.0 127 146 60.7 1391 — 2.29 238

No. 5 15.0 198 236 63.7 1403 — 2.20 236

GFRP (bent bars)

No. 5 15.0 198 232 50.6 1169 637 2.31 233

Steel

Bar size dbar, mm Abar
*, mm2 Es, GPa Fy, MPa εy, %

10M 11.3 71 200 460 0.23

15M 16.0 198 200 460 0.23

*Nominal bar cross-sectional area.
†Immersed cross-sectional area.

Note: 1 mm = 0.0394 in.; 1 mm2 = 0.00155 in.2; 1 MPa = 0.145 ksi.

Fig. 3—Test setup.
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resistance of 120 ± 0.5 Ω were attached to the GFRP and 
steel bars during cage preparation. The strain gauges were 
distributed on each specimen cage at the maximum tension 
and compression locations and directly under the load plate 
to measure strain in the longitudinal reinforcing bars. On the 
top slab, as in Fig. 4(a), six strain gauges (SGs) were distrib-
uted as follows; a) two SGs on the outer layer of longitudinal 
reinforcement above the right and left walls; b) three SGs 
on the inner layer of longitudinal reinforcement under the 
center of the loading area, which were used for validation; 
and c) one SG on the inner layer of longitudinal reinforce-
ment at midspan. On the right wall, two SGs were attached 
to the outer and inner layers of the longitudinal reinforce-
ment at midheight. Moreover, two SGs were attached to the 
bottom slab on the outer and inner layers of longitudinal rein-
forcement under the right wall and at midspan, respectively. 
The concrete compressive strains were measured with five 
SGs (wire SGs using a polyester resin backing) with a gauge 
length of 60 mm (2.36 in.) and a gauge resistance of 120 ± 
0.5Ω, glued to the top surface (compression side) of the top 
slab before testing. Additionally, one SG was placed on the 
inside face of the right wall (refer to Fig. 4(b)). The top slab’s 
deflection was captured with linear potentiometers (LPOTs) 
at midspan and below the load-plate location, and the lateral 
displacement of the vertical walls was captured at midspan 
(refer to Fig. 4(c)). The crack propagation line was marked 
by drawing a line parallel to the observed crack, and the 
corresponding load was written beside the end of the crack to 
indicate the crack propagation (refer to Fig. 5). An automatic 
data acquisition system monitored by a computer was used to 
record the readings of the LPOTs, SGs, and load cells.

TEST RESULTS AND OBSERVATIONS
This section presents the failure mode and cracking 

patterns, load-deflection behavior, and the concrete and rein-
forcing bar strains during the testing of the PCBCs. It also 
summarizes the effect of changing the longitudinal reinforce-
ment type, longitudinal GFRP reinforcement ratio, clear 
span, and the top-slab thickness on the tested PCBCs. In this 

section, the calculated design factored load Pfact was calcu-
lated according to CSA S6:19. The design factored load was 
calculated as 1.4 × 1.7 × 87.5 kN (19.67 kip) = 208.25 kN 
(46.14 kip), where 1.4 is the dynamic load factor, 1.7 is the 
live-load combination factor, and 87.5 kN (19.67 kip) is the 
maximum design truck wheel load (87.5 kN CL-625 truck).

Failure mode and cracking pattern
Flexural cracks appeared first for all specimens on the 

bottom surface of the top slab (tension side) directly under 
the load location. The first crack (cracking load) appeared 
at an average load of 55 kN (12.36 kip) for all the speci-
mens, except 6-G-S2, in which the first crack appeared at 
a load of 64 kN (14.39 kip). Linear propagation of the first 
flexural cracks parallel to the supporting walls increased as 
the load increased. At higher loadings, flexural cracks started 
to initiate and propagate on the outside surface of the right 
wall, followed by flexural cracks on the left wall, as shown 
in Table 3. In Specimens 6-G-S1, 9-G-S1, 12-G-S1, 6-G-S2, 
and 6-S-S1, diagonal flexural cracks appeared on the bottom 
surface of the top slab and propagated diagonally up to loads 
of 305, 285, 206, 229, and 320 kN (68.57, 64.07, 46.31, 
51.48, and 71.94 kip), respectively. Negative flexural cracks 
appeared on the top slab’s top surface at the supports due to 
the framing action on the box culvert. Table 3 presents the 
first negative crack load. At loads of 154, 158, 160, 230, and 
142 kN (34.62, 35.52, 35.97, 51.71, and 31.92 kip), flexural 
cracks initiated from the bottom surface of the top slab and 
propagated vertically on the edge of the slab in Specimens 
6-G-S1, 9-G-S1, 12-G-S1, 6-G-S2, and 6-S-S1, respec-
tively. These flexural cracks propagated diagonally toward 
the load-plate location as shear cracks appeared on the edge 
of the top slab at loads of 175, 201, 210, 279, and 276 kN 
(39.34, 45.19, 47.21, 62.72, and 62.05 kip), respectively. 
At an advanced stage of loading prior to failure, diagonal 
shear cracks were observed on the edge of the top slab that 
could be characterized as wide and clear cracks, as shown in 
Fig. 5. The specimens failed with the wide shear cracks on 
the edge of the top slab and were accompanied by diagonal 

Fig. 4—PCBC instrumentation: (a) strain gauges on longitudinal bars; (b) concrete strain gauges; and (c) LPOTs.



179ACI Structural Journal/May 2024

flexural cracks on the bottom surface of the top slab. The 
ultimate failure loads were 366, 392, 432, 477, and 460 kN 
(82.2, 88, 97, 107.3, and 103.4 kip) for Specimens 6-G-S1, 
9-G-S1, 12-G-S1, 6-G-S2, and 6-S-S1, respectively. The 
ultimate failure load values ranged from 1.76 to 2.29 times 
the factored design load of 208.25 kN (46.14 kip) given in 
CSA S6:19. Table 3 summarizes the load associated with the 
different cracking patterns of the tested PCBC specimens.

Figure 5 shows a truncated cone shape of the shear failure 
of the tested specimens. Figure 6 shows the cracking patterns 
at failure for all the specimens. Two-way shear failure was 
observed on the inside face of the top slab. It was consid-
ered the typical mode of failure for all the tested speci-
mens. The two-way shear behavior mainly resulted from 
the concentrated load acting on the top slab of the PCBCs. 
ACI 318-19 states that the concentrated loads create local 
moments and shear that might cause one-way slabs to have 
two-way behavior. This coincides with the observed mode 
of failure of the tested specimens in this study. In addition, 
it is in agreement with the results reported by Hassanli et al. 
(2022) for GFRP-reinforced inverted U-shaped culverts 
under concentrated loading. It should be mentioned that no 
penetration of the load plate into the concrete was observed 
for any of the PCBCs tested in this study.

Regardless of longitudinal reinforcement ratio and type, 
the cracking loads were almost similar for the specimens with 
a 150 mm (5.91 in.) top-slab thickness, with an average of 
55 kN (12.36 kip). It increased to 64 kN (14.39 kip) in Spec-
imen 6-G-S2 with a thicker top slab of 180 mm (7.09 in.). 
Higher load-carrying capacities were obtained by specimens 
with higher axial reinforcement stiffness or greater top-slab 
thickness, which coincides with Hassan et al. (2013).

Load-deflection behavior of specimens
Figure 7 shows the top slab’s deflection measured under 

the center of the load plate versus the applied loads for the 
tested specimens. The load-deflection curves of all the GFRP- 
reinforced specimens were almost bilinear. The pre-cracking 
behavior was almost similar to the cracking load repre-
senting the behavior of the uncracked slab using the gross 
moment of inertia of the concrete section. The post-cracking 

Fig. 5—Cracking pattern of specimens at failure before 
releasing load.

Table 3—Experimental test results of tested specimens

Specimen ID
First flexural 
crack*, kN

First negative 
flexural crack†, kN

First crack on
walls (right/left)‡, kN

First shear 
crack§, kN

Ultimate failure 
load, kN Mode of failure

Ultimate 
deflection, mm

6-G-S1 55 233 105/130 277 365.6 TSF 22.68

9-G-S1 55 162 135/160 375 391.6 TSF 20.16

12-G-S1 55 196 206/196 312 431.6 TSF 19.25

6-G-S2 64 190 135/146 385 477.1 TSF 20.53

6-S-S1 56 310 204/240 250 290||/459.9# TSF 20.01

*Crack on bottom surface of top slab.
†Crack on top surface of top slab.
‡Cracks on outside face of side walls.
§Shear crack appeared on edge side of top slab.
||Steel bars yielding load.
#Ultimate failure load.

Note: TSF is two-way shear failure; 1 kN = 0.225 kip; 1 mm = 0.0394 in.
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stage represents the cracked slab with reduced moment of 
inertia. At this stage, specimen behavior was influenced by 
the axial reinforcement stiffness, which is a function of the 
modulus of elasticity Ef and area Af of the reinforcing bars. 
The steel-reinforced specimen had linear load-deflection 
behavior prior to yielding at 290 kN (65.19 kip). At the same 
loading level, Specimen 6-S-S1 had higher rigidity than its 
counterpart 6-G-S1. After the yield point of the longitudinal 
reinforcing bars on the tension side of the top slab, it exhib-
ited a yield plateau with a decrease in stiffness, followed by 
a gradual decrease in the overall stiffness of the specimen. 
Table 3 presents the ultimate deflection values corresponding 
to the ultimate failure loads.

At the same loading level, Specimens 9-G-S1 and 12-G-
S1, with higher longitudinal reinforcement ratios, had lower 
deflection values and higher rigidity than Specimen 6-G-S1. 
In addition, Specimen 6-G-S2, with a thicker top slab, 
exhibited higher rigidity and lower deflection than Spec-
imen 6-G-S1. Furthermore, Specimen 6-S-S1 showed higher 
rigidity, prior to the steel bars yielding, than its counterpart 
6-G-S1.

Strains in concrete and longitudinal reinforcement
Figure 8(a) presents the load versus concrete strain read-

ings measured on the top surface of concrete of the top slab 
(compression side) around the load. Low concrete strains 

Fig. 6—Diagonal cracks on top slab’s bottom surface of GFRP-reinforced specimens: (a) 6-G-S1; (b) 9-G-S1; (c) 12-G-S1; 
(d) 6-G-S2; and (e) steel-reinforced specimen 6-S-S1.

Fig. 7—Load-deflection relationship for tested specimens. 
(Note: 1 kN = 0.225 kip.)
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for all specimens were measured before cracking, ranging 
between –109 and –197 με. Specimen 6-G-S1 showed 
concrete strains similar to that of its counterpart 6-S-S1 up 
to 45% of the ultimate load. Then it had higher concrete 
compressive strains, as shown in Fig 8(a). The maximum 
measured concrete compressive strains were –2753, –2837, 
–1982, –2644, and –3105 με for Specimens 6-G-S1, 9-G-S1, 
12-G-S1, 6-G-S2, and 6-S-S1, respectively. The measured 
strains for all the GFRP-reinforced specimens were within 
the specified crushing failure limit in ACI CODE-440.11-22 
(–3000  με) and CSA S806-12 (–3500 με), while they 
exceeded the design limit in ACI 318-19 (–3000 με) for 
steel-reinforced Specimen 6-S-S1. It should be mentioned 
that the concrete SGs in Specimen 6-G-S1 were damaged at 
a load of 341.6 kN (76.79 kip) (93% of total load), as were 
those in specimen 6-S-S1 at a load of 415 kN (93.92 kip) 
(90% of total load).

Figure 8(b) shows the load versus tensile strains in the 
bottom longitudinal bars of the top slab directly under the 
load plate. From the load-strain relationship, the tensile 
strain readings for the GFRP bars were observed to be very 
low prior to the initiation of the first crack. After the first 
flexural crack occurred, the strains in the GFRP-reinforced 
specimens increased linearly up to failure. The maximum 
tensile strain readings in the GFRP-reinforced specimens 
were 8165, 5160, 4540, and 7980 με for Specimens 6-G-S1, 
9-G-S1, 12-G-S1, and 6-G-S2, respectively. The maximum 
GFRP tensile strain reading (8165 με) represents 37% of the 
characteristic tensile strength, indicating that the failure was 
not caused by GFRP bars rupturing. On the other hand, the 
steel-reinforced specimen showed a yield plateau of tensile 
steel bars, resulting in a rapid increase in the tensile strain 
readings up to failure. The steel bars yielded at approximately 
2480 με, at a load of 290 kN (65.19 kip) (63% of the ultimate 
failure load). Thereafter, the tensile SG stopped recording 
at a load of 379 kN (85.20 kip) (82% of the ultimate failure 
load) with a tensile strain of 10,948 με. Figure 8(c) plots 
the load versus tensile strains in the outer reinforcing bars 
of the top slab in the negative moment zone at the supports. 
It shows that the outer reinforcing bars in all the specimens 
were under tension as a result of the framing action on the 
box culvert structure. The maximum measured strain in 
the GFRP-reinforced specimens was 2459 με, representing 
11% of the characteristic tensile strength of the GFRP bars. 

The axial reinforcement stiffness and the top-slab thickness 
affected the measured strains.

Influence of longitudinal reinforcement type
While Specimens 6-G-S1 and 6-S-S1 had the same longi-

tudinal reinforcement ratio (0.83%), Specimen 6-S-S1 
had higher axial reinforcement stiffness due to the steel 
bars having a higher modulus of elasticity (Es = 200 GPa 
[29,000 ksi]) than the GFRP bars (Ef = 63.7 GPa [9239 ksi]). 
Before cracking occurred, the initial stiffness was not signifi-
cantly affected by the axial reinforcement stiffness, as shown 
in Fig. 7. After cracking, the behavior of the two specimens 
differed, and the stiffness of specimens at this stage was 
dependent on the axial stiffness of the reinforcing bars. It 
led to higher deflection and lower load-carrying capacity 
in the GFRP-reinforced specimen. According to the load- 
deflection relationship of the two specimens presented in 
Fig.  7, the steel-reinforced specimen’s post-cracking stiff-
ness was 2.93 times greater than that of the GFRP-reinforced 
specimen. This value is approximately equivalent to the ratio 
of the modulus of elasticity of steel bars to that of GFRP 
bars. At the same loading level, Specimen 6-S-S1 had higher 
rigidity and lower deflection values than 6-G-S1. In addition, 
it had higher loading capacity than specimen 6-G-S1. Thus, 
Specimen 6-G-S1 had 20.5% lower load-carrying capacity 
and 13.3% higher ultimate deflection than its counterpart 
Specimen 6-S-S1. Specimen 6-G-S1 exhibited linear-elastic 
behavior after the first crack up to failure. In contrast, Spec-
imen 6-S-S1 had linear stiffness up to the yielding of the 
steel bars at a load of 290 kN (65.19 kip) and then exhibited 
a yield plateau after 2480 με up to failure. Consequently, 
Specimen 6-S-S1 failed as the result of two-way shear 
failure initiated by steel yielding.

Influence of longitudinal reinforcement ratio
Three longitudinal reinforcement ratios of 0.83%, 1.25%, 

and 1.67% were used for the GFRP-reinforced speci-
mens. The load-carrying capacity increased as the longitu-
dinal reinforcement ratio increased, enhancing the tested 
specimens’ stiffness and decreasing top-slab deflection. 
Increasing the longitudinal reinforcement ratio in Specimens 
9-G-S1 and 12-G-S1 increased their load-carrying capacity 
by 7% and 17%, respectively, and decreased the top-slab 
ultimate deflection under the load by 8% and 14%, respec-
tively. Moreover, given the same load level, increasing the 

Fig. 8—Load-strain relationships: (a) concrete compressive strains; (b) tensile reinforcement strains under load; and (c) outer 
reinforcement strains at supports. (Note: 1 kN = 0.225 kip.)
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longitudinal reinforcement ratio decreased the concrete 
strains by 38% and 48%, respectively, and the reinforcement 
strains by 42% and 55%, respectively. The experimental load 
capacity versus the longitudinal reinforcement ratio relation-
ship in Fig. 9(a) shows that the load-carrying capacity posi-
tively correlates with the longitudinal reinforcement ratio, 
while the top-slab deflection negatively correlates with the 
longitudinal GFRP reinforcement ratio. Changing the rein-
forcement ratio significantly impacted the load-carrying 
capacity, emphasizing the importance of considering the 
reinforcement ratio in the calculations.

Influence of clear span length and top-slab 
thickness

The clear span and slab thickness of Specimen 6-G-S2 
were increased to 1800 and 180 mm (70.87 and 7.09 in.), 
respectively. Specimens 6-G-S1 and 6-G-S2 both had the 
same axial reinforcement stiffness and GFRP reinforcement 
type. Increasing the top-slab thickness increased the load-car-
rying capacity by approximately 30% and decreased the ulti-
mate deflection by 7%. Moreover, it lowered the neutral-axis 
location and increased the depth of the uncracked concrete 
contribution to resist shear stresses, as attested by Specimen 

6-G-S2, which had a cracking load 16% higher than that 
of Specimen 6-G-S1. Specimen 6-G-S2 had 50% and 33% 
lower concrete and reinforcement strains, respectively, at the 
same load level as Specimen 6-G-S1. In the two-way action, 
increasing the slab thickness increased the surface area 
that resisted the two-way shear action, which yields higher 
punching-shear capacity with flatter shear cracks (Hassan 
et al. 2013). The experimental load-carrying capacity versus 
the slab thickness relationship in Fig. 9(b) shows that the 
load-carrying capacity positively correlates with the slab 
thickness. In contrast, the top-slab deflection negatively 
correlates with the top-slab thickness.

THEORETICAL STUDY
This section presents a theoretical study to evaluate the 

accuracy of two-way shear equations in design codes to 
predict the shear capacity of the top slab of PCBCs rein-
forced with GFRP bars under a truck wheel load. In this 
section, the effective perimeter of the critical section around 
the load is computed at a distance of d/2 away from the 
concentrated load, as shown in Fig. 10. Table 4 presents a 
comparison between the experimental shear failure load and 
the predicted two-way shear resistances of the top slab of the 
tested specimens. Figure 11 presents the ratio Vexp/Vpred from 
different provisions versus the longitudinal reinforcement 
ratio for the GFRP-reinforced specimens.

Background of two-way shear design equations
Several two-way shear design equations for FRP- 

reinforced concrete elements have been integrated into North 
America’s various design codes. Two-way shear equations 
in the design codes ACI CODE-440.11-22 (ACI Committee 
440 2022), AASHTO LRFD, and CSA S806-12 were 
assessed by comparing their predictions to the experimental 
results. In addition to the provisions mentioned previously, 
a modification has been made to the two-way shear equa-
tion for steel-reinforced concrete members in CSA S6:19 to 
account for the axial stiffness of FRP reinforcement.

ACI CODE-440.11 (2022)—ACI CODE-440.11-22 spec-
ifies the stress corresponding to nominal two-way shear 
strength provided by the concrete vc of GFRP-reinforced 
concrete slabs, as presented in Eq. (1). The nominal shear 

Fig. 9—Experimental load capacity versus: (a) longitu-
dinal reinforcement ratio; and (b) top-slab thickness. (Note: 
1 kN = 0.225 kip; 1 mm = 0.0394 in.)

Fig. 10—Effective perimeter around concentrated load at 
top slab. (Note: 1 mm = 0.0394 in.)
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strength provided by concrete Vc can be calculated with 
Eq. (2)

	​ ​v​ c​​  =  10​λ​ s​​​k​ cr​​​√ 
__

 ​​f​ c​​ ′ ​ ​  ≥  1.6​λ​ s​​​√ 
__

 ​​f​ c​​ ′ ​ ​​, psi  
	 (1 psi = 0.00689 MPa)	 (1)

	 Vc = vc(bod), kip  
	 (1 kip = 4.448 kN)	 (2)

where λs is the size effect factor; kcr is the ratio of the elastic 
cracked transformed section neutral-axis depth to the 
effective depth; fc′ is the compressive strength of concrete  
(​​√ 

__
 ​​f​ c​​ ′ ​ ​​ ≤ 100 psi [0.689 MPa]); d is the effective depth calcu-

lated from the concrete compression side to the center of 
the GFRP longitudinal tension reinforcement; and bo is 
the perimeter of the critical shear section and is computed 
at a distance of d/2 from the concentrated load edge. The 
term λs can be calculated from Eq. (3) for the case of Afv < 
Afv,min, which is a function of the transverse shear reinforce-
ment area. The term kcr can be calculated from Eq. (4) as a 
function of the longitudinal reinforcement ratio ρf and the 
modular ratio nf.

	​ ​λ​ s​​  =  ​√ 
_

 ​  2 _ 
1 + ​(​d ⧸ 

10
​)​

 ​ ​  ≤  1.0​	 (3)

	​ ​k​ cr​​  =  ​√ 
____________

  2 ​ρ​ f​​ ​n​ f​​ + ​​(​ρ​ f​​ ​n​ f​​)​​​ 2​ ​ − ​ρ​ f​​ ​n​ f​​​	 (4)

AASHTO (2018)—For two-way action, the punching- 
shear resistance of the concrete Vc in GFRP-reinforced 
concrete slabs without shear reinforcement can be calculated 
with Eq. (5).

	​ ​V​ c​​  =  0.316k​√ 
__

 ​​f​ c​​ ′ ​ ​​b​ o;0.5d​​​d​ v​​​, kip (1 kip = 4.448 kN)	 (5)

The term k can be calculated with Eq. (4).
CSA S806 (2012)—According to CSA S806-12, the 

punching-shear resistance Vc of FRP concrete slabs can be 
calculated as the smallest value in Eq. (6), (7), and (8)

	​ ​V​ c​​  =  ​(1 + ​ 2 _ ​β​ c​​ ​)​​[0.028λ​ϕ​ c​​​​(​E​ f​​ ​ρ​ f​​ ​​f​ c​​ ′ ​)​​​ ​ 
1 _ 3 ​​]​​b​ o;0.5d​​ d​	 (6)

	​ ​V​ c​​  =  ​[​(​ ​α​ s​​d _ ​b​ o​​
 ​)​ + 0.19]​0.147λ​ϕ​ c​​ ​​(​E​ f​​ ​ρ​ f​​ ​​f​ c​​ ′ ​)​​​ ​ 

1 _ 3 ​​​b​ o;0.5d​​d​	 (7)

	​ ​V​ c​​  =  0.056λ​ϕ​ c​​​​(​E​ f​​ ​ρ​ f​​ ​​f​ c​​ ′ ​)​​​ ​ 
1 _ 3 ​​​b​ o;0.5d​​d​	 (8)

where βc is the ratio of the long side to the short side of the 
concentrated load; λ is the factor for concrete density (λ = 
1.0 for normal-density concrete); ϕc is the resistance factor 
for concrete; and αs is 3 for the edge column or concentrated 
load.

CSA S6 (2019) (modified)—In CSA S6:19, the available 
two-way shear action equation is for steel-reinforced slabs, 
walls, or footings. The concrete resistance Vc to the two-way 
shear action can be calculated with Eq. (9)

	 Vc = ϕcfcrbo;0.5dd	 (9)

where fcr is the concrete cracking strength (fcr = 0.4​​√ 
__

 ​​f​ c​​ ′ ​ ​​ ≤ 
3.2 MPa [464.12 psi] for normal-density concrete).

Equation (9) has been modified by directly implementing 
the FRP axial stiffness (ρfEf) and the shear span-depth ratio 
(a/d) and is presented as shown in Eq. (10). The modified 
equation (Eq. (10)) was used for the calculations in this 
study and referred to as “CSA S6-19 (modified),” as shown 
in Fig. 11

	 Vc = 0.066ϕc(ρf Ef fc′d/a)1/3bo;0.5dd	 (10)

Table 4—Comparison of experimental and predicted shear capacities of GFRP specimens

Specimen ID Failure load (Vexp), kN

ACI CODE-440.11-22 AASHTO LRFD CSA S806-12 CSA S6:19 (modified)

Vpred, kN Vexp/Vpred Vpred, kN Vexp/Vpred Vpred, kN Vexp/Vpred Vpred, kN Vexp/Vpred

6-G-S1 365.6 175.4 2.08 174.7 2.09 275.3 1.33 354.0 1.03

9-G-S1 391.6 220.3 1.78 219.5 1.78 333.1 1.18 428.5 0.91

12-G-S1 431.6 244.3 1.77 243.4 1.77 356.9 1.21 459.0 0.94

6-G-S2 477.1 205.5 2.32 212.4 2.25 346.1 1.38 445.2 1.07

Average — 1.99 — 1.97 — 1.27 — 0.99

Standard deviation — 0.27 — 0.23 — 0.10 — 0.07

COV, % — 13.43 — 11.86 — 7.55 — 7.55

Fig. 11—Comparison of experimental to predicted results.
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where a is the distance between the tip of the haunch and 
the edge of the load plate. The coefficient (0.066) was deter-
mined based on the conducted regression analysis using the 
experimental database presented in this study.

Comparison between experimental and theoretical 
results

The shear capacities of the PCBCs’ top slab were compared 
to the predictions using the two-way shear action equations 
mentioned herein. In all the analyses, the material resistance, 
concrete density, and member safety factors were taken as 
equal to unity. Table 4 gives the experimental-to-predicted 
shear ratios (Vexp/Vpred) of the tested specimens. Figure 11 
plots the Vexp/Vpred from different provisions against the longi-
tudinal GFRP reinforcement ratios. Based on the results in 
Table 4, it can be concluded that the CSA S806-12 punching- 
shear equation yielded good yet conservative prediction 
values, with an average Vexp/Vpred of 1.27 ± 0.10 and a 
coefficient of variation (COV) of 7.55%. The ACI CODE-
440.11-22 and AASHTO LRFD equations provided very 
conservative predictions, with an average Vexp/Vpred of 1.99 ± 
0.27 and 1.97 ± 0.23 and a COV of 13.43% and 11.86%, 
respectively. For the modified equation of CSA S6:19, this 
direct insertion of the FRP axial stiffness and the load loca-
tion into the equation yielded the closest predictions to the 
experimental shear capacities, with an average Vexp/Vpred of 
0.99 ± 0.07 and a COV of 7.55%, as presented in Table 4.

Based on the results in Table 4, two-way shear equations 
can be used to predict the shear capacity of the PCBCs’ top 
slabs subjected to a concentrated load over a part of the entire 
width. In addition, it can be explained by the two-way shear 
failure of the tested specimens. The CSA S806-12 punch-
ing-shear equation gave good yet conservative predictions. 
The modified CSA S6:19 two-way shear equation provided 
the predictions the most consistent with the experimental 
results.

CONCLUSIONS
This paper reported on the structural behavior and shear 

strength of full-scale precast concrete box culverts (PCBCs) 
reinforced with glass fiber-reinforced polymer (GFRP) bars 
both experimentally and theoretically under CSA S6:19 
truck wheel loading. The CL-625 truck wheel load was 
simulated with a 250 x 600 mm (9.8 x 23.6 in.) load plate 
located at the edge of the joint length and at a distance d 
along the span between the edge of the load plate and the tip 
of the right haunch. Based on the experimental results and 
the theoretical study presented in this paper, the following 
conclusions can be drawn:

1. The failure of the GFRP-reinforced PCBCs was 
two-way shear failure of the top slab, while the steel- 
reinforced concrete specimen failed as the result of two-way 
shear failure of the top slab after the yielding of the steel 
tension reinforcement in the top slab. No signs of penetra-
tion of the load plate into the concrete were observed during 
specimen loading.

2. All the GFRP-reinforced PCBCs exceeded the ulti-
mate factored live load (208.25 kN = 1.4 × 1.7 × 87.5 kN 
[46.14  kip]) as per CSA S6:19, and the first shear crack 

was observed at a range of 133% to 184% of the ultimate 
factored live load.

3. Based on the test results, the failure of the GFRP- 
reinforced PCBCs was not triggered by GFRP bar rupture 
or concrete crushing. The maximum tensile strain (8165 με) 
achieved by the GFRP-reinforced specimens at failure 
represents 37% of the ultimate tensile strain of the GFRP 
bars.

4. The maximum compressive concrete strain at failure 
for the GFRP-reinforced concrete specimens was less 
than the specified design limits in ACI CODE-440.11-22 
(–3000 με) and CSA S806-12 (–3500 με), while it exceeded 
the design limit in ACI 318-19 for the steel-reinforced 
Specimen 6-S-S1.

5. Changing the longitudinal GFRP reinforcement ratio 
significantly affected the load-carrying capacity of the 
tested specimens. This highlights the vital role of the direct 
implementation of the reinforcement ratio in calculating the 
two-way shear capacity, as carried out in the modified equa-
tion (Eq. (10)).

6. Increasing the clear span length and the top-slab thick-
ness by 20% for Specimen 6-G-S2 increased the load- 
carrying capacity by 30% and decreased the top slab’s ulti-
mate deflection by 7%. Moreover, it increased the cracking 
load by 16%. Specimen 6-G-S2 had lower concrete and rein-
forcement strains than the counterpart Specimen 6-G-S1.

7. The experimental-to-predicted ratio of the two-way 
shear capacity indicates good yet conservative predictions 
for CSA S806-12. On the other hand, ACI CODE-440.11-22 
and AASHTO LRFD yielded very conservative predictions 
of the two-way shear capacity. The two-way shear equation 
available for steel-reinforced concrete members in CSA 
S6:19 was modified to consider the FRP bars’ axial stiffness 
(ρfEf). The modified equation produced accurate predictions, 
with an average Vexp/Vpred of 0.99 ± 0.07 and a coefficient of 
variation (COV) of 7.55%.

8. The experimental findings were the first of their kind 
on the applicability of using GFRP as internal reinforce-
ment for PCBCs under truck wheel loading. These exper-
imental results can be considered in upcoming provisions 
of ACI CODE-440.11 and CSA S6 codes for using GFRP 
bars as internal reinforcement for PCBC applications. 
Furthermore, research is required using numerical analysis 
as a complementary approach to further enhance the under-
standing of member behavior.
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Two types of hoop layouts, double-perimeter hoops (DPH) and 
continuous-stirrup hoops (CSH), were examined in this research for 
beams of special moment frames. Compared to conventional hoops 
(CH), the DPH and CSH have the advantage of better constructa-
bility. Full-scale beam specimens—specimen CH as a control spec-
imen and specimens DPH and CSH as test specimens—were tested 
using lateral cyclic loading to examine their seismic performance. 
Test results showed that although specimen DPH violated the Code 
requirement for the number and spacing of laterally supported 
longitudinal bars, the specimen still exhibited seismic perfor-
mance sufficient for beams of special moment frames. Specimen 
CSH showed better seismic performance than the control specimen 
(CH). The better performance of CSH was mainly attributed to the 
better concrete confinement and reinforcing bar buckling restraint 
ability of the intermediate hoops of the CSH than the intermediate 
stirrups of the CH.

Keywords: closed stirrups; deformation capacity; energy dissipation; 
hoops; plastic hinge region; reinforced concrete beams; reinforcement 
buckling; special moment frames.

INTRODUCTION
It is stated in ACI 318-191 that in the potential plastic 

hinge region of beams of special moment frames, transverse 
reinforcement should be provided in the form of hoops. 
The spacing of the hoops should not exceed d/4, 150 mm 
(6 in.), and 6db for Grade 420 MPa (60 ksi) longitudinal 
bars. Moreover, every corner and alternate longitudinal 
bar closest to the tension and compression faces should be 
laterally supported by transverse reinforcement. In addition, 
the spacing of the laterally supported longitudinal bars (hx) 
should not be more than 350 mm (14 in.). These require-
ments are intended to provide good concrete confinement to 
increase concrete strength and deformation capacities and 
to provide sufficient lateral support for longitudinal bars to 
prevent premature buckling in compression.

To improve the constructability, the hoop is allowed to be 
formed by a U-stirrup having seismic hooks at both ends 
and closed by a crosstie. A typical transverse reinforcement 
layout used in Taiwan that satisfies the aforementioned 
requirements is shown in Fig. 1(a). This layout is referred 
to as conventional hoops (CH) herein and consists of a 
perimeter stirrup and an intermediate stirrup. Both stirrups 
have seismic hooks at the ends. The two stirrups are closed 
by a crosstie on the top. The construction proceeds in the 
following steps (Fig. 2): a) placing the two top-corner longi-
tudinal bars and then installing the perimeter stirrups with 
the hooks of the stirrups hanging on the two top longitudinal 
bars; b) placing the two bottom-corner longitudinal bars; 

c)  placing the two intermediate top longitudinal bars and 
then installing the intermediate stirrups hanging on the two 
longitudinal bars; d) placing the rest of the bottom longitu-
dinal bars; e) placing the rest of the top longitudinal bars; and 
f) placing the crossties to close the stirrups. All reinforcing 
bars were secured together in place by tie wire. Note that the 
aforementioned construction is conducted on site after the 
floor and beam formwork is set. Thus, the space for beam 
reinforcement work is limited as reinforcing bars can only 
be placed from the top side of the beam. The intermediate 
stirrups further increase the difficulty of bar placement and 
limit the space for bar tying. As a result, many construction 
companies in Taiwan are reluctant to construct intermediate 
stirrups. If the shear design requires four legs of stirrups, two 
pieces of perimeter stirrups would be used instead of inter-
mediate stirrups, as shown in Fig. 1(b). This type of trans-
verse reinforcement is referred to as double-perimeter hoops 
(DPH) herein. The construction of DPH proceeds in the 
following steps (Fig. 3): a) placing the two top-corner longi-
tudinal bars and then installing the perimeter stirrups (two 
in a set) with the hooks of the stirrups hanging on the two 
top longitudinal bars; b) placing all the bottom longitudinal 
bars; c) placing the rest of the top longitudinal bars; and d) 
placing the crossties to close the stirrups. Because there is 
no interference from the intermediate stirrups, the space for 
the placement and tying of reinforcing bars is maximized, 
and construction time is reduced. The DPH can satisfy the 
requirements for shear and the maximum spacing between 
hoops. However, they often fail to satisfy the requirements 
that every alternate longitudinal bar should be laterally 
supported, and often violate the maximum hx requirement 
(350 mm [14 in.]).

The requirement that every alternate longitudinal bar 
needs to be laterally supported is mainly intended to reduce 
the buckling tendency of longitudinal bars in compression. 
The maximum hx requirement is primarily to ensure confine-
ment effectiveness by limiting the span of confined concrete 
arches.2 These requirements were originally developed for 
columns3,4 and first appeared in ACI 318-63.5 These require-
ments were extended to the plastic hinge region of beams of 
special moment frames in ACI 318-83.6 In ACI 318-14, the 
requirements were made stricter by requiring lateral support 
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for every longitudinal bar and limiting hx to 200 mm (8 in.) 
for the plastic hinge region of the columns of special moment 
frames when Pu > 0.3Agfc′ or Pu > 70 MPa (10,000 psi). This 
change is mainly based on the research by Elwood et al.7,8

Compared with the abundant test data on columns, no 
tests to the authors’ knowledge were conducted to examine 
the effect of the number and spacing of laterally supported 
longitudinal bars on the seismic behavior of beams. Visnjic 

et al.9 examined the effect of hoop spacing on the seismic 
performance of large beams. As a result of this research, one 
of the upper limits of the hoop spacing, 305 mm (12 in.), 
was reduced to 152 mm (6 in.) in ACI 318-1110 to delay the 
buckling of longitudinal bars of large beams. Note that in 
Visnjic et al.’s study, the number and spacing of laterally 
supported longitudinal bars satisfy the Code requirements. 
Beams are typically subjected to a negligible or small axial 

Fig. 2—Construction procedure for CH.

Fig. 1—Transverse reinforcement layouts: (a) CH; (b) DPH; and (c) CSH.
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compressive load of less than 0.1Agfc′. Some engineers argue 
that the Code requirements for the number and spacing of 
laterally supported longitudinal bars in the potential plastic 
hinge region may be relaxed, provided that the spacing of 
hoops satisfies the Code requirement. Therefore, the first 
objective of this research was to examine this possibility by 
comparing the seismic performance of a beam with the CH 
(Fig. 1(a)) and the DPH (Fig. 1(b)). The second objective 
of this research was to examine the seismic performance of 
a beam with the proposed continuous-stirrup hoops (CSH), 
as shown in Fig. 1(c). The proposed hoops improve the 
constructability of the transverse reinforcement and satisfy 
the Code requirement for the number and spacing of later-
ally supported longitudinal bars.

Continuous-stirrup hoops
As shown in Fig. 1(c), each set of CSH consists of a 

single-bar continuous stirrup with seismic hooks at both ends 
and a crosstie to close the continuous stirrup. The continuous 
stirrup runs continuously to form a perimeter stirrup and an 
intermediate hoop. The construction of the hoops proceeds 
in the following steps (Fig. 4): a) placing the two top-corner 
longitudinal bars and then placing all the continuous stirrups 
near the column side with the hooks of the stirrups hanging 
on the two longitudinal bars; b) placing the bottom and then 
the top longitudinal bars within the intermediate hoops of 
the continuous stirrups; c) moving the continuous stirrups 
one by one to their design locations; d) placing the rest of the 
bottom and top longitudinal bars; and e) placing the cross-
ties to close the stirrups. Compared to the CH (Fig. 1(a)), 
the CSH have the advantage of reducing installation time as 

the intermediate hoop is installed together with the perimeter 
stirrup.

The use of beam continuous-hoop reinforcement, in which 
the transverse reinforcement of the entire beam is formed 
by one continuously wound bar, to increase the construc-
tability of beam transverse reinforcement has been exam-
ined in several previous studies.11-16 Tests conducted using 
monotonic and cyclic loading have shown beams with 
continuous-hoop reinforcement can have better structural 
performance than beams with conventional transverse rein-
forcement.15 However, such continuous-hoop reinforcement 
does not have the intermediate hoop required in this research.

RESEARCH SIGNIFICANCE
The intermediate stirrups of CH in beams of special 

moment frames often cause construction difficulty. Two 
types of hoop layouts (DPH and CSH) with better construc-
tability than the CH were proposed in this research to address 
the issue. Results of tests using full-scale specimens showed 
that beams with the proposed hoop layouts could develop 
sufficient seismic performance for use in special moment 
frames.

EXPERIMENTAL PROGRAM
Specimen design

Three full-scale beam specimens were tested in this research. 
The beams were designed based on applicable provisions of 
beams of special moment frames of ACI 318-19.1 The dimen-
sions and reinforcement details of the specimens are shown 
in Fig. 5. The material properties of the specimens are listed 
in Table 1. Specimen CH had the conventional hoops (CH), 
as shown in Fig. 1(a), as transverse reinforcement and served 

Fig. 3—Construction procedure for DPH.
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as a control specimen. Specimen DPH was designed with 
the double-perimeter hoops (DPH), as shown in Fig. 1(b), as 
transverse reinforcement, and specimen CSH had the contin-
uous-stirrup hoops (CSH), as shown in Fig. 1(c), as trans-
verse reinforcement. Figures 6(a) to (c) show the photos of 
the top side view of the reinforcing bar cages, and Fig. 6(d) to 
(f) show the top-corner view of the reinforcing bar cages. For 

specimen DPH, the central five top and bottom longitudinal 
bars did not have lateral support from the seismic hooks of 
transverse reinforcement, which violated the Code require-
ment that every alternate longitudinal bar should be later-
ally supported. Moreover, the hx of the DPH was 562 mm 
(22.13 in.), which violated the maximum hx requirement (350 
mm [14 in.]). Comparing the seismic behavior of specimens 

Fig. 4—Construction procedure for CSH.

Fig. 5—Specimen design.
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DPH and CH would reveal the effect of violating the afore-
mentioned Code requirements on the seismic performance 
of the beam. Furthermore, comparing the seismic behavior 
of specimens CSH and CH would reveal the seismic perfor-
mance of the CSH.

All the specimens had the same beam cross-sectional 
dimensions of 700 x 900 mm (27.6 x 35.4 in.) (width x 
height). The thickness of the concrete cover was 40 mm 
(1.57 in). Normalweight concrete with a specified compres-
sive strength (fcs′) of 35 MPa (5.076 ksi) was used for all 
the specimens. SD 420W steel deformed bars, which have 
a material specification similar to ASTM A706 Grade 60 
deformed bars,17 were used for all longitudinal and trans-
verse reinforcing bars. These cross-sectional dimensions and 
material strengths are typical for beams at the lower stories 
of 15-story buildings with a span length of approximately 8 
to 9 m (26.2 to 29.5 ft) in the Taipei region of Taiwan.

For all the specimens, the distance from the loading point to 
the beam fixed end was 3000 mm (118.11 in.). The resulting 
shear span-effective depth ratio (a/d) was 3.6, falling into 
the category of slender beams. The beam was designed with 
seven D32 (a diameter of 32 mm [1.27 in.]) longitudinal bars 
on the top and bottom sides of the cross section. The top 
and bottom sides of the cross section are also referred to as 
the north and south sides (refer to Fig. 5), respectively. The 
seven D32 bars resulted in a longitudinal tension reinforce-
ment ratio (ρl) of 0.98%. The transverse reinforcement of 

the beam was designed so that the shear demand (Vu) calcu-
lated based on 1.25fyls was close to the design shear strength 
(ϕVn) to critically evaluate the seismic performance of the 
beams. Moreover, the spacing of hoops needs to satisfy the 
maximum spacing requirement (d/4, 150  mm [6 in.], and 
6db) for the potential plastic hinge region. Considering these 
requirements and using D13 (a diameter of 13 mm [0.5 in.]) 
reinforcing bars, the spacing of the transverse reinforcement 
was determined to be 150 mm (5.91 in.). This resulted in a 
shear demand-capacity ratio (Vu/ϕVn) of 0.85 to 0.87.

Test setup and instrumentation
The specimens were tested in an upright, cantilever fashion, 

as shown in Fig. 7. The end block of the specimen was fixed 
to the strong floor by post-tensioning. Lateral cyclic loading 
satisfying ACI 374.1-0518 was applied to the free end of the 
specimen beam. The loading was displacement-controlled to 
drift levels of 0.25, 0.375, 0.5, 0.75, 1.0, 1.5, 2.0, 3.0, 4.0, 
5.0, 6.0, 7.0, and 8.0%. Positive loading was defined as later-
ally pulling the beam so that the top side of the beam (north 
side) was in tension and the bottom side (south side) was in 
compression. Each drift level was repeated in three cycles to 
observe the degradation of strength and stiffness in each drift 
level. The test was conducted until the load dropped to less 
than 50% of the peak load.

Strain gauges were installed on the transverse and longi-
tudinal reinforcement, as shown in Fig. 5, to measure the 

Table 1—Material properties

Specimen

Concrete Longitudinal reinforcement Perimeter hoop Intermediate stirrup or hoop

fcs′, MPa fc′, MPa fyls, MPa fyl, MPa ful, MPa ρl, % fyps, MPa fyp, MPa fup, MPa fyis, MPa fyi, MPa fui, MPa

CH

35

51.7

420 462 669 0.98
(7D32) 420 474 666

420 474 666

DPH 49.5 —

CSH 48.7 420 474 666

Note: 1 MPa = 0.145 ksi.

Fig. 6—Photos of reinforcing bar cages: top side view of specimens (a) CH, (b) DPH, and (c) CSH; and top-corner side view 
of specimens (d) CH, (e) DPH, and (f) CSH.
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induced strain in the reinforcement. Optical sensors were 
attached to the east face of the specimen. These sensors 
allowed an optical receiver to track their space coordinates 
during testing. These coordinate data were used to calculate 
the deformations of the beam, including curvature and shear 
strains.

TEST RESULTS AND DISCUSSION
Damage process

For all three specimens, flexural cracks first appeared at 
0.25% drift. At 0.375% drift, some flexural cracks started 
to turn inclined to become flexural-shear cracks. The extent, 
number, and width of the cracks increased with increasing 
drift levels. At the end of the first cycle of 3% drift loading, 
extensive flexural and flexural-shear cracks were observed 
for all three specimens. No significant differences in behavior 
were found between the three specimens.

After the first cycle of the 4% drift loading, significant 
differences in behavior appeared between the three speci-
mens. The differences mainly occurred around the top side 
of the beam (north side). Note that crossties were used on 
this side. The differences can be observed from the east side 
view of the specimen (the side face of the beam), as shown 
in Fig. 8(a) to (c), and the north side view of the specimen 
(the top face of the beam), as shown in Fig. 8(d) to (f), for 
specimens CH, DPH, and CSH, respectively. Specimen CH 
showed clear bulging on the north face, likely due to the 
pushing from the concrete expansion and buckling of longi-
tudinal bars in compression. Specimen DPH exhibited exten-
sive concrete spalling, exposing buckled longitudinal bars 
and loosened crossties (popping out from the 90-degree end). 
Specimen CSH showed damage less severe than the other 
two beams. No significant bulging nor spalling of concrete 
was observed. The damage condition of specimen CSH 
demonstrated that the intermediate hoops of specimen CSH 
were more effective in confining concrete and restraining the 
buckling of longitudinal bars than the conventional interme-
diate stirrups of specimen CH. The intermediate hoops of 
specimen CSH are formed by one continuous bar and hence 
can provide better restraint to longitudinal bars within the 
hoop than the conventional intermediate stirrups. Specimen 
DPH showed the most severe damage. This was true despite 
two crossties being used for each set of DPH. In contrast, one 

crosstie was used for each set of CH and CSH. It appeared 
that the crossties alone could not effectively restrain the 
buckling of the central five longitudinal bars at 4% drift. 
As a result, specimen DPH showed a significant drop in the 
lateral load at the peak negative 4% drift when the top side 
of the beam was in compression. Hence, in the negative drift 
loading, specimen DPH reached the peak applied load at 3% 
drift, earlier than the other two specimens.

The damage around the bottom side (south side) of the 
beam was generally less than that around the top side for all 
three specimens. This was because crossties were not used for 
the bottom sides, and the lateral support of all the supported 
bottom longitudinal bars was provided by the corners of 
hoops or stirrups rather than seismic hooks. The three speci-
mens did not show significant differences in damage around 
the bottom side of the beam, although specimen DPH did 
show slightly more severe bulging than the other two speci-
mens (Fig. 8(b)). The lateral load was still increasing for all 
three specimens in the positive loading direction when the 
bottom side of the beam was in compression.

After the first cycle of 5% drift, severe damage involving 
concrete spalling, longitudinal bar buckling, and loosening 
of crossties and stirrup hooks could be observed around the 
top side of the beam (north side) for all three specimens, 
as shown in Fig. 9. At this drift and in the negative loading 
direction when the top side of the beam was in compres-
sion, specimens CH and CSH showed a significant drop in 
the lateral load. Therefore, in the negative loading direction, 
both specimens reached their peak lateral load at 4% drift. 
A comparison of the damage conditions showed that spec-
imen DPH showed the worst buckling behavior. The top five 
central longitudinal bars buckled almost uniformly outward 
(Fig. 9(h)). These bars were only restrained from buckling 
by crossties, which tended to pop out from the 90-degree 
end once the cover concrete spalled. Only the two top-corner 
longitudinal bars were better restrained by the seismic hooks 
of the perimeter stirrups. For specimen CSH, the top five 
longitudinal bars, including the two top-corner bars and the 
three bars within the intermediate hoops, were effectively 
restrained to resist buckling (Fig. 9(i)). In contrast, for 
specimen CH, four top longitudinal bars, including the two 
top-corner bars and the two bars laterally supported by the 
seismic hooks of the intermediate stirrups, were effectively 

Fig. 7—(a) Test setup; and (b) photo of test setup.
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restrained from buckling (Fig. 9(g)). Therefore, specimen 
CSH, with one more longitudinal bar effectively restrained 
than specimen CH and better restraint ability of interme-
diate hoops than the intermediate stirrups of specimen CH, 
showed a smaller extent of concrete damage and less severity 
of buckling of longitudinal bars than specimen CH.

The damage around the bottom side of the beam was 
again less severe than that around the top side for all three 
specimens (Fig. 9(a) to (c)) after the first cycle of 5% drift. 
Specimen DPH showed severe concrete spalling around the 
bottom side. The lateral load in the positive loading direction 
dropped significantly at 5% drift compared to the previous 
drift. Hence, the peak lateral load in the positive loading 
direction of specimen DPH occurred at 4% drift. The damage 
condition of specimen CH around the bottom side was better 
than that of specimen DPH. Only some bulging of cover 
concrete was observed. However, the lateral load still started 
to drop at this drift ratio. Thus, the lateral load in the positive 
loading direction of specimen CH also reached the peak at 
4% drift. In contrast, the lateral load was still increasing for 

specimen CSH in the positive loading direction. It started to 
drop at 6% drift, later than the other two beams.

The testing of specimens CH, DPH, and CSH was termi-
nated after the second cycle of 6% drift, the second cycle of 
5% drift, and the second cycle of 6% drift when the negative 
load dropped to 27%, 15%, and 25% the peak value, respec-
tively. No fracture of longitudinal and transverse reinforcing 
bars was observed at the end of the test for specimens CH 
and DPH, as shown in Fig. 10(a) and (b), respectively. In 
contrast, for specimen CSH, fractures of longitudinal and 
transverse reinforcing bars were observed, as shown in 
Fig.  10(c). This indicates that the stresses of reinforcing 
bars in specimen CSH were better developed due to better 
restraint from the intermediate hoops of the CSH than the 
other two specimens.

Hysteretic behavior
The lateral load and displacement relationships (hyster-

etic behavior) of specimens CH, DPH, and CSH are shown 
in Fig. 11(a) to (c), respectively. The envelope responses of 

Fig. 8—Damage condition after first cycle of 4% drift on east face (side face) of beam near fixed end for specimens (a) CH, (b) 
DPH, and (c) CSH; and on north face (top face) of beam for specimens (d) CH, (e) DPH, and (f) CSH.
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all three specimens are compared in Fig. 11(d). To evaluate 
the ductility (μ) and plastic drift capacity (Δp) of the beam, 
the envelope responses of all three specimens were idealized 
using the bilinear model from FEMA 356.19 The bilinear 
model has two linear segments. The first segment passes 
through the envelope response at approximately 60% of the 
yield load (0.6Vy) and ends at the yield point. The second 
segment starts from the yield point and ends at the ultimate 
drift (Δu). The second segment is assumed to have zero 
stiffness. The Δu is defined as the drift when the lateral load 
drops to 80% of the peak value on the descending branch of 
the envelope response. The yield point was selected so that 
the area covered under the bilinear model would be close to 

the area under the envelope response curve. The μ is defined 
as the ratio of Δu to the drift of the yield point (Δy), and the 
plastic drift (Δp) is defined as Δu minus Δy. The bilinear 
model parameters and the measured peak lateral load of each 
specimen are listed in Table 2.

All specimens showed similar hysteretic behavior when 
the drift did not exceed 4% and 3% in the positive and nega-
tive loading directions, respectively. Some pinching was 
observed for each specimen. The pinching was likely due to 
shear and/or bond deterioration. Specimen DPH reached the 
peak load in the positive direction at 4% drift, the same as the 
control specimen (CH). However, the strength degradation 
after the peak load of specimen DPH was more severe than 

Fig. 9—Damage condition after first cycle of 5% drift on east face (side face) of beam near fixed end for specimens (a) CH, (b) 
DPH, and (c) CSH; on north face (top face) of beam for specimens (d) CH, (e) DPH, and (f) CSH; and at northeast corner for 
specimens (g) CH, (h) DPH, and (i) CSH.
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that of specimen CH. In the negative direction, specimen 
DPH reached the peak load at 3% drift, earlier than spec-
imen CH. As a result, the average Δu, Δp, and μ of specimen 
DPH were 4.5%, 3.7%, and 5.8, respectively, which were 
14%, 16%, and 5% lower than the average Δu, Δp, and μ of 
5.2%, 4.4%, and 6.1 of specimen CH, respectively. As stated 
previously, the lower drift and ductility capacities of spec-
imen DPH were mainly due to the lack of lateral support to 
the central five longitudinal bars, leading to earlier and more 
extensive buckling of the bars in compression. However, 
specimen DPH still exhibited drift and ductility capacities 
higher than typically required for beams of special moment 
frames—for example, 3.5%.18

Specimen CSH reached the peak load in the positive 
loading direction at 5% drift, which is 1% drift later than 
specimen CH. However, after the peak load, the strength of 
specimen CSH degraded faster than CH. This was due to the 
fracture of the longitudinal bars in specimen CSH, resulting 
from a better restraint by the CSH than the CH. In the nega-
tive loading direction, specimen CSH reached the peak load 
at 4% drift, the same as specimen CH, and showed a slightly 
lower strength degradation in the beginning than specimen 
CH but later accelerated due to fracture of the longitudinal 
bars. The average Δu, Δp, and μ of specimen CSH were 5.3%, 
4.5%, and 6.3, respectively, which were 2%, 2%, and 3% 
higher than those of specimen CH, respectively. The better 

Fig. 10—Close view of reinforcement damage of specimens: (a) CH; (b) DPH; and (c) CSH.

Fig. 11—Hysteretic behavior of specimens: (a) CH; (b) DPH; (c) CSH; and (d) envelope responses of all specimens. (Note: 
1 kN = 0.2248 kip.)
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performance of specimen CSH in drift and ductility capac-
ities was not so significant compared with damage control, 
as shown in the previous section. However, the beneficial 
effect of the CSH on the drift and ductility capacities could 
still be observed.

Also listed in Table 2 is the ratio of the measured average 
moment strength (Mtest) to the nominal moment strength 
(Mn) calculated based on ACI 318-191 with actual material 
strengths. The Mtest/Mn of specimen DPH was 1.3. Although 
it is 4% lower than that of specimen CH, it is 30% higher than 
Mn. This and the observations from the drift and ductility 
capacities stated earlier showed that despite the lower lateral 
support to the central five longitudinal bars on the top and 
bottom sides of the beam of specimen DPH, the specimen 
still exhibited strength and deformation sufficient for beams 
of special moment frames. The Mtest/Mn of specimen CSH 
was 1.37, which was 1% higher than that of specimen CH. 
The strength capacity of specimen CSH was similar to spec-
imen CH.

Curvature, bar slip, and shear strain
The curvature, including bar slip and shear strain distribu-

tions for each specimen, were calculated based on the space 
coordinate measurements of the optical sensors attached to 
the east face of the specimen. Figures 12(a) to (c) show the 
distributions of the curvature, including the contribution 
from the bar slip, and Fig. 12(d) to (f) show the distributions 
of the shear strain. Beam level zero in Fig. 12 represents the 
fixed end of the beam. Note that the curvature value at beam 
level zero was mainly due to the contribution from the bar 
slip. Because the sensors were removed at 4% drift to protect 
them from being damaged by the severe concrete cracking 
and spalling occurring at that drift, the curvature and shear 
strain data were only available up to 3% drift.

It can be seen from Fig. 12 that specimen DPH showed 
a length with large curvatures of approximately 725 mm 
(28.54 in.) and a length of large shear strains of approxi-
mately 1025 mm (40.35 in.) from the fixed end at 3% drift. 
These were larger by 26% and 17% than the corresponding 
lengths observed in specimen CH, approximately 575 and 
875 mm (22.64 and 34.45 in.), respectively. This indicated 
more extensive damage in specimen DPH than CH at 3% 
drift. However, this more extensive damage at 3% drift did 

not cause a significant difference in the visual damage and 
hysteretic behavior, as presented in previous sections.

For specimen CSH, the lengths with large curvatures 
and shear strains at 3% drift were approximately 575 and 
875 mm (22.64 and 34.45 in.), the same as those of spec-
imen CH at the same drift. These observations were consis-
tent with the previous observations on damage and hyster-
etic behavior in which the two specimens showed similar 
behavior at 3% drift.

Figure 13 shows the percentage contributions of the 
curvature, bar slip, and shear strain to the lateral displace-
ment of the beam for each specimen. The lateral displace-
ment due to bar slip was calculated from the curvature value 
at beam level zero and that due to curvature from the rest of 
the measured curvatures. For specimens CH, DPH, and CSH 
at 3% drift, the curvature and bar slip contributed to 85.05, 
84.94, and 86.87%, and shear strains contributed to 14.95, 
15.06, and 13.13% of the lateral displacement, respectively. 
All three specimens showed flexural-dominated behavior, 
with a flexural contribution of more than 85% of the total 
lateral displacement. The CSH controlled shear deforma-
tions better than the other two specimens. The shear strain of 
specimen CSH at 3% drift was lower by 12% than specimen 
CH. Specimen DPH showed a very similar level of shear 
strain at 3% drift to specimen CH.

Energy dissipation
The energy dissipation capacity was assessed using the 

equivalent damping ratio (ξeq), as defined in Eq. (1). The ξeq 
was calculated for each cycle of the hysteretic response. The 
average value of the three cycles of each drift level is shown 
in Fig. 14. Similar values of ξeq were observed between the 
three specimens when the drift was equal to or less than 3%. 
At 4% drift, the ξeq of specimen DPH started to decrease. 
The ξeq was 18.38%, lower by 2% than specimen CH, which 
was 18.80%. In contrast, the ξeq of specimen CSH was still 
increasing. The ξeq was 20.03%, higher by 7% than spec-
imen CH. At 5% drift, specimen DPH failed, and hence the 
ξeq was not shown in the figure. At this drift, the ξeq of spec-
imen CSH was 18.50%, higher by 39% than specimen CH.

	​ ​ξ​ eq​​  =  ​ 1 _ 4π ​​(​ ​E​ D​​ _ ​E​ S​​ ​)​​	 (1)

Table 2—Drift capacity and strength ratio

Specimen Loading direction Δy, % Δu, % μ Δp, % Vy, kN Vmax, kN Mtest, kN∙m Mn, kN∙m Mtest/Mn ξeq 4%, %

CH

(+) 0.86 5.65 6.57 4.79 786 851 2554 1857 1.38

18.80(–) 0.85 4.82 5.65 3.97 769 823 2469 1857 1.33

Avg. 0.86 5.24 6.11 4.38 777 837 2511 1857 1.35

DPH

(+) 0.79 4.82 6.09 4.03 758 812 2436 1857 1.31

18.38(–) 0.75 4.07 5.42 3.32 734 801 2403 1857 1.29

Avg. 0.77 4.45 5.76 3.68 746 806 2419 1857 1.30

CSH

(+) 0.83 5.55 6.71 4.72 734 857 2570 1857 1.38

20.03(–) 0.85 5.04 5.94 4.19 758 844 2533 1857 1.36

Avg. 0.84 5.30 6.32 4.46 746 850 2551 1857 1.37

Note: 1 kN = 0.2248 kip; 1 kN∙m = 0.7376 kip∙ft.
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From the previous comparison, it can be seen that spec-

imen DPH showed a similar energy dissipation to specimen 
CH up to 4% drift, which is typically considered sufficient 
for beams of special moment frames, as stated previously. 
The lack of lateral support to the central five longitudinal 
bars on the top and bottom sides of the beam had a signifi-
cant adverse effect on the energy dissipation only when the 
drift reached 5%. Specimen CSH showed an energy dissi-
pation capacity superior to specimen CH, starting from 

4% drift. This again indicated the better confinement and 
restraint effect of the CSH than the CH.

Strain gauge analysis
The strain responses of the beam top and bottom longi-

tudinal reinforcing bars from gauges LT, located 350 mm 
(13.78 in.) from the fixed end of the beams, and gauges LB, 
located 50 mm (1.97 in.) from the fixed end of the beams, 
are shown in Fig. 15(a) and (b), respectively. The locations 
of gauges LT and LB in the beam cross section are shown 

Fig. 12—Curvature distributions of specimens: (a) CH; (b) DPH; and (c) CSH; and shear strain distributions of specimens: 
(d) CH; (e) DPH; and (f) CSH. (Note: 1 mm = 0.0393 in.)

Fig. 13—Percentage contributions of curvature, bar slip, and shear strain to lateral displacement of beam.
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in Fig. 5. The responses of specimen CSH at the drifts of 
0.375 to 0.5% were lost and hence are not shown. All the 
specimens showed tensile yielding of longitudinal rein-
forcing bars at approximately 1% drift, consistent with the 
yield drift shown in Table 2. No significant differences were 
observed between the specimens. This is mainly because the 
strain responses were available only up to 1.5% drift. The 
damages of the specimens were still minor at this drift ratio.

The strain responses of the perimeter stirrups from gauges 
TPM, located 350 mm (13.78 in.) from the fixed end of the 
beams, are shown in Fig. 15(c). The perimeter stirrups of all 
the specimens developed strains much higher than the yield 
strain, indicating that the perimeter stirrups with seismic 
hooks at both ends in these specimens were effectively used 
to resist cyclic shear and provide restraint to corner longitu-
dinal bars and confinement to concrete. The strain responses 
of the intermediate stirrups (specimen CH) and intermediate 
hoops (specimen CSH) from gauges TIM, located 350 mm 
(13.78 in.) from the fixed end of the beams, are shown in 
Fig. 15(d). Specimen DPH did not have intermediate stir-
rups or hoops and hence was not included in the comparison. 
It can be seen that the strains of the intermediate hoops of 
specimen CSH were initially similar to those of the inter-
mediate stirrups of specimen CH but were much higher at 
high drifts. This observation was consistent with the damage 
observation stated previously, in which the intermediate 
hoops of specimen CSH showed fracture while the interme-
diate stirrups of specimen CH did not. This again showed 
that the intermediate hoops made of a continuous bar could 
be better mobilized to resist shear, buckling of longitudinal 
bars, and concrete expansion than the intermediate stirrups 
with seismic hooks at both ends. The seismic hooks tended 

Fig. 14—Equivalent damping ratio.

Fig. 15—Envelope responses of strain gauges: (a) LT; (b) LB; (c) TPM; and (d) TIM.
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to be pushed out after spalling of cover concrete, as shown 
in Fig. 9(g). In contrast, the intermediate hoops did not have 
this problem and hence performed better than the interme-
diate stirrups.

CONCLUSIONS
Two types of hoop layouts, double-perimeter hoops (DPH) 

and continuous-stirrup hoops (CSH), with better constructa-
bility than conventional hoops (CH), were proposed in this 
research for the potential plastic hinge region of beams of 
special moment frames. Three full-scale beam specimens 
were tested to examine their seismic performance. Specimen 
CH was designed with conventional hoops and served as a 
control specimen. Specimens DPH and CSH were designed 
with double-perimeter hoops and continuous-stirrup hoops, 
respectively. The DPH used in specimen DPH violated the 
Code requirements for the number and spacing of laterally 
supported longitudinal bars in the potential plastic hinge 
region. Specimens CH and CSH conformed to the Code 
requirements using intermediate stirrups and hoops, respec-
tively. The following conclusions can be drawn based on the 
test observations and analysis. Due to budget constraints, 
only a limited number of specimens were investigated. Care 
should be taken when extending the interpretation of the test 
results of this research to beams with different design param-
eters, such as different longitudinal compression to tension 
reinforcement ratios, the presence of a slab, and so on.

1. Specimen DPH showed Δu, Δp, and μ of 4.5%, 3.7%, 
and 5.8, which were 14%, 16%, and 5% lower than those of 
specimen CH, respectively. The lower deformation capaci-
ties of specimen DPH were mainly due to the fewer laterally 
supported longitudinal bars. This caused earlier and more 
extensive buckling of longitudinal bars and more severe 
concrete damage, particularly near the top side of the beam, 
where crossties were used. Despite this, the deformation 
capacities of specimen DPH were still higher than typically 
required for beams of special moment frames. The Mtest/Mn 
and ξeq at 4% drift of specimen DPH were 1.3 and 18.38%, 
which were 4% and 2% lower than those of specimen CH, 
respectively. Furthermore, the DPH showed a similar ability 
to control the shear deformation of the beam to specimen 
CH. Despite violating the Code requirements for the number 
and spacing of laterally supported longitudinal bars, spec-
imen DPH still possessed sufficient strength, deforma-
tion, and energy dissipation required for beams of special 
moment frames. Note that this conclusion is likely only 
applicable to cases similar to or less critical than specimen 
DPH, which had 29% of longitudinal bars (two out of seven 
bars) laterally supported by a seismic hook or the corner of a 
hoop and the maximum hx of 562 mm (22.13 in.). A further 
reduction in the number and increase in the spacing of later-
ally supported longitudinal bars is expected to decrease the 
seismic performance.

2. Specimen CSH showed Δu, Δp, μ, and Mtest/Mn of 5.3%, 
4.5%, 6.3, and 1.37, which were 2%, 2%, 3%, and 1% higher 
than those of specimen CH, respectively. The ξeq of spec-
imen CSH were 20.03% and 18.50% at 4% and 5% drift, 
which were 7% and 39% higher than those of specimen CH, 
respectively. The shear strain of specimen CSH at 3% drift 

was 12% lower than that of specimen CH. The better perfor-
mance of specimen CSH was attributed to the better concrete 
confinement and reinforcing bar buckling restraint ability of 
the intermediate hoops (made of a continuous bar) of the 
CSH than the intermediate stirrups of the CH. The top central 
three longitudinal bars in CSH were better restrained from 
buckling than those of CH. The damage severity and extent 
of specimen CSH were less for a given drift than specimen 
CH. The proposed CSH can increase the constructability and 
seismic performance of beams of special moment frames.
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NOTATION
Ag	 =	 gross area of concrete section
a	 =	 shear span of beam
d	 =	 distance from extreme compression fiber to centroid of longitu-

dinal tension reinforcement
db	 =	 nominal diameter of bar and wire
ED	 =	 total energy dissipated in isolation system per displacement 

cycle
ES	 =	 effective strain energy
fc′	 =	 actual compressive strength of concrete
fcs′	 =	 specified compressive strength of concrete
fui	 =	 ultimate strength of intermediate hoops or stirrups
ful	 =	 ultimate strength of longitudinal reinforcement
fup	 =	 ultimate strength of perimeter hoops
fyi	 =	 actual yield strength of intermediate hoops or stirrups
fyis	 =	 specified yield strength of intermediate hoops or stirrups
fyl	 =	 actual yield strength of longitudinal reinforcement
fyls	 =	 specified yield strength of longitudinal reinforcement
fyp	 =	 actual yield strength of perimeter hoops
fyps	 =	 specified yield strength of perimeter hoops
hx	 =	 maximum center-to-center spacing of longitudinal bars laterally 

supported by corners of crossties or hoop legs around perimeter 
of column or wall boundary element

Mn	 =	 beam nominal moment capacity
Mtest	 =	 beam maximum moment from testing
Pu	 =	 factored axial force
Vmax	 =	 maximum test lateral force
Vn	 =	 nominal shear strength
Vu	 =	 factored shear force at section
Vy	 =	 lateral force of yield point
Δp	 =	 plastic drift
Δu	 =	 ultimate drift
Δy	 =	 yield drift
εy	 =	 yield strain of reinforcement
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ϕ	 =	 strength reduction factor, 0.75 for shear
μ	 =	 ductility
ρl	 =	 longitudinal tension reinforcement ratio
ξeq	 =	 equivalent viscous damping ratio
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This paper presents mechanics-based modeling approaches to 
understand the shear behavior of squat walls reinforced with glass 
fiber-reinforced polymer (GFRP) bars when subjected to lateral 
loading. The applicability of design provisions in published speci-
fications is examined using collated laboratory test data, resulting 
in the need for developing revised guidelines. Analytical studies 
are undertaken to evaluate the effects of reinforcement type on the 
response of load-bearing walls and to establish failure criteria 
as a function of various stress states in constituents. Obvious 
distinctions are noticed in the behavior of squat walls with steel 
and GFRP reinforcing bars owing to their different reinforcing 
schemes, tension-stiffening mechanisms, and material properties. 
Newly proposed equations outperform existing ones in terms of 
predicting the shear capacity of GFRP-reinforced squat walls. 
Furthermore, based on geometric and reinforcing attributes, a 
novel determinant index is derived for the classification of struc-
tural walls into squat and slender categories, which overcomes the 
limitations of prevalent methodologies based solely on aspect ratio. 
A practical method is suggested to adjust the failure mode of walls 
with GFRP reinforcing bars, incorporating a characteristic rein-
forcement ratio.

Keywords: failure mode; glass fiber-reinforced polymer (GFRP); 
modeling; shear; squat wall.

INTRODUCTION
Shear walls are indispensable for a building structure to 

accommodate lateral loads. Improper designs accelerate 
the deterioration of load-bearing members and bring about 
serviceability problems such as excessive sidesway.1 Placing 
shear walls in the right locations ensures the stability of 
building frames,2 and the large wall stiffness controls the 
horizontal displacement of constituents within an acceptable 
limit stipulated in specifications.3 When subjected to lateral 
loading, both ends of a wall (typically called boundary 
elements with concentrated reinforcing bars) carry tension 
and compression forces.4 These elements, which are essen-
tial if the maximum compression stress near the end of a wall 
exceeds a certain limit,5 are instrumental in resisting load 
reversals and inhibiting unanticipated buckling.6 Depending 
upon aspect ratio (hw/lw, where hw and lw are the height and 
length of a wall, respectively), shear walls are categorized 
as squat and slender; however, no absolute demarcation 
is available from a behavioral perspective: a ratio between 
hw/lw = 1.0 and 2.0 often plays a role as a bifurcation point.7-9 
Among other particulars, the shear strength coefficient (αc) 
of structural walls in ACI 318-195 may fulfill the demand 
for practical guidance (αc = 3.0 for hw/lw ≤ 1.5, 2.0 for hw/lw 
≥ 2.0, and a linearly interpolated value for 1.5 < hw/lw < 2.0 

in U.S. customary units). These classifications can be inter-
preted in a way that an aspect ratio is reasonably taken to be 
below 1.5 for squat walls and a ratio between 1.5 and 2.0 
indicates a transition from squat to slender walls.

The application of non-metallic reinforcement has 
become commonplace around the globe10; accordingly, a 
building code with glass fiber-reinforced polymer (GFRP) 
reinforcing bars (ACI CODE-440.11-2211) was recently 
published to direct practicing engineers. While high 
strength, light weight, nonmagnetic composition, and low 
maintenance are some of the many advantages that GFRP 
composites offer, corrosion resistance is the most notable 
benefit when incorporated in concrete structures.12 On the 
use of GFRP reinforcement for shear walls, a consensus has 
not yet been made. Some researchers argue that technical 
evidence is insufficient for field application13; by contrast, 
others claim that the non-yielding nature of GFRP with a 
low elastic modulus improves the seismic performance of 
concrete members.14,15 As far as GFRP-reinforced squat 
walls are concerned, limited research has been reported and 
only a few experimental papers are available.8,16 Further 
studies are thus necessary to understand the behavior of 
squat walls with GFRP reinforcing bars and to expand the 
applicable boundary of these nontraditional construction 
materials.

This paper discusses an analytical model to examine 
the response of GFRP-reinforced squat walls under lateral 
loading. With the aim of overcoming the limitations of 
technical findings from test data,8,16 detailed mechanics are 
accounted for and design recommendations are elaborated. 
In addition, an alternative expression is suggested to iden-
tify a behavioral threshold between squat and slender walls, 
which is not simply reliant on an aspect ratio.

RESEARCH SIGNIFICANCE
The design of shear walls is empirical and heavily relies 

on practitioners’ experience without systematic deriva-
tions.17,18 Notwithstanding the broad adoption of GFRP rein-
forcement in concrete members, little is known about its use 
in squat walls. Because the failure mechanism of squat walls 
differs from that of slender walls (that is, the former tends 
to fail in shear, accompanied by diagonal tension cracks, 
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whereas the latter fails in flexure1), archetypal methods that 
are predicated upon ductile responses cannot be applied. 
Furthermore, in view of deficient ductility in squat walls, 
attention should be paid to how premature shear failure can 
be precluded by employing adequate technical approaches. 
A refined mechanics-based model is developed to elucidate 
the intrinsic behavior of squat walls with GFRP reinforcing 
bars, leading to the proposal of practical design equations.

BACKGROUND
Expository discussions are presented with regard to the shear 

behavior of GFRP-reinforced concrete walls. Codified design 
provisions are reviewed and evaluated using test data, including 
a comparative analysis that investigates functional differences 
between squat walls with steel and GFRP reinforcing bars.

Potential failure modes
As conceptually visualized in Fig. 1, a GFRP-reinforced 

concrete wall may fail in flexure, shear, or a combination 
thereof. For instructional purposes, the load path of the wall 
is approximated with idealized joints connecting compres-
sion and tension segments (dotted and solid lines in Fig. 1, 
respectively). When the wall’s aspect ratio is lower than a 
certain limit, its failure is governed by compression struts 
parallel to diagonal tension cracks in the web and by the 
crushing of the end zone (the squat wall domain in Fig. 1). 
If an aspect ratio is higher than the limit, the wall tends to 
bend like a cantilever fixed at the base and horizontal cracks 
formed within the tension zone; eventually, it fails by either 
the rupture of GFRP or the crushing of the concrete (the 
slender wall domain in Fig. 1). Contingent upon the prop-
erties of wall structures, a transition between these two 
scenarios can be seen.

Design method
Because the design of squat walls with GFRP reinforce-

ment has not been fully documented in published specifica-
tions, the coalescence of ACI 440.1R-15,12 ACI 318-19,5 and 
ACI 440.11-2211 may be used. The nominal shear capacity 
of a wall (Vn) is expressed as5,11

	 Vn = Vc + Vf ≤ Vn,max	 (1)

	 Vn,max = k1fc′0.5dtw = k2fc′0.5lwtw	 (2)

where Vc and Vf are the nominal shear resistance of the 
concrete and reinforcement, respectively; k1 and k2 are 
empirical constants (k1 = 10 and k2 = 8 for U.S. customary 
units and k1 = 0.83 and k2 = 0.66 for metric units5); tw and 
lw are the thickness and length of the wall, respectively; and 
d is the effective depth (d = 0.8lw).11 The individual compo-
nents of Eq. (1) are provided by11,12

	 Vc = k3fc′0.5twkd = k4fc′0.5klwtw	 (3)

	​ k  =  ​√ 
____________

  2 ​ρ​ f​​ ​n​ f​​ + ​​(​ρ​ f​​ ​n​ f​​)​​​ 2​ ​ − ​ρ​ f​​ ​n​ f​​​	 (4)

	 Vf = Afvffvd/s = ρhffvlwtw	 (5)

	 ffv = ΩEf ≤ ffb	 (6)

where k3 and k4 are empirical constants (k3 = 5 and 0.4 and 
k4 = 4 and 0.32 for U.S. customary and metric units, respec-
tively11); ρf is the reinforcement ratio (ρf = Afv/(bd), in which 
Afv is the cross-sectional area of the shear reinforcement and 
b is the width of the wall); nf is the modular ratio (nf = Ef/Ec,  
in which Ef and Ec are the elastic moduli of the GFRP and 
concrete, respectively); s is the center-to-center spacing of 
the reinforcing bars; ffb is the design strength of the bent 
stirrup made of GFRP; and Ω is the strain limit of the rein-
forcement (Ω = 0.004).12

Appraisal
Existing test data—Figure 2(a) shows a ratio 

between  the  experimental and nominal shear capacities of 
GFRP-reinforced squat walls (Vtest and Vn, respectively). The 
properties of test specimens excerpted from Table 1 are as 
follows8: aspect ratio (hw/lw) = 0.68 and 1.14, compressive 
strength of concrete (fc′) = 33 to 40 MPa (4790 to 5800 psi), 
tensile strength of GFRP (ffu; fuh and fuv for horizontal and 
vertical reinforcing bars in Table 1, respectively) = 1022 to 
1100 MPa (148 to 160 ksi), and horizontal and vertical rein-
forcement ratios (ρh and ρv, respectively) = 0.38% to 0.7%. 
The specimens with hw/lw = 1.33 in Table 1 were excluded due 
to a low reinforcement ratio in the boundary element (ρbe = 

Fig. 1—Conceptual failure modes of GFRP-reinforced concrete walls.
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1.43%), which will be accounted for in a subsequent section. 
Although the number of test specimens in Fig. 2(a) is insuf-
ficient to render conclusive information, owing to a lack of 
available data, it is substantiated that Eq. (1) underestimated 
the capacity of the walls; especially, significant conservatism 
was noticed (Vtest/Vn > 3.0) when the aspect ratio was hw/lw 
= 0.68. These discrepancies are ascribed to the fact that the 
expression of Vc in Eq. (1) was empirically calibrated using 

flexure-shear-combined responses alongside large diag-
onal tension cracks12; on the contrary, the shear-dominated 
behavior of the squat walls with a low aspect ratio entailed 
narrow inclined cracks parallel to the compression struts 
(Fig.  1). Accordingly, an improvement is required to better 
predict the capacity of squat walls with GFRP reinforcing 
bars, which can avert the placement of unnecessary shear 
reinforcement.

Fig. 2—ACI design approach for GFRP-reinforced concrete walls with an aspect ratio of less than 1.5: (a) shear capacity; and 
(b) contribution of components.

Table 1—Summary of existing test programs on GFRP-reinforced squat walls

No. Reference Specimen
hw, 
mm

lw, 
mm hw/lw

tw, 
mm

lbe, 
mm

fc′, 
MPa

fuh, 
MPa

fuv, 
MPa

ful, 
MPa

fut, 
MPa

ρh, 
%

ρv, 
%

ρbe, 
%

ρt, 
%

N/(Agfc′), 
%

Vtest, 
kN

Drift*, 
%

Failure
mode

1 Arafa 
et al.19 G4-250 2000 1500 1.33 200 200 35 1372 1372 1020 1065 0.51 0.59 1.43 0.89 0 678 2.65 Flexure

2 Arafa 
et al.19 G4-160 2000 1500 1.33 200 200 35 1372 1372 1020 1065 0.79 0.59 1.43 0.89 0 708 2.80 Flexure

3 Arafa 
et al.19 G4-80 2000 1500 1.33 200 200 40 1372 1372 1020 1065 1.58 0.59 1.43 0.89 0 912 2.75 Flexure

4 Arafa 
et al.19 G6-80 2000 1500 1.33 200 200 41 1372 1372 1020 1065 3.56 0.59 1.43 0.89 0 935 2.90 Flexure

5 Arafa 
et al.20 G4 2000 1500 1.33 200 200 40 1372 1372 1020 1065 1.58 0.59 1.43 0.89 0 740 2.60 Flexure

6 Shabana 
et al.8 MSQ1 1600 1400 1.14 150 225 40 1100 1100 1100 1022 0.38 0.5 4.48 5.0 7.5 561 1.13 Shear

7 Shabana 
et al.8 MSQ2 1600 1400 1.14 150 225 39 1022 1100 1100 1022 0.38 0.5 4.48 5.0 15.0 590 1.17 Shear

8 Shabana 
et al.8 MSQ3 1600 1400 1.14 150 225 37 1022 1100 1100 1022 0.63 0.5 4.48 5.0 7.5 683 1.54 Shear

9 Shabana 
et al.8 MSQ4 1600 1400 1.14 150 225 37 1022 1100 1100 1022 0.63 0.7 4.48 5.0 7.5 732 1.81 Shear

10 Shabana 
et al.8 SSQ1 950 1400 0.68 150 225 35 1022 1100 1100 1022 0.38 0.5 4.48 5.0 7.5 1071 1.00 Shear

11 Shabana 
et al.8 SSQ3 950 1400 0.68 150 225 33 1022 1100 1100 1022 0.63 0.5 4.48 5.0 7.5 1102 1.10 Shear

*Lateral drift at failure.

Note: hw is wall height; lw is wall length; tw is wall thickness; bbe is boundary element width; fc′ is concrete compressive strength; fuh is tensile strength of web horizontal GFRP 
reinforcing bar; fuv is tensile strength of web vertical GFRP bar; fu,be is tensile strength of GFRP reinforcing bar in boundary elements; ρh is web horizontal reinforcement ratio; ρv 
is web vertical reinforcement ratio; ρbe is vertical reinforcement ratio in boundary elements; N/(Agfc′) is axial load ratio applied to top of wall; Vtest is experimental capacity. 1 mm = 
0.0394 in.; 1 MPa = 145 psi.
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The portion of the concrete and GFRP resistance (Eq. (3) 
and (5), respectively) is allocated in Fig. 2(b). For consis-
tency, the allowable strain limit of Ω = 0.004 was employed 
to calculate Vf in all specimens. The gap between the test 
and prediction spanned from 0.48 to 0.76 and the degree 
of margin (Vtest – Vn) was apparent when the aspect ratio 
dropped to hw/lw = 0.68 (the SSQ series). This tendency again 
confirms that the design approach of ACI CODE-440.11-
2211 does not cover GFRP-reinforced concrete squat walls.

Comparison against steel reinforcement—To figure out 
behavioral differences between GFRP and steel reinforcing 
bars in squat walls, a comparative assessment was made. For 
steel-reinforced walls, a total of 171 test data were collated 
from literature21-51 with the succeeding properties (those of 
GFRP-reinforced walls were delineated in the preceding 
section): hw/lw = 0.21 to 1.5; fc′ = 20 to 70 MPa (2900 to 
10,150 psi); ρh and ρv = 0.25% to 2.8%; and fy = 284 to 
750 MPa (41 to 109 ksi), in which fy is the yield strength 
of the reinforcing bars. Figure 3 graphs the test capacities 
of the walls, which were normalized by the cross-sectional 
area and concrete strength (fc′lwtw) to accommodate variable 
geometric and material properties, as a function of primary 
design parameters. While the normalized capacities of both 
steel and GFRP cases decreased with an increase in the 
aspect ratio (Fig. 3(a)), their response range differed in the 
ordinate: 0.03 ≤ Vtest/(fc′lwtw) ≤ 0.33 for steel and 0.07 ≤ Vtest/
(fc′lwtw) ≤ 0.16 for GFRP. Analogous patterns were noted for 

the normalized horizontal reinforcement ratios (ρhfy/fc′ for 
steel and ρhffv/fc′ for GFRP) and vertical reinforcement ratios 
(ρvfy/fc′ for steel and ρvffv/fc′ for GFRP) given in Fig. 3(b) and 
(c), respectively. These distinct ranges of wall capacities, 
depending upon the reinforcement type, can be explained by 
deriving the maximum horizontal reinforcement ratio (ρh,max) 
when the shear capacity of the walls (Vn-wall) is equivalent to 
their shear-strength limit (Vn,max, Eq. (2)), which represents 
the most critical state in a squat wall system: diagonal 
tension failure equals web-crushing.

The Vn-wall expressions for the steel- and GFRP-reinforced 
concrete walls are attained from ACI 318 (Eq. (7))5 and 
ACI CODE-440.11-22 (Eq. (1))11

	 Vn-wall = (αcλfc′0.5 + ρhfyh)lwtw	 (7)

where αc is the shear strength coefficient (αc = 3.0 and 0.25 
for U.S. customary and metric units, respectively, for an 
aspect ratio of hw/lw ≤ 1.5); and λ is the concrete strength 
factor (λ = 1.0 for ordinary concrete). After setting Eq. (7) = 
Eq. (2) and Eq. (1) = Eq. (2) for steel and GFRP-reinforced 
concrete walls, respectively, the horizontal reinforcement 
ratio (ρh) is solved, which is equivalent to the maximum 
reinforcement ratio of each instance (ρh,max)

	​ ​ρ​ h,max​​  =  ​ψ​ 1​​ ​ 
​​​f​ c​​ ′ ​​​ 0.5​

 ____ ​f​ yh​​
 ​​  for steel reinforcement	 (8)

Fig. 3—Comparison of steel- and GFRP-reinforced squat walls: (a) aspect ratio; (b) normalized horizontal reinforcement ratio 
in web; (c) normalized vertical reinforcement ratio in web; and (d) ratio between horizontal reinforcement ratio and maximum 
reinforcement ratio.
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	​ ​ρ​ h,max​​  =  ​(​ψ​ 2​​ − ​ψ​ 3​​ k)​ ​ 
​​​f​ c​​ ′ ​​​ 0.5​

 ____ ​f​ fv​​
 ​​  for GFRP reinforcement	 (9)

where ψ1, ψ2, and ψ3 are constants (ψ1 = 5, ψ2 = 8, and ψ3 = 
4 for U.S. customary units and ψ1 = 0.41, ψ2 = 0.66, and 
ψ3 = 0.34 for metric units). As demonstrated in Fig. 3(d), the 
majority of reinforcement ratios in the steel-reinforced walls 
(136 specimens or 80% of the entire samples) exceeded the 
maximum ratio (ρh,max); contrarily, most ratios of walls with 
GFRP were close to or less than the maximum ratio. These 
observations clarify that the amount of reinforcing bars was 
generally greater in the steel-reinforced walls than their 
GFRP counterparts, which was related to the high strength 
of GFRP, and that the contribution of these reinforcing bars 
to the shear capacity of the walls was dissimilar, justifying 
the need for an independent design approach pertaining to 
GFRP-reinforced squat walls.

MODELING
To comprehend the ramifications of steel and GFRP rein-

forcing bars for the shear behavior of reinforced concrete 
squat walls, a twofold analytical model is formulated at 
the element and structural levels. This section outlines an 
overview of modeling processes along with implementation 
steps and verification against test data.

Element level
Framework—A unit square panel52 represented shear-

loaded wall elements with steel and GFRP reinforcing bars. 
The panel concrete had a tensile strength of ft = 1.8 MPa 
(260 psi), resulting from fc′ = 30 MPa (4350 psi),53 and was 
orthogonally reinforced with reinforcing bars at a reinforce-
ment ratio of ρ = 0.25% to 3.0%. The lower bound of the 
ratio conformed to the requirement of ACI 318-19,5 while the 
upper bound enveloped the ratios of the experimental spec-
imens presented in Fig. 3. The yield and ultimate strengths 
of the steel and GFRP reinforcing bars were fy = 420 MPa 
(60 ksi) and ffu = 1100 MPa (160 ksi) with elastic moduli 
of Es = 200 GPa (29,000 ksi) and Ef = 60 GPa (8700 ksi), 
respectively. The stress-strain behavior of the panel was 
computed as per the procedure of the Modified Compres-
sion Field Theory,53 incorporating tension-stiffening that 

realistically considered interactions between the concrete 
and reinforcing bars.

Tension stiffening—A schematic representation of the 
tension-stiffening mechanism is shown in Fig. 4(a). The 
tensile stress of the reinforced concrete segment (σt) is calcu-
lated by the summation of reinforcing bar stresses inside the 
concrete (ff) and the surrounding concrete ((Ac/Af – 1)ft′, in 
which Ac and Af are the cross-sectional areas of the concrete 
and reinforcing bar, respectively, and ft′ is the stress of the 
concrete with tensioning-stiffening)

	​ ​σ​ t​​  =  ​E​ f​​ ​ε​ m​​ + ​ 
1 − ρ

 _ ρ  ​ ​​f​ t​​ ′ ​​	 (10)

where εm is the tensile strain of the reinforced concrete. For 
the representation of tension stiffening in GFRP-reinforced 
concrete, three candidate expressions were chosen54-56

	​​​ f​ t​​ ′ ​  =  ​f​ t​​ exp​[− 1100​(​ε​ m​​ − ​ε​ cr​​)​​(​ 
​E​ f​​ _ 200,000 ​)​]​​	 (11)

	​​​ f​ t​​ ′ ​  =  ​f​ t​​ exp​[− 1500​(​ε​ m​​ − ​ε​ cr​​)​​(​ 
​E​ f​​ _ 200,000 ​)​]​​	 (12)

	​​​ f​ t​​ ′ ​  =  ​f​ t​​ /​(1 + ​β​ 1​​​(​ε​ m​​ − ​ε​ cr​​)​ ​​[​(​ 
​E​ f​​ _ 200,000 ​)​]​​​ 

γ

​)​​	 (13)

where εcr is the concrete strain at cracking; and β1 and γ 
are the tension-stiffening constants (β1 = 1400 and γ = 0.8, 
1.0, and 1.5 for ribbed, sand-coated, and helically wrapped 
GFRP bars, respectively56). As plotted in Fig. 4(b) and (c), 
the downward propensity of Eq. (11) and (12) was alike, 
whereas Eq. (13) overestimated the tension-stiffening effect. 
Given the marginal tension stiffening of GFRP-reinforced 
concrete members,57 Eq. (12) was used in this study. For the 
occasion of steel-reinforced concrete, the tension-stiffening 
model of Vecchio and Collins53 was adopted

	 ft′ = ft/(1 + (200εm)0.5)	 (14)

Constitutive relationship—Figures 5(a) and (b) reveal the 
stress-strain relationship of the steel-and GFRP-reinforced 

Fig. 4—Tension stiffening of GFRP-reinforced concrete: (a) schematic representation; (b) progressive reduction of tensile 
stress in concrete; and (c) strain-dependent response.
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concrete panels loaded in shear, respectively. To focus on the 
disparity of these reinforcing bar types, the average stress 
values (v) in the ordinate were normalized by the concrete 
strength (fc′). The failure of the steel-reinforced panel was 
attributed to the yielding of the reinforcing bars combined 
with the crushing of the concrete (Fig. 5(a)), except for the 
heavily reinforced panel having ρ ≥ 2.5% that failed without 
yielding. On the GFRP-reinforced panel (Fig. 5(b)), concrete 
crushing was responsible for the failure, with the exception 
of the lightly reinforced panel (ρ = 0.25%). The low elastic 
modulus of GFRP caused much increase in strain under the 
same stress level, compared with the steel-reinforced case. 
Shown in Fig. 5(c) is a compilation of the maximum shear 
stresses with the reinforcement ratio of the panels. The rein-
forcing bar types obviously influenced the shear capacity of 
the panels, which reemphasizes the necessity of a custom-
ized model for GFRP-reinforced squat walls.

Structural level
Derivation—A simplified free-body diagram of a failed 

squat wall (Fig. 6(a)) is illustrated in Fig. 6(b). In compliance 

with ACI 374.2R-13,58 the wall is loaded laterally and force 
equilibrium is achieved

	 P = Ft + Fhw + Fc	 (15)

	 C = T + Fvw	 (16)

	​ P  =  T ​ ​l​ w​​ − ​b​ be​​ _ ​h​ w​​  ​ + ​F​ hw​​ ​ ​l​ w​​ − 2 ​b​ be​​ _ 2 ​h​ w​​  ​ cot θ + ​F​ vw​​ ​ ​l​ w​​ − ​b​ be​​ _ 2 ​h​ w​​  ​​	 (17)

where P is the applied load; Ft and Fc are the resultant 
forces of the tension and compression boundary elements,  
respectively; Fhw and Fvw are the resultant forces of the web 
in the horizontal and vertical directions, respectively; C and 
T are the resistance of the boundary elements in compression 
and tension, respectively; lw and hw are the length and height 
of the wall, respectively; bbe is the width of the boundary 
element; and θ is the crack angle in degrees. Because the 
dowel action of GFRP reinforcing bars is negligible in a 
cracked plane,12 the Ft term in Eq. (15) can be ignored. The 

Fig. 5—Element-level shear behavior: (a) steel-reinforced concrete panel; (b) GFRP-reinforced concrete panel; and (c) 
comparison of maximum shear stresses.

Fig. 6—Analytical model: (a) test observation; and (b) simplified free body diagram.
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horizontal force in the compression boundary element (Fc) is 
then obtained by combining Eq. (15) and (17)

	​ ​F​ c​​  =  P − ​F​ hw​​ = 

	 T ​ ​l​ w​​ − ​b​ be​​ _ ​h​ w​​  ​ + ​F​ vw​​ ​ ​l​ w​​ − ​b​ be​​ _ 2 ​h​ w​​  ​ + ​F​ hw​​​(​ ​l​ w​​ − 2 ​b​ be​​ _ 2 ​h​ w​​  ​ cot θ − 1)​​	 (18)

The organizational format of Eq. (18) explains the load-
bearing mechanism of the squat wall in Fig. 1, corrobo-
rated by the failure pattern of test specimens No. 6 to 11 in 
Table 1: the horizontal force (Fc) in Fig. 6(b) would increase 
with an increase in the aspect ratio of the web (related to  
hw/(lw – 2be) and hw/(lw – be)) and the vertical reinforcement 
in the web and the tension boundary element (concerned with 
Fvw and T). Likewise, Eq. (18) can account for the failure 
mode of the slender wall in Fig. 1: the Fc term decreases 
when the contribution of the vertical bars (Fvw) declines, 
which allows the progression of horizontal cracks along the 
web (that is, a precluded development of diagonal tension 
cracks). The linear elastic nature of GFRP reinforcing bars 
yields the succeeding expressions

	 Fhw = ρhEfεh(lw – 2be)twcotθ = ρhEfεhAwebcotθ	 (19)

	 Fhv = ρvEfεv(lw – 2be)tw = ρvEfεvAweb	 (20)

	 T = ρbeEfεbebbetw = ρbeEfεbeAbe = ρbeEfεvAbe	 (21)

where ρh and ρv are the horizontal and vertical reinforcement 
ratios of the web, respectively; ρbe is the reinforcement ratio 
of the boundary element; and εh, εv, and εbe are the strains of 
the horizontal and vertical reinforcing bars and the boundary 
element, respectively. Because the web of a laterally loaded 
squat wall is subjected to uniform shear stress distributions,59 
the strain of the vertical reinforcing bars along the cracked 
plane (εv) may be equated with that of the boundary element 

(εbe) transmitting axial forces (Fig. 6(b)). This approximation 
(εv = εbe) is supported by experimentally measured strains.8

Failure criteria—Figure 7(a) depicts the possible failure 
modes of the squat wall model. The following is a succinct 
description of the individual cases.

1. Rupture of GFRP reinforcing bars in the web: When 
the stress of the vertical and horizontal reinforcing bars (fv 
and fh, respectively) is greater than the tensile strength of 
GFRP (ffu), the reinforcing bars rupture. Contemplating that 
reinforcing bar strains at peak drift ratios in squat walls are 
generally smaller than the ultimate strain of commercially 
available GFRP reinforcing bars,8,12 the occurrence of this 
failure mode may be uncommon.

2. Web crushing: Crushing failure of concrete in the web 
takes place if the principal compressive stress (σpc) reaches 
the softened concrete strength (fc)

	 fc = fc′ / (0.8 + 170εpt)	 (22)

where εpt is the principal tensile strain of the concrete. 
Equation (22)60 denotes the degradation of concrete with an 
increase in the maximum normal strain when subjected to 
mechanical loading; in other words, the shear deformation 
of the web under the lateral load (Fig. 6) raises the principal 
strain, thereby weakening the concrete resistance without 
regard to the type of reinforcement. As such, Eq. (22) can be 
used for both steel- and FRP-reinforced concrete members.61

3. Rupture of GFRP reinforcing bars in the tension 
boundary element: Reinforcing bars will rupture when their 
stress (fbe) equals the tensile strength (ffu), which depends 
upon the amount of longitudinal reinforcing bars in the 
tension boundary element. Conventionally speaking, the 
tension boundary element of a shear wall transmits axial 
forces62; thus, stress interactions between normal and 
inclined components are negligible.

4. Concrete crushing in the compression boundary 
element: The combined shear and compression forces in 

Fig. 7—Potential failure modes: (a) components; (b) stress-stain in web; (c) reinforcing bar stresses in web and tension 
boundary element; (d) concrete stress in web; and (e) concrete stress in compression boundary element.
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the compression boundary element at the reference point 
associated with moment equilibrium (Fig. 6(b)) increase 
concrete stresses and prompt crushing failure (σpc = fc). This 
failure type is frequently observed in squat walls tested in 
laboratories.8,16

The notional explication of these failure modes is provided 
in Fig. 7(b) to (e). When the squat wall is loaded laterally, 
the stress and strain of the web increase in a steady manner 
(Fig.  7(b)). The stress states of the reinforcing bars and 
concrete in the web and the boundary elements are computed 
as detailed in the previous section, and those are compared 
against the aforementioned failure criteria. The shear defor-
mation of the web causes the elongation of the horizontal and 
vertical reinforcing bars (Fig. 7(c)) as well as the compres-
sion of the concrete (Fig. 7(d)). The lateral load also exerts 
axial tension and compression to the boundary elements 
(Fig. 7(c) and (e)). As drawn in Fig. 7(e), the shear-compres-
sion-combined action in the compression boundary element 
augments the concrete stress and can accelerate the develop-
ment of the principal stress, resulting in the crushing of the 
concrete that is reported in laboratory research.8,16

Implementation—The previously described model is 
solved with a procedure recapitulated in Fig. 8. Numerical 
iterations are necessary to determine the failure mode and 
load-bearing capacity of the squat wall:

Step 1: The geometric and material properties of the 
wall structure are collected as input parameters, including 
concrete and GFRP reinforcing bars

Step 2: An initial shear strain in the web (γ) is assumed 
with a small fraction of the concrete cracking strain (γ = 
0.0005 was chosen for the present study). Afterward, in 
accordance with the Modified Compression Field Theory,53 
the constituent strains of the concrete (εpt and εpc, in which 
εpc is the strain corresponding to the principal compressive 
stress σpc) and GFRP (εh and εv) are calculated. Each of 
the four possible failure modes defined earlier is checked, 
belonging to the assumed shear strain.

Step 3: Upon obtaining the strains in the web from Step 2, 
the forces in the boundary elements are computed (C, Fc, 
and T in Eq. (16), (18), and (21), respectively). For the 
failure of the tension boundary element, the tensile force T 
is compared with the ultimate capacity of the reinforcing bar 
(ρbeffubbetw). Regarding the compression boundary element, 
the maximum shear stress attained from the Modified 
Compression Field Theory involving the compression force 
C is multiplied by the cross-sectional area of the boundary 
element to ascertain the horizontal resistance Fc, which is 
evaluated against the shear strength of the element.

Step 4: The stresses and resultant forces from Step 3 are 
appraised per the criteria established in Fig. 7(a). If a failure 
condition is not satisfied, the shear strain γ is increased 
(γi+1 = γi + Δγ) and Steps 2 through 4 are repeated until a 
specific failure mode is found. Next, the nominal capacity of 
the squat wall (Vn) is quantified.

Verification—The proposed approach is validated 
employing the test data enumerated in Table 1. As witnessed 
in the laboratory, the predicted failure mode of the squat 
wall specimens was concrete crushing in the compres-
sion boundary element (Fig. 7(a)). Figure 9(a) assesses the 

predictability of the nominal shear capacity (Vn). The capacity 
ratio of Vtest/Vn varied from 0.82 to 1.16, with a mean and 
standard deviation of 1.002 and 0.134, respectively. On the 
strain of the horizontal GFRP reinforcing bars in the web at 
the specimens’ peak loads, the theoretical values were compa-
rable to the measured strain range.8 The strain limit of 0.004 
in ACI.440.1R-1512 served as the lower bound of the exper-
imental strains (Fig. 9(b)), implying that this limit should be 
kept in the design of GFRP-reinforced squat walls.

DESIGN RECOMMENDATIONS
In an effort to improve the prediction of shear capacity in 

GFRP-reinforced walls, rational recommendations are made. 
Additionally, a new classification is proposed to definitize 
the taxonomy of squat and slender walls with an emphasis 
on not only wall geometries but also other attributes such as 
reinforcement ratios.

Proposed revision
The shear capacity of the squat wall is composed of Fc and 

Fhw (Eq. (18)). From a traditional design standpoint,5,11,12 the 
Fc and Fhw terms can be regarded as Vc and Vf in Eq. (1), 
respectively. Given that the shear-resisting mechanism of 
the compression boundary element (Fig. 6(b)) differs from 
the mechanism of conventional reinforced concrete beams 
accompanying dowel action and aggregate interlock, the 
existing expression of Vc needs to be revised. Figure 10 
instantiates a relationship between the capacity ratio of Vtest/Vn  
and the proportion of the concrete strength (αfc′, where α is 
the fraction factor): conforming to the recommendation of 
prior research,63 the shear stress range of the walls at failure 
was represented by αfc′ with an upper limit of 0.3fc′. For 
comparison, the Vc term in Fig. 10(a) was set to be a product 
of the proportional stress and the cross-sectional area of 

Fig. 8—Flowchart for implementation of proposed model.
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the compression boundary element (Vc = αfc′bbetw). Within 
the scope of interest (0.05 ≤ α ≤ 0.3), the capacity ratio 
gradually diminished with the fraction factor. The extent of 
discrepancy in the ratio was the least at α = 0.3 and the corre-
sponding average value of Vtest/Vn = 1.39 was less than the 
value of 2.45 at α = 0.1 (0.1fc′ is equivalent to the current 
design expression of ACI 440.11-2211). The enhanced 
capacity ratio with α = 0.3 is attributed to the fact that the 
shear stress of 0.3fc′ generated higher resistance relative to 
the stress stemming from ACI 440.11-2211 and that the use 
of the compression boundary element (bbetw, Fig. 10(b)) in 
the cracked squat wall (Fig. 6) was more realistic than the 
use of the entire web in the existing design approaches.5,11 
Consequently, Eq. (23) is suggested for Eq. (1)

	 Vc = 0.3fc′bbetw = 0.3fc′βlwtw	 (23)

where β is the area ratio of the boundary element to the wall 
(β = (bbetw)/(lwtw)). The nominal shear resistance of the squat 
wall is, therefore, written in conjunction with Eq. (5) and (23)

	 Vn = Vc + Vf =  
	 0.3fc′βlwtw + (0.004Ef)Afvd/s ≤ k2fc′0.5lwtw	 (24)

It should be noted that the allowable strain limit of Ω = 
0.004 in Eq. (6) was not modified as articulated in the Veri-
fication section.

Determination of failure modes
Unlike the traditional definition of squat walls based only 

on an aspect ratio, a new criterion may be established by 
manipulating the analytical model to encompass the unique 
features of GFRP-reinforced concrete walls. This attempt 
imparts technical merits because the reinforcing schemes of 
shear walls with steel and GFRP reinforcing bars are not the 
same. Rearranging Eq. (18) to (21) yields Eq. (25), which 
manifests the strains of the horizontal and vertical GFRP 
reinforcing bars (εh, εv, and εbe)

	​ ​F​ c​​  =  ​ρ​ be​​ ​E​ f​​ ​ε​ be​​ ​A​ be​​ ​ 
​l​ w​​ − ​b​ be​​ _ ​h​ w​​  ​ + ​ρ​ v​​ ​E​ f​​ ​ε​ v​​ ​A​ web​​ ​ 

​l​ w​​ − ​b​ be​​ _ 2 ​h​ w​​  ​ + 

	 ​ρ​ h​​ ​E​ f​​ ​ε​ h​​ ​A​ web​​ cot θ​(​ ​l​ w​​ − 2 ​b​ be​​ _ 2 ​h​ w​​  ​ cot θ − 1)​​	 (25)

Fig. 9—Validation of proposed model: (a) shear capacity; and (b) strain of horizontal reinforcing bars at peak load. (Note: 
1 kN = 0.225 kip.)

Fig. 10—Sensitivity analysis of stress fraction factor: (a) variation; and (b) effective cross-sectional area for shear resistance 
of concrete.
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where Abe and Aweb are the cross-sectional areas of the 
boundary element and the web, respectively (Abe = bbetw and 
Aweb = (lw – 2bbe)tw). Aligning with the cracked web of the 
squat wall shown in Fig. 6, the angle θ may be assumed to 
be 45 degrees and the strain compatibility condition (cot2θ = 
(εh+εpc)/(εv+εpc) in Vecchio and Collins53) enables

	 εη = (εv + εpc)cotθ2 – εpc = εv	 (26)

Taking the previously discussed uniform stress distribu-
tion of εv = εbe and the strain limit of 0.004 stipulated in 
ACI 440.1R-15,12

	 εη = εv = εbe = 0.004	 (27)

Then, Eq. (25) is restated as

	​ ​F​ c​​  =  0 . 25​

⎛

 ⎜ 

⎝
​
​ρ​ be​​ ​f​ fu​​ ​A​ be​​ ​ 

​l​ w​​ − ​b​ be​​ _ ​h​ w​​  ​ + ​ρ​ v​​ ​f​ fu​​ ​A​ web​​ ​ 
​l​ w​​ − ​b​ be​​ _ 2 ​h​ w​​  ​ +

​   
​ρ​ h​​ ​f​ fu​​ ​A​ web​​​(​ ​l​ w​​ − 2 ​b​ be​​ _ 2 ​h​ w​​  ​ − 1)​

  ​

⎞

 ⎟ 

⎠
​​	(28)

Dividing Eq. (28) by ffuAw, in which Aw is the gross 
cross-sectional area of the wall (Aw = lwtw = Aweb + 2Abe), 
provides a failure determinant index (D)

	​ D  =  ​  ​F​ c​​ _ ​f​ fu​​ ​A​ w​​ ​  =  0.25​

⎛

 ⎜ 

⎝
​
​ρ​ be​​ ​ 

​A​ be​​ _ ​A​ w​​ ​ ​ 
​l​ w​​ − ​b​ be​​ _ ​h​ w​​  ​ + ​ρ​ v​​ ​ 

​A​ web​​ _ ​A​ w​​  ​ ​ 
​l​ w​​ − ​b​ be​​ _ 2 ​h​ w​​  ​+

​   
​ρ​ h​​ ​ 

​A​ web​​ _ ​A​ w​​  ​​(​ ​l​ w​​ − 2 ​b​ be​​ _ 2 ​h​ w​​  ​ − 1)​
  ​

⎞

 ⎟ 

⎠
​​	

		  (29)

If this nondimensional index is positive (D > 0), the equi-
librium condition depicted in Fig. 6(b) is satisfied; scilicet, 
the direction of the resultant force in the compression 
boundary element (Fc) is opposite to the applied load P. On 
the other hand, if the index is negative (D < 0), the direction 
of these forces is the same; hence, the assumed crack angle 

of θ = 45 degrees in Eq. (26) and (29) becomes invalid and 
the angle has to be increased to comply with the equilib-
rium condition (θ > 45 degrees). In that circumstance, the 
crack pattern of the wall conforms to the archetypal pattern 
of a slender wall (Fig. 11(a), inset). Equation (30) is thus 
adduced to discern the failure mode of structural walls with 
GFRP reinforcement

​D  >  0  →  squat walls with shear failure 
D  =  0  →  transition with combined shear-flexural failure 
D  <  0  →  slender walls with flexural failure​	 (30)

Allowing for the constituent terms in Eq. (29), GFRP- 
reinforced concrete walls with an aspect ratio of less than  
hw/lw = 1.5 can demonstrate flexural failure such as in the 
case of the slender category if their reinforcement ratios (ρbe) 
are sufficiently low to precipitate horizontal tensile cracks. 
For instance, Fig. 11(b) displays the failure mode of the 
laboratory-tested squat walls listed in Table 1 as well as that 
of slender walls possessing aspect ratios greater than hw/lw = 
2.0.64,65 The specimens with an aspect ratio of hw/lw = 0.68 
and 1.14 and a reinforcement ratio of ρbe = 4.48 failed in 
shear (D > 0), whereas the specimens with hw/lw = 1.33 were 
positioned in the D < 0 domain, which matches the flexural 
failure observed in the laboratory and proves that the aspect 
ratio of structural walls is not the only factor that divides the 
boundary between the squat and slender categories.

Vertical reinforcement in boundary elements
A characteristic reinforcement ratio in the boundary 

elements (ρbe,c) may be derived from the failure determinant 
function, which serves as a medium to adjust the failure mode 
of GFRP-reinforced concrete walls. At D = 0 in Eq. (29), the 
characteristic reinforcement ratio is specified to be

	​ ​ρ​ be,c​​  =  ​(​ρ​ h​​​(​ 2 ​h​ w​​ − ​l​ w​​ + 2 ​b​ be​​  _____________ 2​(​l​ w​​ − ​b​ be​​)​
  ​)​ − 0.5 ​ρ​ v​​)​ ​ 

​(​l​ w​​ − 2 ​b​ be​​)​ ​t​ w​​
 ___________ ​b​ be​​ ​t​ w​​  ​​ 

 
		  (31)

Fig. 11—Determination of failure modes: (a) Venn diagram; and (b) experimental verification.
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Equation (31) is a demarcation that apprehends whether a 
wall with GFRP reinforcing bars potentially fails in shear or 
flexure. If a reinforcement ratio in the boundary elements is 
greater than the characteristic ratio (ρbe,c < ρbe), shear domi-
nates as in the failure of a squat wall. For an engineering 
project, practitioners can tailor ρbe to accomplish an intended 
failure of the subject wall. A concise version of Eq. (31) is 
offered by letting rb = bbe/lw and ar = hw/lw under a usual rein-
forcing scheme of ρh = ρv in the web

	​ ​ρ​ be,c​​  =  ​ρ​ h​​​(​ ​a​ r​​ − 1 + 1.5 ​r​ b​​  ____________ 1 − ​r​ b​​  ​)​​(1 / ​r​ b​​ − 2)​​	 (32)

Parametric studies
The implications of geometric and reinforcing configura-

tions for the failure of GFRP-reinforced concrete walls are 
visible in Fig. 12(a) through (c). A typical wall was selected 
(Specimen No. 8 in Table 1) for parametric investigations 
and its properties were used as the defaults, unless other-
wise stated. Figure 12(a) exhibits the influence of a relative 
amount in placing vertical and horizontal reinforcing bars 
(ρv/ρh). With the increased aspect ratio, the determinant 
index (D) dwindled and the failure mode of the wall tended 
to shift from shear to flexure. The response curves were also 
affected by the vertical reinforcement ratio ρv. Specifically, 
the placement of more vertical reinforcing bars retarded the 
transition of the failure mode because the shear friction of 
the wall ascended, so the load-bearing mechanism of the 
squat wall was preserved. The transformational threshold 
of D = 0 that distinguishes the failure mode of the walls 
enveloped aspect ratios from hw/lw = 1.5 to 2.0. This finding 
explicates the reason why a single aspect ratio was not 
suited for defining a limit between squat and slender walls, 
which was inconclusively argued in the structural concrete 
community.7-9 The reinforcement ratio of the boundary 
elements (ρbe) was influential in altering the failure mode 
of the walls (Fig. 12(b)). Even though the variation trend 
of D was similar to the case of Fig. 12(a), the impact of ρbe 
was prominent in comparison with ρv; namely, depending 
upon the value of ρbe, a GFRP-reinforced concrete wall with  
hw/lw > 2.0 can still fail in shear as in the occasion of a squat 

wall. The growth of the characteristic reinforcement ratio 
(ρbe,c) comprising a representative boundary element size 
of rb = 0.1 is plotted in Fig. 12(c). The elevated slope of 
the characteristic ratio (ρbe,c) with the reinforcement ratios 
of the web (ρv and ρh) points out that the balanced failure 
condition of the wall (D = 0) necessitated more reinforcing 
bars as its aspect ratio rose, reaffirming the significance of 
GFRP amounts in classifying squat and slender walls. It is, 
however, worth noting that the reliance of the web reinforce-
ment ratios disappeared when the aspect ratio was below  
hw/lw = 0.85: the structural member was sorted into a squat 
wall that failed in shear, regardless of the reinforcement 
ratios.

SUMMARY AND CONCLUSIONS
This paper has dealt with mechanics-based analytical 

modeling to construe the shear behavior of glass fiber-re-
inforced polumer (GFRP)-reinforced squat walls when 
subjected to lateral loading. Through a rigorous review of 
existing design articles in tandem with experimental data, the 
limitations of current specifications were explored and the 
need for developing amended guidelines arose. Two-phase 
examinations, from local and global points of view, bring 
to light the influence of reinforcement type on the response 
of squat walls and their failure criteria as regards various 
stress states in structural components. A rational design 
proposal was made, coupled with a novel determinant index 
assorting load-bearing walls into squat and slender catego-
ries. Moreover, a characteristic reinforcement was rendered 
to assist engineering professionals in allocating architectural 
elements. The following are concluded:
•	 The provisions of ACI CODE-440.11-2211 underesti-

mated the shear capacity of GFRP-reinforced squat walls, 
particularly noticeable when an aspect ratio was as low as  
hw/lw = 0.68, owing to the empirical nature of the 
equations originating from flexure-shear-combined 
responses.

•	 The behavioral differences of squat walls with steel and 
GFRP reinforcing bars were evident in terms of failure 
characteristics and shear stress developments. The 

Fig. 12—Parametric analysis: (a) vertical reinforcement ratio in web; (b) longitudinal reinforcement ratio in boundary 
elements; and (c) characteristic vertical reinforcement ratio in boundary elements.
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source of these discrepancies was reinforcing amounts, 
tension-stiffening mechanisms, and material properties.

•	 The mechanics-based model ameliorated the accuracy 
of predicting the shear capacity of GFRP-reinforced 
squat walls and led to the derivation of revised expres-
sions, constituted with the cross-sectional area of the 
compression boundary element and the maximum 
allowable reinforcing bar strain of 0.004.

•	 Contrary to the prevalent methodologies relying on 
ambiguous aspect ratios, the determinant index demy-
stified the classification of squat walls by using the 
geometric and reinforcing attributes of the walls.

•	 The suggested characteristic reinforcement ratio would 
facilitate the adjustment of failure modes in GFRP- 
reinforced concrete walls involving an aspect ratio 
greater than hw/lw = 0.85, below which shear would be 
the dominant failure mode irrespective of reinforcing 
schemes in the boundary elements.
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Concrete confinement using fiber-reinforced polymers (FRPs) has 
been vastly used for strengthening of reinforced concrete (RC) 
columns. The strengthening of RC columns belongs to the realm of 
existing structures, which has been recognized as distinct from the 
design of new structures. Code development efforts for the strength-
ening of RC columns should follow a reliability-based framework 
similar to the one used in the code development for new structures. 
In this process, a number of additional issues arise: the mechan-
ical model of FRP confinement representing existing RC columns, 
the statistical description of the design variables, and the target 
reliability to be attained. In this study, the reliability levels of 288 
axially loaded, FRP-RC short columns of circular cross sections, 
strengthened according to ACI 440 guidelines, are assessed. Monte 
Carlo simulation is used in the probabilistic description of column 
strength and computation of the probability of failure. An FRP  
confinement model that explicitly accounts for the presence of 
transversal steel and attendant model errors associated to the esti-
mation of ultimate stress and ultimate strain are used in the compu-
tation of the FRP-RC column capacity. The values of the reliability 
index are in the range of 3.92 to 4.61, satisfying the target reli-
ability suggested for both new and existing structures. The research 
findings presented herein provide further support for the efforts of 
ACI Committee 440 in the development of standards related to the 
FRP strengthening of RC columns.

Keywords: carbon fiber-reinforced polymer (CFRP) confinement; circular 
cross sections; design codes; existing structures; reinforced concrete (RC); 
reliability index; short columns; strengthening.

INTRODUCTION
All over the world, it has been recognized that the problem 

of strengthening of existing structures is of paramount impor-
tance. For instance, according to the 2021 ASCE Report 
Card for America’s Infrastructure (ASCE 2021), “42% of all 
bridges are at least 50 years old, and 46,154, or 7.5% of the 
nation’s bridges, are considered structurally deficient.” As a 
result, different techniques for the strengthening of structural 
elements have been investigated and used in practice; among 
them, strengthening of reinforced concrete (RC) columns by 
concrete confinement using fiber-reinforced polymers (FRP) 
has been largely used.

Research on concrete confinement as a means to increase 
concrete strength and ductility dates back to the 1920s. 
Following those initial steps, concrete confinement was 
used with steel as the confining media (Saatcioglu and Razvi 
1992; Diniz and Frangopol 1997b). Extensive research 
on FRP confinement efficiency has demonstrated that the 
use of composites as confining media, particularly carbon 

FRP (CFRP), can further improve concrete strength gains 
and consequently RC column capacity, thus making FRP 
confinement an efficient technique for the strengthening of 
RC columns.

The efficiency of concrete confinement, as compared to 
concrete confined by steel spirals/hoops, may be largely 
increased by using a technique that creates an almost 
uniform lateral pressure by a high-strength material such as 
FRP. Regarding FRP types, CFRP and glass FRP (GFRP) 
have been considered for the confinement of RC columns; 
however, construction, durability, and long-term perfor-
mance favor the use of CFRP over GFRP in practical appli-
cations (ACI Committee 440 2017; Micelli and Modarelli 
2013). Concrete confinement is most efficient in the absence 
of a strain gradient in the column cross section—that is, 
in the case of axially loaded columns. Consequently, most 
of the literature on FRP-RC columns has been dedicated 
to such condition (Ferreira et al. 2018). Regarding cross- 
sectional geometry, it has been largely recognized that the 
confinement mechanisms in circular and square (or rect-
angular) cross sections present significant differences. In 
the case of circular cross sections, confinement by contin-
uous FRP wrapping introduces a uniform lateral pressure, 
thus allowing considerable increase in column strength 
and ductility (if adequate confinement is provided). For 
square (or rectangular) cross sections, FRP confinement is 
less effective than for circular sections due to the presence 
of unconfined regions far from the corners (Micelli and 
Modarelli 2013). In this light, use of CFRP for the confine-
ment of concrete is most effective in the strengthening of 
axially loaded, circular RC columns.

For design purposes, an adequate estimation of the 
axial load capacity of an FRP-strengthened RC column is 
required. To this end, a distinction shall be made between 
FRP-wrapped plain concrete cylinders (herein denoted as 
FRP-confined concrete [FRP-CC]) and FRP-strengthened 
RC columns (FRP-RC columns). In FRP-CC, a uniform 
lateral pressure acts along the length of the cylinder, thus 
representing ideal conditions for confinement efficiency. In 
the case of existing RC columns of circular cross sections, 
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the interaction between the FRP jacket and the steel cage 
(transversal and longitudinal steel) may be either beneficial 
or detrimental. The presence of transversal and longitudinal 
reinforcements disturbs the uniform lateral pressure created 
by the FRP confinement (Ferreira and Diniz 2018). On the 
other hand, FRP confinement in RC columns provides addi-
tional restraining for longitudinal steel bars, postponing 
buckling especially for large spacings between steel hoops/
spirals. However, if stiffness of the external FRP jacketing 
is not enough to counteract buckling of longitudinal steel 
bars, stress concentrations in the FRP can occur, causing its 
premature failure and a reduction in efficiency of the FRP 
confinement (Pellegrino and Modena 2010).

The importance of accounting for the existing lateral steel 
reinforcement in the estimation of the total confinement 
effects on the strength and ductility of FRP-RC columns 
has been recognized in some studies (Eid and Paultre 2008; 
Wang et al. 2012). The existing transversal steel, in isolation, 
may not be sufficient to develop the required strength and 
ductility levels; nevertheless, it is the joint behavior of two 
confining materials (FRP and steel) that shall be addressed. 
Failure to account for the FRP-steel interaction may result in 
costly repairs or even demolition (Ferreira and Diniz 2018).

A number of models have been proposed for circular 
FRP-CC; for instance, Ozbakkaloglu et al. (2013) reported 
88 models for FRP-confined concrete. On the other hand, few 
models have been suggested for FRP-RC columns (Chastre 
and Silva 2010; Eid and Paultre 2008; Lee et al. 2010; 
Pellegrino and Modena 2010; Shirmohammadi et al. 2015).

In this study, Monte Carlo simulation (Ang and Tang 
1984) is used in the reliability assessment of FRP-RC 
short circular columns under axial loading. Two hundred 
eighty-eight CFRP-RC columns, strengthened according to 
ACI 440.2R-17, for the ultimate limit state of axial compres-
sion are selected. An FRP-confinement model that explicitly 
accounts for the transversal steel (Ferreira and Diniz 2018) 
is used in the computation of the FRP-RC column capacity. 
The attendant statistical description of the model errors asso-
ciated to the estimation of ultimate stress, ξf, and ultimate 
strain, ξε, are used. The probability distributions of the basic 
random variables involved in the problem are summarized, 
and a rigorous numerical procedure for the computation 
of the column resistance is implemented. The influences 
of the variables live-to-dead load ratio, column diameter, 
unconfined concrete compressive strength, longitudinal 
steel ratio, confinement level of transversal steel, and FRP 
confinement level on the reliability of CFRP-RC columns 
are also evaluated.

RESEARCH SIGNIFICANCE
The use of relatively new materials, assessment of existing 

structures, and use of strengthening and repair techniques 
have been major developments in current code development 
initiatives. This is clearly seen in different initiatives around 
the globe, such as the development of the “Repair Code” 
(ACI Committee 562 2016), the publication of ACI CODE-
440.11-22 (ACI Committee 440 2022), the revision of the 
fib Model Code (fib 2020), and the revision of ISO 19338 
(2014). Furthermore, the implementation of reliability 

methods for the design of new structures and the assessment 
of existing structures has gained widespread acceptance 
(Ghosn et al. 2016). The problem of FRP strengthening of 
existing RC columns incorporates all these issues and their 
corresponding challenges, thus granting a careful consider-
ation of the code development in this area.

A number of the variables involved in FRP-RC column 
resistance and column loading are uncertain; consequently, 
the reliability of circular FRP-RC columns can be established 
only in probabilistic terms. To this end, structural reliability 
methods (Ang and Tang 1984) are needed in the definition of 
the implicit safety levels in a given design recommendation. 
This is a basic requirement in code calibration procedures in 
current semi-probabilistic code formats (Diniz 2008). More-
over, the FRP strengthening of RC columns belongs to the 
realm of existing structures, which has been recognized as 
distinct from the design of new structures. In this light, a 
number of issues arise in code development for the strength-
ening of RC columns.

First, code development for the strengthening of RC 
columns should follow a reliability-based framework similar 
to the one used for new structures. While such a framework 
is well documented for ACI 318 (Nowak and Szerszen 2003; 
Szerszen and Nowak 2003), important information is lacking 
in the case of ACI 440.2R-17. For instance, in ACI 440.2R-
17, it is mentioned that “FRP-related reduction factors were 
calibrated to produce reliability indexes typically above 
3.5.” Nevertheless, no reference is made to a research that 
would support such a claim. Additionally, considering the 
broad scope of ACI 440.2R-17 as related to strengthening of 
beams and columns, it is not clear if 3.5 is the assumed target 
reliability index for FRP-RC columns.

Second, for the scrutiny of the guidelines in ACI 440.2R-17 
and verification of alignment with other international docu-
ments, a clear presentation of the assumptions and methods 
used in the reliability analysis process is needed. While the 
FRP confinement model used in the development of the 
guidelines is presented in ACI 440.2R-17, other important 
information (statistical description of the basic variables, the 
range of variables considered, and the structural reliability 
method used in the analysis) is missing.

Third, as previously mentioned, the joint behavior of trans-
versal steel/FRP as occurs in the strengthening of existing RC 
columns may be either detrimental or beneficial. However, 
the FRP confinement model used in ACI 440.2R-17 does not 
account for such interaction and this may impact the safety 
levels resulting in the corresponding reliability assessment.

Fourth, few studies have addressed the reliability evalu-
ation of FRP-RC columns (Val 2003; Zou and Hong 2011; 
Casas and Chambi 2014; Wang and Ellingwood 2015; Baji 
2017). Nevertheless, no explicit consideration has been 
made with respect to the effects of the amount of transversal 
steel and the joint behavior of steel/FRP as confining media 
on FRP-RC column performance.

Fifth, the statistical description of the basic variables 
shall include both inherent and epistemic uncertainties. For 
instance, Wang and Ellingwood (2015) observed that the 
variability of the FRP ultimate strength is highly dependent 
on the degree of quality control in the application process. 
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Regarding epistemic uncertainties, their statistical descrip-
tions are highly dependent on the quality of the database 
used in the assessment of a given model and may have a 
significant impact on the resulting reliability levels (Ribeiro 
et al. 2016; Ferreira and Diniz 2018).

Sixth, in semi-probabilistic code formats, the target reli-
ability index is satisfied in an average sense. In this way, it 
is important to recognize those conditions that would result 
in safety levels much lower or much higher than the target 
value. In the former case, this would translate in less-than-
expected safety levels, and in the latter, more expensive 
repairs (and potential significant impacts on economic activ-
ities or demolition).

All the aforementioned issues are dealt with in the research 
presented herein. A rigorous reliability-based framework 
is used in the treatment of the FRP strengthening of RC 
columns and the attendant code development issues.

DESIGN OF FRP-CONFINED RC COLUMNS BY 
ACI 440

According to ACI 440.2R-17, the nominal axial compres-
sive strength, Pn, of a nonslender FRP-confined RC column 
is given by Eq. (1) and (2), for members with existing steel 
spirals and stirrups, respectively

	 ϕPn = 0.85ϕ[0.85fcc(Ag – AsL) + fyLAsL]	 (1)

	 ϕPn = 0.80ϕ[0.85fcc(Ag – AsL) + fyLAsL]	 (2)

where ϕ is the strength reduction factor (0.75 for spirals 
and 0.65 for ties); fcc is the ultimate compressive stress of 
confined concrete; Ag is the gross area of concrete section; 
AsL is the total area of longitudinal steel reinforcement; 
and fyL is the specified yield strength of longitudinal steel 
reinforcement.

The ultimate stress of confined concrete, fcc, is 
calculated by

	 fcc = fc′ + 3.3ψfκaflF	 (3)

where fc′ is the unconfined cylinder compressive strength of 
concrete; ψf is an additional reduction factor, taken as 0.95; 
κa is the geometry efficiency factor (equal to 1.0 for circular 
sections); and flF is the lateral confining pressure provided 
by the FRP.

The pressure flF is obtained by the balance of forces in 
the cross section; it is a function of the column diameter D, 
number of layers of FRP n, thickness of each layer t, FRP 
confinement efficiency coefficient kF (taken as 0.55), and 
ultimate tensile stress in the FRP jacket fF

	​ ​f​ lF​​  =  ​ 2nt ​k​ F​​ _ D  ​ ​f​ F​​​	 (4)

FRP ultimate tensile stress is the strength given by the 
manufacturer, fF

*, reduced by an environmental reduction 
factor CE, which depends on the fiber type (carbon, aramid, 
or glass) and exposure condition. For CFRP, the values of 
the environmental reduction factor CE are 0.95, 0.85, and 

0.85 for interior, exterior, or aggressive environment condi-
tions, respectively.

DETAILS OF SELECTED COLUMNS
Two hundred eighty-eight axially loaded, short circular 

CFRP-RC columns were selected for analysis, corre-
sponding to 48 cross sections, subject to three different 
dead-to-live load ratios, in two sets of spirals and tied RC 
columns. It is assumed that these columns were initially 
designed according to ACI 318-14 (ACI Committee 318 
2014), and due to further increases in loading conditions, 
they were strengthened according to ACI 440.2-17. All 
columns have concrete cover c equal to 40 mm and carbon 
fiber thickness t equal to 0.128 mm. Further details of the 
column cross sections are presented in Table 1.

Each cross section is identified by a group of five letters 
and numbers. The first group is related to the column diam-
eter, where D1 corresponds to 300 mm and D2 to 400 mm. 
The second group stands for the unconfined concrete 
compressive strength fc′. In this notation, F1 and F2 corre-
spond to 20 and 35 MPa, respectively. Lower-strength 
concretes were considered because they are representative 
of columns requiring strengthening measures. Additionally, 
there is ample evidence that confinement strengthening is 
more effective for lower strength concretes (Diniz and Fran-
gopol 1997b; Saatcioglu and Razvi 1992). The third group is 
related to the longitudinal steel ratio, with L1 and L2 corre-
sponding to 1% and 2%, respectively. The fourth group is 
related to the confinement index of transversal steel, Ise = 
ksfls/fc′, with T1, T2, and T3, corresponding to low (0 < Ise < 
0.05), medium (0.05 < Ise < 0.20), and high confinement 
(Ise > 0.20), respectively, according to Cusson and Paultre 
(1995). The fifth group is related to the CFRP confinement 
index, IFe = kFflFe/fc′, with C1 and C2 representing low (IFe = 
0.08) and high (IFe = 0.16) confinement, respectively. IFe 
equal to 0.08 is the minimum level of confinement required 
to assure a non-descending branch in the stress-strain curve 
(ACI 440.2-17). Transversal steel diameter and spacing, and 
FRP plies were calculated to attain the above target confine-
ment indexes.

Following ACI 440.2-17, the effectiveness coefficient of 
FRP confinement, kF, is taken as 0.55, and the coefficient of 
steel confinement, ks, is obtained by Eq. (5) and (6) for hoops 
and spirals, respectively

	​ ​k​ s​​  =  ​ 
​​(1 − ​  ​s ′ ​ _ 2 ​D​ c​​ ​)​​​ 

2
​
 _ 1 − ​ρ​ cc​​  ​​	 (5)

	​ ​k​ s​​  =  ​ 
1 − ​  ​s ′ ​ _ 2 ​D​ c​​ ​ _ 1 − ​ρ​ cc​​  ​​	 (6)

where ρcc is the volumetric ratio of longitudinal reinforce-
ment relative to the confined core; s′ is the internal vertical 
spacing of spirals or stirrups; and Dc is the diameter of the 
confined concrete core.

The lateral confining pressure due to the action of trans-
versal steel fls is a function of the diameter of the confined 
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Table 1—Details of selected column cross sections

Cross section

D, mm fc′, MPa fcm, MPa Longitudinal steel*

Transversal steel*

ρsw, % Ise
† n ρF, % IFe

‡No. ID No. s, mm

1 D1F1L1T1C1 300 20 23.1 6 No. 4 No. 3 200 0.65 0.02 1 0.17 0.07

2 D1F1L1T1C2 300 20 23.1 6 No. 4 No. 3 200 0.65 0.04 2 0.34 0.14

3 D1F1L1T2C1 300 20 23.1 6 No. 4 No. 3 100 1.30 0.09 1 0.17 0.07

4 D1F1L1T2C2 300 20 23.1 6 No. 4 No. 3 100 1.30 0.11 2 0.34 0.14

5 D1F1L1T3C1 300 20 23.1 6 No. 4 No. 3 50 2.59 0.23 1 0.17 0.07

6 D1F1L1T3C2 300 20 23.1 6 No. 4 No. 3 50 2.59 0.25 2 0.34 0.14

7 D1F1L2T1C1 300 20 23.1 7 No. 5 No. 3 200 0.65 0.02 1 0.17 0.07

8 D1F1L2T1C2 300 20 23.1 7 No. 5 No. 3 200 0.65 0.04 2 0.34 0.14

9 D1F1L2T2C1 300 20 23.1 7 No. 5 No. 3 100 1.30 0.09 1 0.17 0.07

10 D1F1L2T2C2 300 20 23.1 7 No. 5 No. 3 100 1.30 0.11 2 0.34 0.14

11 D1F1L2T3C1 300 20 23.1 7 No. 5 No. 3 50 2.59 0.23 1 0.17 0.07

12 D1F1L2T3C2 300 20 23.1 7 No. 5 No. 3 50 2.59 0.26 2 0.34 0.14

13 D1F2L1T1C1 300 35 41.1 6 No. 4 No. 3 110 1.08 0.04 2 0.34 0.08

14 D1F2L1T1C2 300 35 41.1 6 No. 4 No. 3 110 1.08 0.05 4 0.68 0.16

15 D1F2L1T2C1 300 35 41.1 6 No. 4 No. 3 60 2.16 0.10 2 0.34 0.08

16 D1F2L1T2C2 300 35 41.1 6 No. 4 No. 3 60 2.16 0.12 4 0.68 0.16

17 D1F2L1T3C1 300 35 41.1 6 No. 4 No. 3 30 4.32 0.24 2 0.34 0.08

18 D1F2L1T3C2 300 35 41.1 6 No. 4 No. 3 30 4.32 0.25 4 0.68 0.16

19 D1F2L2T1C1 300 35 41.1 7 No. 5 No. 3 110 1.08 0.04 2 0.34 0.08

20 D1F2L2T1C2 300 35 41.1 7 No. 5 No. 3 110 1.08 0.05 4 0.68 0.16

21 D1F2L2T2C1 300 35 41.1 7 No. 5 No. 3 60 2.16 0.10 2 0.34 0.08

22 D1F2L2T2C2 300 35 41.1 7 No. 5 No. 3 60 2.16 0.12 4 0.68 0.16

23 D1F2L2T3C1 300 35 41.1 7 No. 5 No. 3 30 4.32 0.24 2 0.34 0.08

24 D1F2L2T3C2 300 35 41.1 7 No. 5 No. 3 30 4.32 0.25 4 0.68 0.16

25 D2F1L1T1C1 400 20 23.1 7 No. 5 No. 3 140 0.64 0.04 2 0.26 0.11

26 D2F1L1T1C2 400 20 23.1 7 No. 5 No. 3 140 0.64 0.05 3 0.38 0.16

27 D2F1L1T2C1 400 20 23.1 7 No. 5 No. 3 70 1.27 0.11 2 0.26 0.11

28 D2F1L1T2C2 400 20 23.1 7 No. 5 No. 3 70 1.27 0.12 3 0.38 0.16

29 D2F1L1T3C1 400 20 23.1 7 No. 5 No. 3 30 2.54 0.25 2 0.26 0.11

30 D2F1L1T3C2 400 20 23.1 7 No. 5 No. 3 30 2.54 0.26 3 0.38 0.16

31 D2F1L2T1C1 400 20 23.1 12 No. 5 No. 3 140 0.64 0.04 2 0.26 0.11

32 D2F1L2T1C2 400 20 23.1 12 No. 5 No. 3 140 0.64 0.06 3 0.38 0.16

33 D2F1L2T2C1 400 20 23.1 12 No. 5 No. 3 70 1.27 0.11 2 0.26 0.11

34 D2F1L2T2C2 400 20 23.1 12 No. 5 No. 3 70 1.27 0.13 3 0.38 0.16

35 D2F1L2T3C1 400 20 23.1 12 No. 5 No. 3 30 2.54 0.26 2 0.26 0.11

36 D2F1L2T3C2 400 20 23.1 12 No. 5 No. 3 30 2.54 0.27 3 0.38 0.16

37 D2F2L1T1C1 400 35 41.1 7 No. 5 No. 4 140 1.13 0.04 3 0.38 0.09

38 D2F2L1T1C2 400 35 41.1 7 No. 5 No. 4 140 1.13 0.06 5 0.64 0.15

39 D2F2L1T2C1 400 35 41.1 7 No. 5 No. 4 70 2.26 0.12 3 0.38 0.09

40 D2F2L1T2C2 400 35 41.1 7 No. 5 No. 4 70 2.26 0.13 5 0.64 0.15

41 D2F2L1T3C1 400 35 41.1 7 No. 5 No. 4 30 4.52 0.26 3 0.38 0.09

42 D2F2L1T3C2 400 35 41.1 7 No. 5 No. 4 30 4.52 0.27 5 0.64 0.15

43 D2F2L2T1C1 400 35 41.1 12 No. 5 No. 4 140 1.13 0.05 3 0.38 0.09
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core Dc, bar area Asϕ, steel stress fsw (assumed as the yield 
strength fy), and the spacing of transversal steel s, given by

	​ ​f​ ls​​  =  ​ 
2 ​A​ sϕ​​

 _ s ​D​ c​​ ​ ​f​ sw​​​	 (7)

RELIABILITY BASES FOR FRP-RC COLUMNS
In this study, Monte Carlo simulation is used in the prob-

abilistic description of column resistance and computation 
of probabilities of failure (and attendant reliability indexes) 
for the 288 CFRP-RC columns. To this end, a computational 
procedure, the program RACOL-FRP, was implemented in 
MATLAB software (Ferreira 2017). The computation of the 
CFRP-RC column strength uses the Lee et al. (2010) model 
for the calculation of the strength and deformability of 
CFRP-confined concrete. This model takes into account the 
confinement provided by both the transversal steel and the 
FRP jacket as occurs in actual FRP-RC columns. In Monte 
Carlo simulation, the following information is required: 1) 
the probability distributions of all random variables involved 
in the problem; and 2) the deterministic relationship for the 
computation of the quantities of interest—that is, column 
resistance and column probability of failure.

Statistical description of basic variables
So far, the most important application of FRP jacketing has 

been in the strengthening of existing RC columns. As pointed 
out by Melchers (2001), safety evaluation of existing struc-
tures is distinct from that related to safety implementation in 
the design of new ones. While design codes for new struc-
tures allow for uncertainties in the design and construction 
processes, much of what was initially uncertain no longer 
are in a finished structure. This would translate into the chal-
lenge of obtaining statistics that would describe material 
properties in the existing structure—for example, concrete 
compressive strength—as well as load statistics compatible 
with the revised design service life of the column. Addition-
ally, such statistics, as well as the target reliability index 
(from the viewpoint of existing structures), are still open and 
controversial issues.

In this light, even though equivalent material properties 
have been suggested to be used in conjunction with deter-
ministic safety checking (ACI Committee 562 2016; Bartlett 
and MacGregor 1995), the problem of the target reliability 
index to be used in the safety assessment of existing struc-
tures still remains. For instance, ISO 13822 (2010) suggests 
that lower target reliability levels for existing structures 

may be used if they can be justified on the basis of socio- 
economic criteria. Considering that a goal of the research 
reported herein is the evaluation of the efficiency of the 
strengthening process itself, this limitation may be circum-
vented by using a common basis of the design of new struc-
tures. As such, all the statistics reported herein are consistent 
with new structures.

In this study, the following variables are assumed as 
random: diameter of the column D; concrete cover c; uncon-
fined concrete compressive strength fc′; mechanical proper-
ties of steel (Young’s modulus Es, yield strength fy, ultimate 
strength fsu, strain at the onset of the strain-hardening εsh, and 
ultimate strain εsu); ultimate tensile strength of fibers in the 
FRP composite fF; model errors associated with the ultimate 
stress of confined concrete ξf; and ultimate strain ξε; dead 
load DL; and live load LL.

According to ACI 318, for fc′ ≤ 35 MPa, the required 
average compressive strength, fcm, is given by

	​ ​f​ cm​​  =  ​ 
​​f​ c​​ ′ ​ ___________  1 − 1.34COV ​​	 (8)

where COV is coefficient of variation.
Regarding model errors, Ferreira and Diniz (2018) evalu-

ated the performance of representative models addressing the 
behavior of circular CFRP-RC columns—that is, accounting 
for the joint behavior of FRP/transversal steel. Ultimate 
conditions were checked against a large experimental 
database comprising 151 CFRP-confined RC columns. A 
statistical analysis was performed to describe the random 
variables “model error” associated to ultimate stress ξf and 
ultimate strain ξε. The Lee et al. (2010) model displays a 
bias close to unit and the smallest COV among the inves-
tigated models, for both ultimate stress and ultimate strain 
predictions. Table 2 summarizes the statistics of the random 
variables associated to the CFRP-RC column resistance.

Load effect statistics are obtained using the procedure 
described in Diniz and Frangopol (1997a) by assuming that 
design strength, Rd, exactly matches the design load, Sd

	 Rd = ϕPn = Sd	 (9)

Design strength ϕPn of the CFRP-confined column is 
computed by the ACI 440.2-17 approach, using either 
Eq.  (1) (spirals) or Eq. (2) (hoops), assuming that column 
characteristics (material properties, geometry, and so on) are 

Cross section

D, mm fc′, MPa fcm, MPa Longitudinal steel*

Transversal steel*

ρsw, % Ise
† n ρF, % IFe

‡No. ID No. s, mm

44 D2F2L2T1C2 400 35 41.1 12 No. 5 No. 4 140 1.13 0.06 5 0.64 0.15

45 D2F2L2T2C1 400 35 41.1 12 No. 5 No. 4 70 2.26 0.12 3 0.38 0.09

46 D2F2L2T2C2 400 35 41.1 12 No. 5 No. 4 70 2.26 0.13 5 0.64 0.15

47 D3F2L2T3C1 400 35 41.1 12 No. 5 No. 4 30 4.52 0.26 3 0.38 0.09

48 D4F2L2T3C2 400 35 41.1 12 No. 5 No. 4 30 4.52 0.27 5 0.64 0.15
*No. 3 = 9.525 mm; No. 4 = 12.7 mm; No. 5 = 15.875 mm.
†ks is from Eq. (5) and (6).
‡kF = 0.55.

Table 1 (cont.)—Details of selected column cross sections



220 ACI Structural Journal/May 2024

known a priori. It is considered that only dead and live loads 
act on the column (Diniz and Frangopol 1998)

	 Sd = 1.2FDL
* + 1.6FLL

*	 (10)

where FDL
* and FLL

* are the nominal dead and live 
loads, respectively.

Galambos et al. (1982) suggested the values of 1.05 and 
1.0 for the ratios of mean to nominal load μDL/FDL

* and μLL/
FLL

*, respectively, thus resulting in

	 Sd = 1.143μDL + 1.6μLL	 (11)

Mean values μDL and μLL can be easily found by computing 
the design load, Sd, corresponding to a given cross-section 
geometry and materials and assuming the dead-to-live load 
ratio r = μDL/μLL (r = 0.5, 1.0, and 2.0 in this study). Statistics 
of dead and live loads (COV and type of distribution) are 
presented in Table 3. These statistics for live loads are consis-
tent with a reference period of 50 years, commonly used in 
the design of new structures; however, in the case of existing 
structures, different reference periods may be required.

The following variables were assumed as deterministic: 
number of longitudinal bars nL; diameter of longitudinal and 
transversal steel bars (ϕL and ϕw, respectively); transversal 
steel spacing s; FRP number of plies n; FRP elastic modulus 
EF; and thickness of each FRP ply t.

Performance function
The safety of a structural component is ensured when 

its resistance R is sufficient to withstand the load effects S 
throughout its service life. The safety margin is given by 
g(X) = R – S, where in the case of axially loaded CFRP-RC 
columns, R corresponds to the column resistance PR, and S 

corresponds to the load effects—that is, the acting load, PA. 
Considering that the acting load PA is the sum of dead and 
live loads, PA = FDL + FLL, then the performance function is 
given by

	 g(PR, FDL, FLL) = PR – FDL – FLL	 (12)

The condition g(PR, FDL, FLL) = 0 represents the limit state 
that separates the safe and failure regions. The resistance PR 
of the confined column, in its turn, is obtained by

	 PR = αfcc_up(Ag – AsL) + fsLAsL	 (13)

where fcc_up is the random variable corresponding to the 
compressive strength of the confined concrete, based on 
the Lee et al. model, corrected by the corresponding model 
errors; Ag is the random variable corresponding to the gross 
area of the cross section; AsL is the total cross-sectional area 
of the longitudinal steel bars (deterministic); fsL is the random 
variable corresponding to the stress in the steel longitudinal 
reinforcement, as given by the Park and Paulay (1975) stress-
strain model; and α is a factor that takes into account the 
effects of accidental eccentricities, assumed as 0.85 (spirals) 
and 0.80 (hoops) for consistency with ACI 440.2R-17.

In Eq. (13), the random variables fcc_up and fsL are 
obtained by a strain-compatibility procedure described in 
the following section.

MONTE CARLO SIMULATION OF 
COLUMN RESISTANCE

Program RACOL-FRP contains a module for the simula-
tion of 1,000,000 realizations of the column resistance for 
each of the 96 CFRP-RC selected column cross sections. 
This module uses the statistical description of the variables 

Table 2—Statistics of basic variables related to column resistance

Variable Mean value SD COV Distribution Reference

Dimensions
ΔD, mm +1.52* 6.35 — Normal

Mirza and MacGregor (1979a)
ΔC, mm +8.13* 4.32 — Normal

Concrete compressive strength
fcs′ = 20 MPa 23.1 2.31 0.10 Lognormal Diniz and Frangopol (1997a); 

Nowak and Szerszen (2003)fcs′ = 35 MPa 41.1 4.11 0.10 Lognormal

Longitudinal steel properties

fy = 420 MPa 489.3 24.47 0.05 Lognormal Nowak and Szerszen (2003)

fsu, MPa 714 59.3 0.083 Lognormal

Mirza and MacGregor (1979b)

εsh 0.015 0.004 0.266 Normal

εsu 0.15 0.03 0.20 Normal

Es, GPa 200 6.6 0.033 Normal

Transversal steel yield strength fy = 420 MPa 489.3 24.47 0.05 Lognormal

CFRP fibers’ tensile strength fF, MPa 3500 175 0.15 Weibull Wang and Yang (2010)

Model errors
ξf 0.94 0.22 0.23 Normal

Ferreira and Diniz (2018)
ξε 0.77 0.41 0.54 Lognormal

Table 3—Statistics of random variables associated with loads

Variable Mean value COV Distribution Reference

Dead load FDL, kN Refer to Eq. (11) 0.10 Normal
Galambos et al. (1982)

Live load FLL, kN Refer to Eq. (11) 0.25 Type I
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related to column resistance (Table 2) and a strain-com-
patibility procedure for the computation of fcc_up and fsL in 
Eq.  (13). To this end, the Lee et al. (2010) and Park and 
Paulay (1975) models are used for concrete confined strength 
and steel stress, respectively. The main features of the Lee 
et al. model are summarized as follows.

Lee et al. model
The stress-strain (fc-εc) diagram proposed by Lee et al. 

(2010) is characterized by three branches. The first branch 
represents unconfined concrete behavior, ending at the point 
(fc′, εc′); the second accounts for the simultaneous confining 
effect of FRP and transversal steel, ending at (fcs, εcs) which 
represents the yield strength of transversal steel; and in the 
third branch, the lateral pressure exerted by the transversal 
steel, fls, remains constant while the FRP lateral confining 
pressure, flF, increases up to the failure of the column repre-
sented by the ultimate conditions (fcc, εcc). The three branches 
are given by

​	 ​f​ c​​  =  ​E​ c​​ ​ε​ c​​ + ​(​​f​ c​​ ′ ​ − ​E​ c​​ ​ε​ c0​​)​ ​​(​ ​ε​ c​​ __ ​​ε​ c​​ ′ ​ ​)​​​ 
2
​ for 0  ≤  ​ε​ c​​  ≤  ​​ε​ c​​ ′ ​​	 (14a)

	​ ​f​ c​​  =  ​​f​ c​​ ′ ​ + ​(​f​ cs​​ − ​​f​ c​​ ′ ​)​ ​​(​ ​ε​ c​​ − ​​ε​ c​​ ′ ​ ______ ​ε​ cs​​ − ​​ε​ c​​ ′ ​ ​)​​​ 
0.7

​ for  ​​ε​ c​​ ′ ​  ≤  ​ε​ c​​  ≤  ​ε​ cs​​​	

(14b)

​	 ​f​ c​​  =  ​f​ cs​​ + ​(​f​ cc​​ − ​f​ cs​​)​ ​​(​ ​ε​ c​​ − ​ε​ cs​​ _ ​ε​ cc​​ − ​ε​ cs​​ ​)​​​ 
0.7

​ for  ​ε​ cs​​  ≤  ​ε​ c​​  ≤  ​ε​ cc​​​	
(14c)

where Ec is the elastic modulus of concrete, Ec = 4700​​√ 
_

 ​f​ c​​′ ​​ 
(fc′ in MPa); fc′ and εc′ are the axial compressive strength 
of unconfined concrete and the corresponding axial strain, 
respectively; and fcs and εcs are the stress and strain corre-
sponding to steel yielding, given by Eq. (15) and (16), 
respectively

	​ ​ 
​f​ cs​​  =  0.95 ​f​ cc​​​ 

for  ​f​ lF​​  ≥  ​f​ ls​​​   ​f​ cs​​  =  0.867 ​f​ cc​​
​  for  ​f​ lF​​  <  ​f​ ls​​

​​	 (15)

	​ ​
​ε​ cs​​  =  ​ε​ cc​​​(0.85 + 0.03 ​ 

​f​ lF​​
 _ ​f​ ls​​
 ​)​

​ 
for  ​f​ lF​​  ≥  ​f​ ls​​​   

​ε​ cs​​  =  0.7 ​ε​ cc​​
​ 

for  ​f​ lF​​  <  ​f​ ls​​
​​	 (16)

where fcc and εcc are the peak axial compressive stress of 
confined concrete and the corresponding axial strain, given 
by Eq. (17) and (18), respectively

	 fcc = fc′ + 2(fls + flF)	 (17)

	​ ​ε​ cc​​  =  ​​ε​ c​​ ′ ​​[1.75 + 5.25​(​ 
​k​ s​​ ​f​ ls​​ + ​f​ lF​​

 ________ ​​f​ c​​ ′ ​
 ​ )​ ​​(​ ​ε​ F​​ __ ​​ε​ c​​ ′ ​ ​)​​​ 

0.45
​]​​	 (18)

where εF is the ultimate tensile strain in the FRP.
The effectiveness coefficient of transversal steel confine-

ment ks is given by

	 ks = 2 – (flF/fls) for flF ≤ fls; and ks = 1 for flF > fls	 (19)

Deterministic procedure for computation of 
column resistance

The deterministic procedure for the computation of 
column resistance is based on a strain-compatibility 
approach using Eq. (13) (refer to Fig. 1). It starts with 
the calculation of the ultimate conditions for the confined 
concrete (fcc and εcc) according to the Lee et al. model; these 
values are then adjusted by the corresponding model errors 
(ξf and ξε), resulting in fcc_A and εcc_A. In the sequence, the 
strain compatibility between confined concrete and longi-
tudinal steel is verified. If εcc_A is less than steel ultimate 
strain εsu, the strain in the longitudinal steel is taken as the 
confined concrete strain εcc_A, and the corresponding steel 
stress value, fsL, is updated from the corresponding stress-
strain curve (Park and Paulay model). If εcc_A is larger than 
εsu, steel stress fsL is the ultimate stress fsu, concrete strain is 
taken as the ultimate steel strain εsu, and the corresponding 
value of the stress of confined concrete is updated from the 
Lee et al. stress-strain curve. Finally, the updated compatible 
values for the confined concrete strength, fcc_up, and for the 
stress in the longitudinal steel, fsL, are then used in Eq. (13).

Statistics of column resistance
For each column, 1,000,000 realizations of the column 

resistance were simulated. The histogram corresponding to 
column series 32 with spirals (D2F1L2T1C2) (with a super-
imposed Normal distribution) is displayed in Fig. 2. Table 4 
presents the mean, standard deviation (SD), and COV of 
the simulated column resistance, nominal resistance Pn, and 
ratios μPR/Pn for the CFRP-RC spiral columns. The nominal 
resistance, Pn, is calculated according to Eq. (1) (spirals) or 
Eq. (2) (hoops). The ratios μPR/Pn are displayed in graph-
ical form in Fig. 3 as a function of the steel confinement 
level for different combinations of longitudinal steel ratios 
and FRP-confinement levels. From this figure, it is seen 
that the ratio μPR/Pn increases as the steel confinement 
level increases; for example, these ratios are 3.89, 4.27, 
and 5.03 for columns D1F1L1T1C1, D1F1L1T2C1, and 
D1F1L1T3C1, respectively. This effect is more pronounced 
for the combinations of lower longitudinal steel ratios (L1) 
and higher FRP-confinement level (C2). From the results 
shown in Table 4, it is observed that the ratios μPR/Pn are in 
the range of 3.61 to 5.29, demonstrating that, for all analyzed 
columns, the simulated mean resistance, μPR, is much higher 
than the corresponding nominal resistance, Pn. Regarding 
the COV, it is reasonably high, in the range of 0.22 to 0.24.

RELIABILITY ANALYSIS
In this research, Monte Carlo simulation is used in the 

computation of probabilities of failure (and corresponding 
reliability indexes) of the 288 selected CFRP-RC columns. 
The results from this technique depend on the number of 
samples used, with increased accuracy as the sample size 
increases. The error can be calculated by Eq. (20) (Ang and 
Tang 1984), where PF is the failure probability and ns is the 
sample size (number of simulations used)
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	​ % error  =  200 ​√ 
_

 ​ 1 − ​P​ F​​ _ ​n​ s​​ ​P​ F​​  ​ ​​	 (20)

Szerszen and Nowak (2003) recommend a target reli-
ability index of βΤ = 4.0 for RC columns, which corresponds 
to PF = 3.2 × 10–5. For this failure probability, and 1,000,000 
simulations, the resulting percentage error is approximately 
35%, which translates in a reliability index in the range of 
3.9 to 4.1.

Program RACOL-FRP (Ferreira 2017) uses the flowchart 
shown in Fig. 4. In the calculation of the failure probability, 
a sample of possible outcomes of the safety margin is simu-
lated according to the corresponding performance function. 
For each column, the load statistics together with column 
resistance statistics generated in the previous section are 
used in Eq. (12). The number of unsatisfactory performances 
(g (X) < 0), nu, is counted, and failure probability, PF, is 

Fig. 1—Flowchart of deterministic procedure for computation of axial column resistance.

Fig. 2—Histogram of axial resistance PR, column series 32 
with spirals (with superimposed Normal distribution).
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obtained by the ratio nu/ns (ns = 1,000,000). The reliability 
index β is obtained by the equation β = –Φ–1(PF), where Φ–1 
is the inverse standard Normal distribution.

Figures 5 and 6 present the histograms of the acting loads, 
PA, and safety margins, respectively, for spiral columns 32 
(r = 0.5, 1.0, and 2.0). From Fig. 5, it can be observed that 
as the dead-to-live load ratio increases, the asymmetry of 
the corresponding histogram becomes less pronounced, with 
a shorter upper tail. This influences the histogram of the 
resulting safety margin depicted in Fig. 6 for the assumed 
load ratios. For each histogram a superimposed Normal 
distribution is presented in Fig. 6, showing that as the load 
ratio increases, the asymmetry of the corresponding histo-
gram of the safety margin decreases.

RELIABILITY RESULTS AND DISCUSSION
The probabilities of failure (and corresponding reliability 

indexes) associated to the 144 CFRP-RC spiral columns 
are presented in Table 5; a summary of these data for the 
288 CFRP-RC columns (spirals and hoops) are shown in 
Tables 6(a) and (b). Reliability indexes are in the range 3.92 
(PF = 4.5 × 10–5) to 4.61 (PF = 2.0 × 10–6); the minimum 
reliability index occurs in just two out of the 288 analyzed 

columns. In all other cases, the obtained reliability indexes 
are very close to or above the target suggested by Szerszen 
and Nowak (2003) (βΤ = 4.0 for new structures). For all 
analyzed columns, reliability indexes are considerably 
higher than the target value in ACI 440.2-17 (βΤ = 3.5 for 
existing structures).

While the largest probability of failure is approximately 
22 times the smallest, it translates into a much smaller range 
in terms of the reliability index (3.92 to 4.61). Columns 14 
(D1F2L1T1C2, r = 2.0, spirals) and 11 (D1F1L2T3C1, r = 
0.5, hoops) present the smallest and the largest values of β 
(and consequently, the largest and smallest failure proba-
bility), respectively. The higher reliability indexes obtained 
for columns with hoops are due to the smaller ϕ factors asso-
ciated to such columns.

The influence of the variables load ratio r, column 
diameter D, unconfined concrete compressive strength fc′, 
longitudinal steel ratio ρsL, steel confinement level Ise, and 
CFRP confinement level IFe on the reliability of CFRP-RC 
columns is evaluated. Figures 7, 8, and 9 present the prob-
ability of failure, PF, as a function of the steel confinement 
level for different combinations of the parameters D, fc′, ρsl, 
and CFRP confinement level for the CFRP-RC columns 

Table 4—Statistics of column resistance PR, nominal resistance Pn, and ratio μPR/Pn for 144 selected 
columns with spirals

Cross section

μPR, kN SD, kN COV Pn, kN μPR/Pn

Cross section

μPR, kN SD, kN COV Pn, kN μPR/PnNo. ID No. ID

1 D1F1L1T1C1 6316.6 1454.5 0.23 1625.6 3.89 25 D2F1L1T1C1 12,138.2 2788.6 0.23 3068.1 3.96

2 D1F1L1T1C2 7400.0 1718.5 0.23 1813.1 4.08 26 D2F1L1T1C2 13,580.8 3146.1 0.23 3318.0 4.09

3 D1F1L1T2C1 6937.1 1591.6 0.23 1625.6 4.27 27 D2F1L1T2C1 13,194.0 3021.7 0.23 3068.1 4.30

4 D1F1L1T2C2 8020.5 1855.4 0.23 1813.1 4.42 28 D2F1L1T2C2 14,636.6 3378.4 0.23 3318.0 4.41

5 D1F1L1T3C1 8178.1 1871.3 0.23 1625.6 5.03 29 D2F1L1T3C1 15,305.5 3495.3 0.23 3068.1 4.99

6 D1F1L1T3C2 9261.5 2134.0 0.23 1813.1 5.11 30 D2F1L1T3C2 16,748.1 3850.2 0.23 3318.0 5.05

7 D1F1L2T1C1 6628.7 1451.4 0.22 1836.8 3.61 31 D2F1L2T1C1 12,629.9 2783.3 0.22 3400.9 3.71

8 D1F1L2T1C2 7709.1 1714.8 0.22 2022.6 3.81 32 D2F1L2T1C2 14,068.9 3140.1 0.22 3648.8 3.86

9 D1F1L2T2C1 7247.5 1588.1 0.22 1836.8 3.95 33 D2F1L2T2C1 13,683.0 3015.7 0.22 3400.9 4.02

10 D1F1L2T2C2 8327.9 1851.3 0.22 2022.6 4.12 34 D2F1L2T2C2 15,122.0 3371.8 0.22 3648.8 4.14

11 D1F1L2T3C1 8485.0 1866.9 0.22 1836.8 4.62 35 D2F1L2T3C1 15,789.2 3488.0 0.22 3400.9 4.64

12 D1F1L2T3C2 9565.4 2129.1 0.22 2022.6 4.73 36 D2F1L2T3C2 17,228.2 3842.3 0.22 3648.8 4.72

13 D1F2L1T1C1 11,092.8 2628.2 0.24 2721.1 4.08 37 D2F2L1T1C1 20,215.1 4763.8 0.24 4931.9 4.10

14 D1F2L1T1C2 13,259.6 3160.5 0.24 3096.1 4.28 38 D2F2L1T1C2 23,100.3 5472.3 0.24 5431.7 4.25

15 D1F2L1T2C1 12,126.9 2856.5 0.24 2721.1 4.46 39 D2F2L1T2C1 22,092.0 5178.2 0.23 4931.9 4.48

16 D1F2L1T2C2 14,293.8 3388.1 0.24 3096.1 4.62 40 D2F2L1T2C2 24,977.2 5885.7 0.24 5431.7 4.60

17 D1F2L1T3C1 14,195.2 3321.6 0.23 2721.1 5.22 41 D2F2L1T3C1 25,845.8 6020.8 0.23 4931.9 5.24

18 D1F2L1T3C2 16,362.1 3850.9 0.24 3096.1 5.28 42 D2F2L1T3C2 28,731.0 6725.2 0.23 5431.7 5.29

19 D1F2L2T1C1 11,391.6 2621.4 0.23 2922.5 3.90 43 D2F2L2T1C1 20,686.6 4752.7 0.23 5249.9 3.94

20 D1F2L2T1C2 13,552.4 3152.6 0.23 3294.1 4.11 44 D2F2L2T1C2 23,564.6 5459.8 0.23 5745.7 4.10

21 D1F2L2T2C1 12,422.8 2849.0 0.23 2922.5 4.25 45 D2F2L2T2C1 22,558.8 5166.0 0.23 5249.9 4.30

22 D1F2L2T2C2 14,583.6 3379.5 0.23 3294.1 4.43 46 D2F2L2T2C2 25,436.8 5872.2 0.23 5745.7 4.43

23 D1F2L2T3C1 14,485.4 3312.8 0.23 2922.5 4.96 47 D2F2L2T3C1 26,303.2 6006.6 0.23 5249.9 5.01

24 D1F2L2T3C2 16,646.2 3841.0 0.23 3294.1 5.05 48 D2F2L2T3C2 29,181.2 6709.6 0.23 5745.7 5.08
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Fig. 3—Ratio between mean simulated column resistance μPR and nominal resistance Pn for 48 analyzed column cross sections 
with spirals.

Fig. 4—Flowchart of safety assessment of FRP-RC columns, program RACOL-FRP.
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(spirals), corresponding to the load ratios r = 0.5, 1.0, and 
2.0, respectively.

From the results obtained, it can be observed that the load 
ratio, r, has a slight influence on the probability of failure, PF. 
Additionally, for each load ratio, it is seen that column diam-
eter, D, has little impact on the resulting column reliability. 
With respect to concrete compressive strength, columns 
with the smallest unconfined concrete compressive strength 
(fc′ = 20 MPa) resulted in the smallest failure probabilities. 
This is consistent with the higher efficiency of confinement 
for lower-strength concretes (Diniz and Frangopol 1997b; 
Saatcioglu and Razvi 1992). Regarding the influence of the 
longitudinal steel ratio ρsL, it was observed that failure prob-
ability decreases as ρsL increases. This influence of ρsL could 
be expected due to the smaller variability of the longitudinal 

steel (COV = 0.05) as compared to the assumed concrete 
compressive strength variability (COV = 0.10).

Regarding the confinement level provided by the trans-
versal steel Ise, it was found that in most cases, there is a 
tendency of a decrease in the failure probability with an 
increase in the steel confinement level, thus representing a 
beneficial effect of the transversal steel on the reliability of 
the CFRP-RC column. The levels of steel confinement used 
in the selected columns are either less or at most equal to the 
minimum suggested by ACI 318 for concrete confinement. 
The ACI 440.2R-17 confinement model does not consider 
steel confinement effects, while this effect is incorporated in 
the Lee et al. model. As for the FRP confinement level, the 
results indicate that, all other parameters remaining the same, 

Fig. 5—Histogram of acting load PA, column series 32 
(spirals): (a) r = 0.5; (b) r = 1.0; and (c) r = 2.0.

Fig. 6—Histogram of safety margin of column 32 series 
(spirals) with superimposed Normal distribution: (a) r = 
0.5; (b) r = 1.0; and (c) r = 2.0.
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with few exceptions, failure probabilities are approximately 
the same for the two levels of CFRP considered herein.

In this study, a large number of data points (288) 
representing different parameters (unconfined concrete 

compressive strength, amount of longitudinal steel, FRP 
confinement level, and so on) were considered. The results 
obtained indicate important trends in the safety levels 
that could be expected in the CFRP-strengthening of RC 
columns. Nevertheless, one must bear in mind that different 
results may be obtained for conditions outside the range of 
variables and the statistical descriptions used in this research.

Finally, yet importantly, it is emphasized that the reliability 
results obtained represent notional values aimed at allowing 
a comparison between safety levels associated with design of 
new structures and assessment of existing ones. To this end, 
the statistical description of the random variables considered 
in this study were consistent with new structures. In the case 
of existing structures, significant differences in the statistical 
description of the attendant variables may occur.

SUMMARY AND CONCLUSIONS
The research presented herein was aimed at the code 

development for fiber-reinforced polymer (FRP)-strength-
ened reinforced concrete (RC) columns. It was shown that 
the problem at hand incorporates a number of challenges, 
thus granting a careful consideration within a reliabili-
ty-based framework. By developing a rigorous reliability 
assessment on a large number of FRP-RC columns, repre-
senting a wide range of parameters, and strengthened 

Table 5—Failure probability and corresponding reliability index of 144 FRP-RC columns with spirals

Cross section Load ratio = 0.5 Load ratio = 1.0 Load ratio = 2.0 Cross section Load ratio = 0.5 Load ratio = 1.0 Load ratio = 2.0

No. ID PF β PF β PF β No. ID PF β PF β PF β

1 D1F1L1T1C1 1.0 × 10–5 4.26 1.3 × 10–5 4.21 1.4 × 10–5 4.19 25 D2F1L1T1C1 9.0 × 10–6 4.29 1.3 × 10–5 4.21 1.7 × 10–5 4.14

2 D1F1L1T1C2 2.2 × 10–5 4.09 2.9 × 10–5 4.02 3.4 × 10–5 3.98 26 D2F1L1T1C2 2.1 × 10–5 4.10 2.4 × 10–5 4.07 3.3 × 10–5 3.99

3 D1F1L1T2C1 8.0 × 10–6 4.31 1.0 × 10–5 4.26 1.5 × 10–5 4.17 27 D2F1L1T2C1 8.0 × 10–6 4.31 1.3 × 10–5 4.21 1.3 × 10–5 4.21

4 D1F1L1T2C2 1.7 × 10–5 4.14 2.3 × 10–5 4.08 2.4 × 10–5 4.07 28 D2F1L1T2C2 1.8 × 10–5 4.13 2.2 × 10–5 4.09 2.5 × 10–5 4.06

5 D1F1L1T3C1 6.0 × 10–6 4.38 9.0 × 10–6 4.29 1.2 × 10–5 4.22 29 D2F1L1T3C1 7.0 × 10–6 4.34 8.0 × 10–6 4.31 1.1 × 10–5 4.24

6 D1F1L1T3C2 1.3 × 10–5 4.21 1.8 × 10–5 4.13 1.8 × 10–5 4.13 30 D2F1L1T3C2 1.2 × 10–5 4.22 1.6 × 10–5 4.16 1.9 × 10–5 4.12

7 D1F1L2T1C1 4.0 × 10–6 4.47 4.0 × 10–6 4.47 3.0 × 10–6 4.53 31 D2F1L2T1C1 5.0 × 10–6 4.42 5.0 × 10–6 4.42 5.0 × 10–6 4.42

8 D1F1L2T1C2 6.0 × 10–6 4.38 1.1 × 10–5 4.24 1.4 × 10–5 4.19 32 D2F1L2T1C2 9.0 × 10–6 4.29 1.3 × 10–5 4.21 1.9 × 10–5 4.12

9 D1F1L2T2C1 3.0 × 10–6 4.53 3.0 × 10–6 4.53 3.0 × 10–6 4.53 33 D2F1L2T2C1 4.0 × 10–6 4.47 4.0 × 10–6 4.47 3.0 × 10–6 4.53

10 D1F1L2T2C2 6.0 × 10–6 4.38 9.0 × 10–6 4.29 1.5 × 10–5 4.17 34 D2F1L2T2C2 7.0 × 10–6 4.34 1.0 × 10–5 4.26 1.5 × 10–5 4.17

11 D1F1L2T3C1 2.0 × 10–6 4.61 3.0 × 10–6 4.53 2.0 × 10–6 4.61 35 D2F1L2T3C1 3.0 × 10–6 4.53 4.0 × 10–6 4.47 4.0 × 10–6 4.47

12 D1F1L2T3C2 7.0 × 10–6 4.34 7.0 × 10–6 4.34 1.0 × 10–5 4.26 36 D2F1L2T3C2 7.0 × 10–6 4.34 8.0 × 10–6 4.31 1.0 × 10–5 4.26

13 D1F2L1T1C1 1.8 × 10–5 4.13 2.3 × 10–5 4.08 2.6 × 10–5 4.05 37 D2F2L1T1C1 1.8 × 10–5 4.13 2.3 × 10–5 4.08 2.4 × 10–5 4.07

14 D1F2L1T1C2 3.5 × 10–5 3.98 3.6 × 10–5 3.97 4.4 × 10–5 3.92 38 D2F2L1T1C2 3.4 × 10–5 3.98 3.8 × 10–5 3.96 4.5 × 10–5 3.92

15 D1F2L1T2C1 1.6 × 10–5 4.16 1.9 × 10–5 4.12 2.1 × 10–5 4.10 39 D2F2L1T2C1 1.6 × 10–5 4.16 1.7 × 10–5 4.14 2.1 × 10–5 4.10

16 D1F2L1T2C2 2.9 × 10–5 4.02 3.4 × 10–5 3.98 3.4 × 10–5 3.98 40 D2F2L1T2C2 2.8 × 10–5 4.03 2.9 × 10–5 4.02 3.6 × 10–5 3.97

17 D1F2L1T3C1 1.3 × 10–5 4.21 1.4 × 10–5 4.19 1.6 × 10–5 4.16 41 D2F2L1T3C1 1.3 × 10–5 4.21 1.3 × 10–5 4.21 1.5 × 10–5 4.17

18 D1F2L1T3C2 1.7 × 10–5 4.14 2.1 × 10–5 4.10 2.8 × 10–5 4.03 42 D2F2L1T3C2 1.8 × 10–5 4.13 2.1 × 10–5 4.10 2.5 × 10–5 4.06

19 D1F2L2T1C1 8.0 × 10–6 4.31 1.2 × 10–5 4.22 1.8 × 10–5 4.13 43 D2F2L2T1C1 8.0 × 10–6 4.31 1.3 × 10–5 4.21 1.6 × 10–5 4.16

20 D1F2L2T1C2 2.0 × 10–5 4.11 2.3 × 10–5 4.08 3.3 × 10–5 3.99 44 D2F2L2T1C2 2.3 × 10–5 4.08 2.6 × 10–5 4.05 3.3 × 10–5 3.99

21 D1F2L2T2C1 8.0 × 10–6 4.31 8.0 × 10–6 4.31 1.3 × 10–5 4.21 45 D2F2L2T2C1 8.0 × 10–6 4.31 1.2 × 10–5 4.22 1.4 × 10–5 4.19

22 D1F2L2T2C2 1.9 × 10–5 4.12 2.5 × 10–5 4.06 2.5 × 10–5 4.06 46 D2F2L2T2C2 1.7 × 10–5 4.14 2.1 × 10–5 4.10 2.4 × 10–5 4.07

23 D1F2L2T3C1 6.0 × 10–6 4.38 9.0 × 10–6 4.29 1.0 × 10–5 4.26 47 D2F2L2T3C1 8.0 × 10–6 4.31 8.0 × 10–6 4.31 1.0 × 10–5 4.26

24 D1F2L2T3C2 1.4 × 10–5 4.19 1.7 × 10–5 4.14 2.0 × 10–5 4.11 48 D2F2L2T3C2 1.1 × 10–5 4.24 1.6 × 10–5 4.16 1.8 × 10–5 4.13

Table 6(a)—Summary of statistics of failure 
probability PF and reliability index β for 144 
selected columns with spirals

Statistics

Failure probability PF Reliability index β

r = 0.5 r = 1.0 r = 2.0 r = 0.5 r = 1.0 r = 2.0

Mean 1.6 × 10–5 2.0 × 10–5 2.4 × 10–5 4.18 4.13 4.08

Minimum 6.0 × 10–6 6.0 × 10–6 7.0 × 10–6 3.98 3.96 3.92

Maximum 3.5 × 10–5 3.8 × 10–5 4.5 × 10–5 4.38 4.38 4.34

Table 6(b)—Summary of statistics of failure 
probability PF and reliability index β for 144 
selected columns with hoops

Statistics

Failure probability PF Reliability index β

r = 0.5 r = 1.0 r = 2.0 r = 0.5 r = 1.0 r = 2.0

Mean 9.3 × 10–6 1.1 × 10–5 1.4 × 10–5 4.31 4.27 4.23

Minimum 2.0 × 10–6 3.0 × 10–6 2.0 × 10–6 4.12 4.07 4.05

Maximum 1.9 × 10–5 2.4 × 10–5 2.6 × 10–5 4.61 4.53 4.61
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Fig. 7—Probability of failure as function of Ise for different combinations of D, fc′, ρsl, and CFRP confinement level, columns 
with spirals (r = 0.5).

Fig. 8—Probability of failure as function of Ise for different combinations of D, fc′, ρsl, and CFRP confinement level, columns 
with spirals (r = 1.0).
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according to ACI 440.2R-17, this research sheds new light 
on the adequacy of such guidelines.

In this work, the safety assessment of short circular RC 
columns confined by CFRP, with respect to the ultimate limit 
state, has been performed. Two hundred eighty-eight axially 
loaded CFRP-RC short columns, strengthened according to 
ACI 440.2R-17, were evaluated. The joint behavior of trans-
versal steel/FRP, as occurs in the strengthening of existing 
RC columns, was investigated within a probabilistic frame-
work, using a confinement model that represents the steel/
FRP interaction.

A computational procedure using Monte Carlo simulation 
was developed as part of this research. It incorporates a module 
for the simulation of the statistics of column resistance and 
another for the generation of the statistics of the acting loads 
which depend on the strengthening design procedure—for 
example, ACI 440.2R-17. Special attention was given to the 
statistics of the basic variables to be used in each module.

The influence of the variables load ratio r, column 
diameter D, unconfined concrete compressive strength fc′, 
longitudinal steel ratio ρsL, steel confinement level Ise, and 
FRP confinement level IFe on the resulting safety levels of 
CFRP-RC columns was evaluated. It was concluded that:
•	 An increase in the load ratio resulted in a slight increase 

in the failure probability.
•	 Column diameter has a negligible impact on column 

reliability.
•	 For the analyzed columns and the recommendations of 

ACI 440.2R-17, the most influential variables are fc′, 
ρsL, and IFe.

•	 Smaller unconfined concrete compressive strengths and 
larger longitudinal steel ratios have a positive effect on 
column safety.

•	 The interaction between transversal steel/FRP in 
providing concrete confinement has a beneficial effect 
to the column safety. It is emphasized that the amount 
of carbon FRP (CFRP) confinement in the CFRP-RC 
columns was such that an ascending branch in the 
stress-strain curve of the confined concrete would be 
obtained. There is a slight tendency of an increase in 
the reliability index (and consequently a decrease in the 
failure probability) with an increase in the steel confine-
ment ratio. While this increase may not be significant 
in the case of new structures, it may have an important 
impact on the performance of an existing structure.

•	 All other parameters remaining the same, reliability 
indexes are similar for the two levels of FRP confine-
ment considered.

Most importantly, regarding the safety levels implicit in 
ACI 440.2R-17, it is shown that reliability indexes, β, are 
higher than the target values for new structures (β = 4.0 
[Szerszen and Nowak 2003]), and considerably higher than 
the target for existing structures (β = 3.5, as suggested in 
ACI 440.2R-17). The reliability indexes obtained are in the 
range of 3.92 to 4.61, while failure probabilities are in the 
range of 2 × 10–6 to 4.5 × 10–5. However, it is noted that the 
largest failure probability is 22.5 times the smallest; this is a 
limitation of the semi-probabilistic design formats currently 
in use.

It is largely accepted that the target reliability for 
existing structures may be smaller than those of new 

Fig. 9—Probability of failure as function of Ise for different combinations of D, fc′, ρsl, and CFRP confinement level, columns 
with spirals (r = 2.0).
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structures (Steenbergen et al. 2015); βΤ = 3.5 as mentioned 
in ACI  440.2-17 reflects this trend. In this sense, the 
results obtained suggest that current design procedures 
in ACI 440.2R-17 are conservative and a code calibration 
procedure could be undertaken for more economical FRP 
strengthening of RC columns. Nevertheless, it must be 
emphasized that the target reliability index to be used in 
the safety assessment of existing structures is still an open 
issue. More research related to the statistics of in-place 
material properties (for both concrete and FRP), load effects 
associated to the revised design service life of the strength-
ened column, and target reliability for existing structures 
are required.

The research presented in this paper has been limited to 
the FRP strengthening of axially loaded RC columns. As 
such, the results obtained correspond to the cases where FRP 
strengthening would be most effective, and consequently 
providing an upper bound for the corresponding safety 
levels. Currently, additional research is being performed 
by the authors addressing the more general problem of FRP 
strengthening of eccentrically loaded RC columns.
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Glass fiber-reinforced polymer (GFRP) reinforcement is a proven 
noncorrodible alternative to conventional steel reinforcement. 
Over the past two decades, a deliberate effort has been put toward 
developing a comprehensive set of design provisions, culminating 
in the release of ACI CODE-440.11-22. Absent from this Code 
is the strut-and-tie method commonly used in short shear-span 
applications due to uncertainty in GFRP-reinforced concrete (RC) 
behavior. Corbels are short shear-span, shear-controlled elements 
used to transfer vertical and horizontal loads to columns or walls. 
This study presents the results of 10 full-scale corbel specimens 
with varying reinforcement ratios and shear span-depth ratios to 
better understand the behavior of GFRP-RC corbels under mono-
tonic loading. The results indicate that the cracking behavior, 
strain development, deflection, capacity, and mode of failure are 
all dependent on the presence of secondary reinforcement and the 
shear span-depth ratio. The thermoplastic headed-end bars used 
were found to be a viable anchorage method.

Keywords: code provisions; corbel; diagonal cracking; glass fiber- 
reinforced polymer (GFRP); headed bars; reinforced concrete (RC); 
secondary reinforcement; shear strength; strut-and-tie.

INTRODUCTION
Steel-reinforced concrete (RC) corbels are structural 

elements commonly found in bridges, parking structures, 
and industrial buildings. Corbels are cantilevered members 
that are characterized by a low shear span-depth ratio (a/d). 
Corbels are used to transfer vertical and horizontal loads 
from one structural element to another, typically from beams 
or slabs to columns or walls. Figure 1 provides photos of 
two common applications of concrete corbels, including a 
single-sided corbel in a bridge and a double-sided corbel 
in a parking structure. It is well understood that steel rein-
forcement is prone to corrosion under harsh environmental 
conditions, especially those with heavy chloride expo-
sure. Corrosion negatively impacts the durability, strength, 
serviceability, and appearance of concrete structures.

Glass fiber-reinforced polymer (GFRP) reinforcement is 
a proven alternative to steel reinforcement. GFRP bars are 
noncorrodible and have a higher strength-to-weight ratio 
than conventional mild steel. Glass fibers are preferred over 
carbon and aramid in structural applications due to their 
cost-effectiveness and increased deformability. There are 
distinct mechanical property differences when comparing 
GFRP to steel, including a lower elastic modulus, linear-
elastic behavior up to failure, and uniaxial properties due 
to the pultrusion manufacturing process. The lower elastic 
modulus leads to higher strains, wider cracks, and lower 
compressive strut efficiency factors. The uniaxial properties 

cause GFRP bars to be weak in shear, with reduced dowel 
action and transverse strength. As a result, weaker shear 
resistance is expected in GFRP-RC corbels due to these 
mechanical property differences.

Discontinuity or disturbance regions (“D-regions”) are 
discrete locations in a structure where the fundamental flex-
ural theory assumption of “plane sections remain plane” 
no longer applies. Shear forces are then carried by strut or 
arching action. Deep beams, corbels, or locations within one 
member depth of a load or support are examples of D-re-
gions. The high degree of shear stress governs the behavior, 
meaning corbels cannot be designed by a conventional linear 
analysis. As such, alternative design methods, such as shear 
friction or the strut-and-tie model (STM), were developed. 
Shear friction is an empirical-based corbel design procedure 
proposed by Mattock et al.1 that is valid for a/d less than 1.0. 
Alternatively, the STM is a versatile design tool without a/d 
limitations that has gained widespread use after the hallmark 
paper published by Schlaich et al.2

The shear behavior of steel-RC corbels has been inves-
tigated extensively. Several parametric relationships have 
been preestablished for steel-RC corbels. An increase in the 
shear span-depth ratio results in a decrease in corbel shear 
capacity, while an increase in the main tie reinforcement 
ratio results in an increase in corbel shear capacity.1,3,4 The 
presence of secondary reinforcement decreases crack widths, 
increases corbel shear capacity, and leads to a more ductile 
failure.5-7 Currently, there are limited formal studies avail-
able for GFRP-RC corbels outside of the paper published 
by Abu-Obaida et al.8 As previously noted, these parametric 
relationships must be validated for GFRP-RC structures due 
to the lower elastic modulus, linear-elastic behavior, and 
uniaxial properties.

Steel-RC corbels often use welded connections or bent 
bars embedded into columns or walls to develop the main 
tie reinforcement. GFRP bars usually require a longer 
development length than steel, cannot be welded, and have 
reduced strength at bends. The anisotropic nature of GFRP 
leads to an approximately 35 to 70% loss in bent strength 
capacity compared to straight bars.9-11 Headed-end bars are 
a feasible alternative to hooked or bent bars in applications 
with limited space for bar development, such as corbels. 

Title No. 121-S45

Experimental Behavior of Concrete Corbels Reinforced 
with Glass Fiber-Reinforced Polymer Headed-End Bars
by Matthew N. Allen and Ehab F. El-Salakawy

ACI Structural Journal, V. 121, No. 3, May 2024.
MS No. S-2023-181.R1, doi: 10.14359/51740491, received November 13, 2023, and 

reviewed under Institute publication policies. Copyright © 2024, American Concrete 
Institute. All rights reserved, including the making of copies unless permission is 
obtained from the copyright proprietors. Pertinent discussion including author’s 
closure, if any, will be published ten months from this journal’s date if the discussion 
is received within four months of the paper’s print publication.



232 ACI Structural Journal/May 2024

A study by Yang et al.12 found that headed bars provided 
excellent end anchorage for steel-RC corbels, leading to a 
higher load-carrying capacity, stiffness, and ductility. For 
GFRP-RC structures, recent studies have also verified the 
use of thermoplastic headed ends with rounded grooves.13-15 
The headed-end GFRP bars evaluated by Benmokrane 
et al.14 were found to have a pullout capacity of 90% greater 
than the equivalent straight bars. It is worth noting that there 
are currently no codified parameters that govern the qualifi-
cation of GFRP headed-end bars.

RESEARCH SIGNIFICANCE
The shear behavior of steel-RC corbels has been investi-

gated extensively. Currently, ACI CODE-440.11-2216 does 
not address the design of GFRP-RC corbels due to a lack 
of research, while CSA S806:1217 and CSA S6:1918 provide 
STM provisions adapted directly from the steel-RC CSA 
A23.3:1919 code. GFRP-RC corbels are expected to perform 
differently from steel-RC corbels due to the GFRP mate-
rial properties—specifically, the lower elastic modulus, 

linear-elastic behavior, and uniaxial properties. Exper-
imental investigation is necessary to develop an under-
standing of GFRP-RC corbels under monotonic loading. 
This study presents findings on the mode of failure, crack 
widths, strains, deflection, and load-carrying capacity.

DESCRIPTION OF SPECIMENS AND  
TEST PROGRAM

Test specimens
Ten full-scale RC specimens were constructed and tested 

to investigate the behavior of corbels under monotonic 
loading. A double-corbel and column geometry was selected 
to resemble a common corbel application in practice. The 
concrete specimens had tapered corbels with a height of 
450  mm (17.72 in.) at the corbel-column interface and 
300 mm (11.81 in.) at the free end. The corbels had a width 
of 300 mm (11.81 in.) and a length of 450 mm (17.72 in.). 
The a/d used were 0.33 and 0.66, corresponding to a 134 and 
268 mm (5.28 and 10.55 in.) shear span, respectively. The 
column geometry was 350 x 300 mm (13.78 x 11.81 in.) with 

Fig. 2—Details of test specimens: (a) geometry and reinforcement (GFRP-RC shown, steel-RC similar); and (b) strain gauge 
layout. (Note: 1 mm = 0.0394 in.)

Fig. 1—Common applications of concrete corbels: (a) bridge pier bearing seat (single corbel); and (b) parking structure 
(double corbel).
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upper and lower column stub heights of 600 and 400 mm 
(23.62 and 15.75 in.), respectively, as shown in Fig. 2. The 
concrete geometry remained constant for all test specimens.

Two steel-RC corbels were prepared as reference speci-
mens to their GFRP-RC counterparts. The remaining eight 
GFRP-RC corbels were constructed with a combination 
of the following parameters: main tie reinforcement ratio, 
secondary reinforcement ratio, and a/d. The main tie rein-
forcement was three 15M (16.0 mm [0.63 in.] diameter), 
No. 15 (15.9 mm [0.63 in.] diameter), or No. 20 (19.0 mm 
[0.75 in.] diameter) bars. The secondary reinforcement was 
three 10M (11.3 mm [0.44 in.] diameter), No. 10 (9.5 mm 
[0.37 in.] diameter), or No. 13 (12.7 mm [0.50 in.] diameter) 
bars. The secondary reinforcement consisted of horizontal 
closed stirrups equally spaced below the main tie reinforce-
ment. Four specimens were prepared without any secondary 
reinforcement to evaluate their parametric significance on 
GFRP-RC corbel behavior. No vertical secondary reinforce-
ment was used in this study following the special provisions 
for brackets and corbels in Clause 8.6.5 of CSA S806:12.17 
The column reinforcement was four 20M (19.5  mm 
[0.77  in.] diameter) or No. 20 (19.0 mm [0.75 in.] diam-
eter) bars with 10M (11.3 mm [0.44 in.] diameter) or No. 10 
(9.5 mm [0.37  in.] diameter) closed stirrups for steel- and 
GFRP-RC specimens respectively, distributed equally along 
the column height. The corbels were designed in accordance 
with CSA S806:1217 and CSA S6:1918 for GFRP and CSA 
A23.3:1919 and ACI 318-1920 for steel.

Table 1 introduces the corbel naming convention used in 
this study. The specimens were divided into Series A for an 
a/d of 0.33 and Series B for an a/d of 0.66. Individual spec-
imens were assigned a corbel ID comprising four distinct 
parts. The first letter (S or G) denotes the reinforcement 
material type as steel or GFRP. The second index (15 or 20) 
specifies the nominal diameter of the main tie reinforcement 
in mm. The third index (0, 10, or 13) specifies the nominal 
diameter of the secondary reinforcement in mm. The fourth 
and final index (33 or 66) provides the a/d, presented as a 
percentage, used during testing. For example, corbel ID 
G-15-10-33 was the specimen constructed with GFRP rein-
forcement, No. 15 main tie bars, No. 10 secondary bars, 

and was tested at an a/d of 0.33. Reinforcement ratios ρt 
and ρs were provided for the main tie and secondary rein-
forcement configurations, respectively. The reinforcement 
ratios are also presented after normalization by the balanced 
reinforcement ratio, ρb. The steel-RC configurations were 
under-reinforced, with ρ/ρb values less than 1.0, while the 
GFRP-RC configurations were over-reinforced, with ρ/ρb 
values greater than 1.0.

Materials
Concrete was provided by a local ready mixed supplier 

following performance specifications. The concrete mixture 
was normalweight with a target 28-day strength of 35 MPa 
(5.0 ksi), nominal maximum aggregate size of 20 mm 
(0.79 in.), and target slump of 140 mm (5.51 in.). Standard 
100 x 200 mm (3.94 x 7.87 in.) concrete cylinders were 
cast and tested in accordance with CSA A23.1:19/CSA 
A23.2:19.21 Cylinder testing occurred immediately prior 
to the testing of each specimen. The concrete compressive 
strength results are presented in Table 1. The specimens 
were cast in the horizontal position using wooden formwork.

Two materials were used as internal reinforcement: 
conventional mild steel bars and sand-coated GFRP 
pultruded bars. The physical and mechanical properties of 
each bar diameter are presented in Table 2. The GFRP prop-
erties of each unique lot number (bar size, grade, and manu-
facturing run) were determined by a third-party laboratory 
in accordance with CSA S806:12,17 CSA S807:19,22 ACI 
440.3R-12,23 ASTM D570-22,24 ASTM D2584-18,25 ASTM 
D3418-21,26 and ASTM D5117-17,27 as applicable.

The steel main tie reinforcement had 50 x 50 x 12 mm 
(1.97  x 1.97 x 0.47 in.) steel plates welded at each end 
to facilitate bar development and prevent any potential 
anchorage losses. Welding was completed in accordance 
with CSA W59-18.28 The GFRP headed ends were made 
of a thermoplastic vinyl-ester resin reinforced with short 
E-glass fibers, cast to the end of the bars at high tempera-
tures. Rounded grooves were provided along the inner side 
of the headed-end profile to improve the mechanical inter-
lock, as shown in Fig. 3. The headed end had an approximate 
length of 100 mm (3.94 in.) and a maximum outer diameter 

Table 1—Properties of test specimens

Series Corbel ID

Main tie reinforcement Secondary reinforcement Shear span-depth 
ratio a/d

Concrete strength 
fc′, MPaBar type ρt, % ρt/ρb Bar type ρs, % ρs/ρb

A

  S-15-10-33 3 15M 0.50 0.14 3 10M 0.50 0.15 0.33 43.9

  G-15-0-33 3 No. 15 0.50 2.53 — — — 0.33 36.9

  G-15-10-33 3 No. 15 0.50 2.53 3 No. 10 0.35 1.26 0.33 36.7

  G-20-0-33 3 No. 20 0.71 3.23 — — — 0.33 37.2

  G-20-13-33 3 No. 20 0.71 3.23 3 No. 13 0.63 2.26 0.33 40.5

B

  S-15-10-66 3 15M 0.50 0.14 3 10M 0.50 0.15 0.66 44.6

  G-15-0-66 3 No. 15 0.50 2.53 — — — 0.66 36.1

  G-15-10-66 3 No. 15 0.50 2.53 3 No. 10 0.35 1.26 0.66 38.4

  G-20-0-66 3 No. 20 0.71 3.23 — — — 0.66 41.9

  G-20-13-66 3 No. 20 0.71 3.23 3 No. 13 0.63 2.26 0.66 35.6

Note: 1 MPa = 0.14504 ksi.
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of 50 mm (1.97 in.). The load at break and slip at 100 kN 
(22.48 kip) for the No. 15 and No. 20 headed-end bars are 
provided in Table 3.

Instrumentation
Three types of instrumentation were used to record real-

time data on the structural response to load: electrical strain 
gauges, performance indicator (PI) gauges, and linear vari-
able displacement transducers (LVDTs). Electrical strain 
gauges were installed on the main tie reinforcement at the 
column-corbel interface, 150 and 300 mm (5.91 and 11.81 in.) 
offset from the interface. The two strain gauges nearest to the 
interface were used to capture the maximum bar strain. The 
strain gauge furthest from the interface was used to assess 
strain development near the headed ends and anchorage 
performance. Multiple strain gauges were installed at the 
same offset from the interface to provide redundancy at crit-
ical locations. Similarly, strain gauges were installed at the 
column-corbel interface along the top and bottom horizontal 
secondary reinforcement. Four 200 mm (7.87 in.) long PI 
gauges were mounted to the vertical concrete face to record 
concrete crack widths. Two PI gauges were installed near 

the column-corbel bearing surface interface for flexural 
cracks, and two were installed halfway along the inclined 
strut for diagonal cracks. Two LVDTs were attached to the 
lower column stubs to measure vertical displacement. The 
instrumentation was connected to a data acquisition (DAQ) 
system monitored by a computer.

Test setup and procedure
Figure 4 shows the schematic drawing and photo of the 

test setup. White paint was applied to the concrete to provide 
contrast for a 75 x 75 mm (2.95 x 2.95 in.) grid and crack 
pattern markings. The double corbels were inverted so that 
load could be applied with a single high-capacity piston 
from a 5000 kN (1124 kip) capacity hydraulic machine. 
Load was monotonically applied at a displacement-con-
trolled rate of 0.5 mm/min (0.020 in./min) and was contin-
uously monitored and held at critical points to mark crack 
patterns. Tests were terminated once the load dropped by 
at least 25% of the peak load. The high-capacity pistons 
transferred the load through a spherical head, a 300 x 350 x 
25 mm (11.81 x 13.78 x 0.98 in.) steel bearing plate, and a 
6 mm (0.24 in.) elastomeric bearing pad at the upper column 
stub. Each corbel bearing face was supported by 300 x 150 x 
50 mm (11.81 x 5.91 x 1.97 in.) steel plates with a roller 
on one side and pinned support with an electrical-resistance 
compression load cell on the other. The load was then trans-
ferred through concrete support blocks and distributed into 
the laboratory strong floor.

Table 2—Mechanical properties of reinforcement

Bar type Nominal diameter, mm Nominal area, mm2 Modulus of elasticity, GPa
Yield/tensile strength, 

MPa Yield/ultimate strain, %

10M 11.3 100 200 460 0.230

15M 16.0 200 200 450 0.225

20M 19.5 300 200 450 0.225

No. 10 9.5 71* (82)† 54.3‡ 1199 2.21§

No. 13 12.7 127* (153)† 54.7‡ 1209 2.21§

No. 15 15.9 199* (236)† 64.5 1580 2.45§

No. 20 19.0 285* (336)† 62.9 1465 2.33§

*Nominal area as per CSA S807:19.
†Measured area as per Annex A of CSA S806:12.
‡Measured as per Annex C of CSA S806:12.
§Calculated using modulus of elasticity and tensile strength as per Annex C of CSA S806:12.

Note: 1 mm = 0.0394 in.; 1 mm2 = 0.00155 in.2; 1 GPa = 145.04 ksi; 1 MPa = 0.14504 ksi.

Fig. 3—Headed-end bars. (Note: 1 mm = 0.0394 in.)

Table 3—GFRP anchor head properties

Bar type Load at break, kN Slip at 100 kN, mm

No. 15 114.9 ± 7.5 0.43 ± 0.05

No. 20 197.7 ± 9.4 0.27 ± 0.05

Note: 1 kN = 0.2248 kip; 1 mm = 0.0394 in.
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Fig. 4—Details of test setup: (a) test setup schematic; and (b) test setup photo.

Fig. 5—Crack patterns at ultimate load.
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TEST RESULTS AND DISCUSSION
General behavior and mode of failure

The corbel specimens were monotonically loaded until 
failure. The general behavior was characterized by marking 
crack patterns at regular intervals, photos of any observ-
able deterioration, and photos at failure. Figure 5 presents 
the crack patterns at ultimate load, which was documented 
for one vertical face on each specimen. The initiation of 
crack development was consistent for all specimens in this 
study. The initial cracks were flexural in nature, forming at 
the column-corbel interface. The flexural cracks propagated 
vertically throughout the corbel height. After considerable 
load gain, diagonal cracks started to form near the center of 
the corbel height. The orientation of diagonal cracks closely 
followed the theoretical inclined struts, which matches the 
flow of stresses idealized in STM models. The appearance of 
initial cracking did not seem to be influenced by the propor-
tioning of the main tie or secondary reinforcements.

Generally, the specimens with secondary reinforce-
ment were able to continually carry load after the forma-
tion of diagonal strut cracks. Specimens without secondary 
reinforcement showed limited resiliency and commonly 
displayed brittle, abrupt failures. The specimens with 
secondary reinforcement were able to achieve an increased 
number of crack formations prior to failure. This relation-
ship is shown in the G-20-13-66 specimen, which had a high 
degree of flexural and diagonal strut cracking compared 
to G-20-0-66, which was only able to form a few flexural 
cracks prior to failure.

The shaded gray regions represent an area that was either 
spalled, delaminated, or fully sheared from the rest of the 
column-corbel specimen. For example, G-20-13-33 experi-
enced concrete cover spalling throughout the diagonal strut 
due to a high concentration of cracking, compared to G-15-
0-66 and G-20-0-66, which both had wide shear cracks, 
leading to large masses of concrete fully dislodged from the 
unreinforced web of the corbel at failure. The wide shear 
cracks on G-15-0-66 and G-20-0-66 followed the theoretical 
diagonal strut until it intersected the main tie reinforcement, 
where the crack changed directions and projected out horizon-
tally toward the free end of the corbel. This behavior was not 
present in any of the corbel specimens with secondary rein-
forcement due to the restraining action of the distributed bar.

Four modes of failure were observed, as shown in Fig. 6: 
tie yielding (TY) (steel-RC corbel), diagonal-compression 
(DC), flexural-compression (FC), and diagonal splitting 
(SP). The GFRP modes of failure were consistent with those 
presented in Abu-Obaida et al.8 TY consists of extensive 
flexural cracking until yielding of the main tie steel rein-
forcement in tension. DC is characterized by both flexural 
and diagonal strut cracks developing prior to failure of the 
diagonal compression strut. FC consists of wide flexural 
cracking followed by crushing of concrete in the diagonal 
strut near the compression face. Finally, SP is the most unde-
sirable mode of failure, in which a wide crack parallel to 
the diagonal strut forms in a sudden, brittle manner. Spec-
imens that exhibited signs of SP include G-20-0-33, G-15-
0-66, G-20-0-66, and G-20-13-66. These results suggest 
that the likelihood of SP is increased in specimens without 

secondary reinforcement and higher a/d. TY was only noted 
for S-15-10-66. Signs of DC were observed in all a/d = 0.33 
specimens. FC was exhibited in all specimens with a/d = 
0.66 and secondary reinforcement, including S-15-10-66, 
G-15-10-66, and G-20-13-66. The specimens with increased 
main tie and secondary reinforcement ratios generally had 
the same mode of failure as their counterpart specimens.

Crack width
PI gauges were mounted near the column-corbel inter-

face and halfway along the inclined strut to monitor flex-
ural and diagonal crack widths, respectively. Figure 7 pres-
ents the load-flexural crack width and load-diagonal strut 
crack width relationships. Flexural cracks were the first to 
form and generally developed at a higher intensity than the 
diagonal strut cracks. The steel-RC specimens displayed 
narrower crack widths at equivalent loads to their GFRP-RC 
counterparts. This trend was expected due to the modulus of 
elasticity differences between the two materials. One notable 
exception to this trend was S-15-10-66 prior to failure, where 
the steel began to yield and permitted the rapid development 
of flexural cracks and crack width openings. The presence of 
secondary reinforcement had a negligible influence on flex-
ural cracking. This relationship was evaluated at the corbel 
service load and ultimate load. Service loads in this study 
were estimated as 60% of the nominal design strength in the 
steel-RC specimens using the actual yield strength of steel, 
which resulted in 665 kN (149.50 kip) for a/d = 0.33 and 
415 kN (93.30 kip) for a/d = 0.66. The flexural crack widths 
at service loads were 0.97 and 1.08 mm (0.038 and 0.043 in.) 
with and without secondary reinforcement, respectively. 
Similarly, the flexural crack widths at failure were 1.98 and 
1.99 mm (0.078 and 0.079 in.) with and without secondary 
reinforcement, respectively. This was anticipated because 
flexural crack widths initiate at the tension face of the 
corbels, intersecting the main tie reinforcement first before 
propagating toward the secondary reinforcement.

The failure of every GFRP-RC specimen was controlled 
by the diagonal strut crack development.

The development of diagonal strut cracks varied for each 
specimen. Five of the 10 specimens exhibited no diagonal 
strut cracks under service loads, while the remaining spec-
imens had narrow crack widths of less than approximately 
0.25 mm (0.010 in.). For G-15-0-66 and G-20-0-66, the 
corbels failed immediately after the strut crack was initi-
ated, displaying a sudden and brittle failure, which is not 
desirable. This contrasts with G-15-10-66 and G-20-13-66, 
where appreciable load gain was achieved after the strut 
crack opened by redistributing stress to the secondary rein-
forcement. The presence of secondary reinforcement helped 
confine concrete cracks, carry compressive stresses, resist 
transverse tensile stresses, and mitigate brittle failures. 
The specimens with secondary reinforcement developed 
3.5  times greater strut crack widths at failure than those 
without secondary reinforcement.

The difference between G-15-0-66 and G-15-10-66 demon-
strates the effect of secondary reinforcement on concrete 
crack widths. Crack widths were consistently less for the 
specimen with secondary reinforcement at comparable loads 
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due to the dowel action and clamping stresses. As expected, 
an increase in crack width was positively correlated with a 
decrease in corbel capacity due to increasing the a/d. For 
example, G-15-0-33 had approximately 41% larger capacity 
and 48% less flexural crack width than G-15-0-66. This 

relationship is primarily attributed to the slope angle of the 
struts, which is critical to shear-controlled elements like 
corbels. The corbel capacity reduction is also contributed to 
by the reduced aggregate interlocking action across the shear 
plane, resulting from increased crack widths.

Fig. 6—Common modes of failure.



238 ACI Structural Journal/May 2024

The two shear span-depth ratios, and the corresponding 
slope angle of the struts, had a considerable influence on 
crack development. The specimens with a/d = 0.66 had 
approximately 47% higher flexural crack width at failure 
than a/d = 0.33. This trend is logical given that there is a posi-
tive correlation between a/d and the magnitude of flexural 
stresses. Similarly, the development of initial diagonal strut 
cracking was impacted by a/d. Specimens with a/d = 0.33 
showed an initial diagonal strut crack at 752 kN (169.06 kip) 

on average compared to 416 kN (93.52 kip) for a/d = 0.66, 
corresponding to an approximately 45% reduction.

Strains in reinforcement
Figure 8 presents the load-strain relationship in the rein-

forcing bars. The maximum strain readings for the a/d = 
0.33 specimens consistently occurred at the corbel-column 
interface, while this reading in the a/d = 0.66 specimens 
occurred at either the interface or 150 mm (5.91 in.) offset 

Fig. 7—Load-crack width relationship: (a) flexural cracking for a/d = 0.33; (b) strut cracking for a/d = 0.33; (c) flexural 
cracking for a/d = 0.66; and (d) strut cracking for a/d = 0.66. (Note: 1 kN = 0.225 kip; 1 mm = 0.0394 in.)

Fig. 8—Load-strain relationship in reinforcing bars: (a) main tie reinforcement for a/d = 0.33; (b) secondary reinforcement for 
a/d = 0.33; (c) main tie reinforcement for a/d = 0.66; and (d) secondary reinforcement for a/d = 0.66.
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from the interface. The strain readings presented for the 
secondary reinforcement were taken as the maximum of the 
top or bottom of the three secondary stirrups recorded at the 
interface.

The main tie strains were negligible until the flexural 
cracking load, where a sharp increase in strain occurred 
as stress was transferred into the reinforcement. The main 
tie strains for the GFRP-RC specimens progressed linearly 
until failure, while the secondary strains exhibited a more 
sporadic strain progression due to the close relationship with 
the diagonal cracking. The strains in the steel-RC specimens 
developed at a slower rate than their GFRP-RC counterparts 
due to the higher modulus of elasticity. For example, S-15-
10-33 had a maximum main tie strain of 1640 με (round off 
strains to the nearest 10) compared to 5160 με for G-15-
10-33, despite S-15-10-33 achieving a higher capacity of 
1432 kN (321.93 kip) compared to 897 kN (201.65 kip) for 
G-15-10-33. The main tie strain in S-15-10-66 exceeded the 
yield point prior to failure. The secondary reinforcement 
in both steel-RC specimens, S-15-10-33 and S-15-10-66, 
reached the yield point and deformed continuously prior to 
failure without meaningful load gain. The maximum GFRP 
strain in this study was 13,870 με in the G-15-0-66 secondary 
reinforcement, which is still well below the 22,100 με ulti-
mate strain for No. 10 bars and represents approximately 
63% use.

Specimens G-15-0-66 and G-15-10-66 showed a similar 
load-strain response. The addition of secondary reinforce-
ment in G-15-10-66 led to a slightly higher corbel capacity 
and lower main tie strain at equivalent loads to G-15-0-
66. Specimen G-15-0-66 had relatively higher strains than 
G-15-10-66 at comparable loads due to tensile stresses 
being isolated to the main tie reinforcement, whereas G-15-
10-66 had secondary reinforcement to redistribute stress 
to as cracks developed. The a/d = 0.66 specimens without 
secondary reinforcement, G-15-0-66 and G-20-0-66, devel-
oped main tie strains more rapidly than their equivalent spec-
imens with secondary reinforcement. This can be attributed 
to the secondary reinforcement aiding with stress redistribu-
tion, reducing the amount of stress isolated to the main tie 
reinforcement. This relationship was less identifiable for the 
a/d = 0.33 specimens.

The two shear span-depth ratios affected the strain devel-
opment in the main tie and secondary reinforcements. The 
specimens with a/d = 0.66 developed main tie strains that 
were 30% higher on average than a/d = 0.33. Similarly, 
the specimens with a/d = 0.66 developed secondary rein-
forcement strains that were 102% higher on average than 
a/d = 0.33. This relationship agrees with the flexural crack 
width trend identified earlier and is once again attributed to 
the positive correlation between a/d, the slope angle of the 
strut, and the magnitude of flexural stresses. The presence of 
secondary reinforcement had a marginal impact on the main 
tie strain at failure. Specimens with secondary reinforce-
ment had an average main tie strain of 7150 με compared 
to 7750 με for specimens without secondary reinforcement, 
corresponding to an 8.3% increase.

Anchorage of headed-end bars
Strain gauges were installed along the main tie reinforce-

ment and near the headed ends to evaluate the dissipation 
of stresses and anchorage performance. Figure 9 shows the 
strain profiles for select specimens. The peak strain read-
ings occurred at the column-corbel interface, identified as a 
distance along a corbel length of 0 mm (0 in.), for all speci-
mens shown except G-15-0-66, where the strains at 150 mm 
(5.91 in.) offset from the interface were greatest. Each of 
the specimens was efficient in dissipating strains prior to the 
strain gauge nearest to the headed ends, which is identified as 
300 mm (11.81 in.) offset from the interface. Strains recorded 
near the headed end were generally less than 1500 με. The 
maximum strain that developed near the headed ends was 
in G-15-10-66, with 5010 με at failure. This corresponds to 
a load of 64.4 kN (14.48 kip) in the headed end, which is 
considerably less than the tested load of 114.9 kN (25.83 kip) 
at break previously presented in Table 3.

The required development length was calculated in 
accordance with CSA S806:1217 using experimental strains 
ranging from 300 to 640 mm (11.81 to 25.20 in.). The avail-
able development length without bending measured from 
the column-corbel interface is only 410 mm (16.14 in.), indi-
cating that mechanical anchorage is necessary to develop the 
ultimate strength of the reinforcing bars. The headed ends 
used in this study were efficient in carrying the necessary 
tensile stresses to develop the peak corbel load without 
premature failure. No indications of slippage in the headed 
ends or insufficient reinforcement anchorage were observed 
at failure.

There were instances of headed-end bars experiencing 
fracture after the peak load. However, these were not clas-
sified as anchorage failures as they were due to the primary 
diagonal shear crack propagating horizontally toward 
the outer corbel face after intersecting the main tie rein-
forcement. The shear plane then applied prying action to 
the headed-end rounded grooves, leading to the fracture. 
Figure 10 displays photos of the headed ends post-failure. 
Specimens G-15-0-66, G-20-0-33, and G-20-13-33 each 
experienced some degree of headed-end fracture at failure, 
whereas G-20-0-66 shows the three headed ends still intact 
after failure.

Load-deflection response
Two LVDTs were mounted at the lower column stub to 

measure deflection. The average of the two LVDT values 
was plotted against corbel load in Fig. 11. For the GFRP-RC 
specimens, the load-deflection relationship progressed 
relatively linear until cracking, where a reduction in stiff-
ness was observed. This relationship was evident for each 
of the a/d = 0.66 specimens, where a reduction in slope 
occurred at approximately 200 kN (44.96 kip). The pres-
ence of secondary reinforcement did not appear to influence 
the linear deflection behavior. The two steel-RC specimens, 
S-15-10-33 and S-15-10-66, experienced a steady load-de-
flection increase until approximately 80% of the ultimate 
load, where deflection began to increase rapidly relative to 
the corbel load. This effect is clearly displayed by S-15-10-
66, where the main tie and secondary reinforcements both 
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yielded and continually increased in strain while the load 
remained relatively constant. Generally, the main tie stiff-
ness is understood to have the greatest influence on the 
deflection of corbels. This suggests that the GFRP-RC spec-
imens should have a higher deflection at equivalent loads to 
their steel-RC counterparts due to the difference in modulus 
of elasticity. The a/d = 0.66 specimens with GFRP recorded 
deflection readings that were consistently higher than S-15-
10-66 after the initial cracks developed. However, the a/d = 
0.33 specimens with GFRP-RC displayed comparable 
deflection to S-15-10-33 until failure with no discernable 
trends. Overall, the a/d = 0.66 specimens had approximately 
29% greater deflection than a/d = 0.33. This was expected 
due to the increased strut inclination and flexural stresses 
as the shear span-depth ratio increases. The specimens with 
secondary reinforcement achieved a maximum deflection of 
21% greater than those without secondary reinforcement. 
The secondary reinforcement provided clamping forces and 
redistributed stress from diagonal strut cracks, leading to a 
higher capacity and corresponding deflection.

Load-carrying capacity
Table 4 summarizes the experimental capacities and test 

results for each corbel. Vu represents the ultimate capacity 
of the governing corbel, which was equal to the load cell 
reading for a pinned-support corbel failure or the total actu-
ator load less the load cell reading for a roller-support corbel 
failure. εt and εs provide the maximum strains for the main 
tie and secondary reinforcements, respectively. Δ provides 
the deflection, while wcr-flex and wcr-dia represent the flexural 
and diagonal strut crack widths, respectively; each of these 
parameters is provided at the corbel service load and ulti-
mate load. The final column classifies each corbel as one of 
the following modes of failure: TY for a tie-yielding failure 
(steel-RC), DC for a diagonal-compression failure, FC for a 
flexural-compression failure, and SP for a diagonal splitting 
failure, as previously discussed herein.

Figure 12 presents the relationship between the load 
capacity and shear span-depth ratio. Each pair of corbels 
with identical reinforcement were plotted in tandem. The line 
connecting each corbel pair visually links the a/d = 0.33 and 
a/d = 0.66 data points. It is not intended to suggest a linear 
relationship for all intermediate shear span-depth ratios. The 
decreasing slope of the plots represents a negative correlation 

Fig. 9—Strain profiles for selected specimens: (a) G-15-0-33; (b) G-15-0-66; (c) G-20-13-33; (d) G-20-13-66; and 
(e) G-15-10-66.
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between load capacity and shear span-depth ratio, with a/d 
= 0.33 specimens having approximately 47% higher shear 
capacity than a/d = 0.66. The specimens with increased 
main tie and secondary reinforcement ratios, G-20-13-33 
and G-20-13-66, had a less pronounced influence on load 
capacity, reaching a 17% higher shear capacity on average 
than their counterpart specimens, G-15-10-33 and G-15-10-
66. The presence of secondary reinforcement was found to 
have a similar influence on load capacity, with secondary 
reinforcement achieving a 16% higher shear capacity 
on average than those without secondary reinforcement. 
The steel-RC specimens achieved a higher shear capacity 
than their equivalent GFRP-RC counterparts. Specimen 
S-15-10-33 had a shear capacity of 1432 kN (321.93 kip) 
compared to 897 kN (201.65 kip) for G-15-10-33. The shear 
capacity difference was not as substantial for the a/d = 0.66 
pair, with 826 kN (185.69 kip) for S-15-10-66 and 736 kN 
(165.46 kip) for G-15-10-66, which can be attributed to the 
increasing tensile stresses and main tie use as the shear span-
depth ratio increases.

CONCLUSIONS
Based on the test results of the 10 full-scale corbels 

presented herein, the following conclusions can be drawn:
1. The cracking behavior of the glass fiber-reinforced 

polymer (GFRP)-reinforced concrete (RC) specimens 
closely resembled the steel-RC control specimens. Flexural 
cracks were the first to form near the column-corbel inter-
face, followed by diagonal cracks near the center of the 
corbel height.

2. Four modes of failure were observed in this study: 
tie yielding (TY) (steel-RC), diagonal-compression (DC), 
flexural-compression (FC), and diagonal splitting (SP). All 
the GFRP-RC specimens had a concrete-controlled brittle 
shear failure through diagonal strut cracking. DC was the 
most common mode of failure observed. The likelihood of 
the most undesirable and brittle mode of failure, SP, was 
increased in specimens without secondary reinforcement at 
the higher shear span-depth ratio (a/d) of 0.66.

3. The parametric performance of corbel specimens was 
dependent on the a/d. The specimens with an a/d of 0.66 

Fig. 10—Common headed ends post-failure: (a) G-20-0-33; (b) G-20-13-33; (c) G-15-0-66; and (d) G-20-0-66.

Fig. 11—Load-deflection relationship: (a) a/d = 0.33; and (b) a/d = 0.66.
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exhibited approximately 47% greater flexural crack widths, 
45% lower strut cracking load, 30% higher main tie strains, 
102% higher secondary reinforcement strains, 29% greater 
deflection, and 32% lower shear capacity than their a/d = 
0.33 counterpart specimens.

4. The GFRP-RC specimens with secondary reinforce-
ment developed narrower crack widths at equivalent loads, 
comparable main tie strains, approximately 21% greater 
deflection, and 16% higher shear capacity than the identical 
specimens without secondary reinforcement. The presence 
of secondary reinforcement improved serviceability perfor-
mance and allowed resilient load gain after strut cracking.

5. The two steel-RC specimens in this study achieved a 
shear capacity of approximately 60% and 12% higher than 
their GFRP-RC counterparts for a/d = 0.33 and a/d = 0.66, 
respectively. The steel-RC specimens displayed narrower 
crack widths at equivalent loads to their GFRP-RC counter-
parts. This relationship was expected and can be attributed 
to the difference in the modulus of elasticity of the materials.

6. The GFRP reinforcement developed the necessary 
tensile strains with considerable reserve capacity from the 
undesirable brittle nature of GFRP rupture. The maximum 

strain observed in the experimental program was 13,870 με, 
compared to the 22,100 με ultimate strain, representing 63% 
use of the GFRP bars.

7. The thermoplastic headed ends used in this study 
provided sufficient anchorage to develop the necessary 
main tie tensile stresses. The peak corbel load was reached 
without any indications of slippage or premature failure. 
Strain readings near the headed ends were used to verify 
the dissipation of stresses and confirm bar development. 
The maximum strain recorded near the headed ends was 
5010 με. This corresponds to a load of 64.4 kN (14.48 kip), 
which is considerably less than the tested load of 114.9 kN 
(25.83 kip) at break of the headed ends.

AUTHOR BIOS
ACI member Matthew N. Allen is a Master’s Student in the Department of 
Civil Engineering at the University of Manitoba, Winnipeg, MB, Canada. 
He is also a Structural Engineer-in-Training with Dillon Consulting 
Limited. He received his BSc from the University of Manitoba in 2020. He 
is the recipient of the 2021 ACI Foundation Don Marks Memorial Fellow-
ship. His research interests include the design of bridge structures, large-
scale testing, fiber-reinforced polymers (FRPs), and strut-and-tie modeling 
of deep or irregular concrete elements.

Ehab F. El-Salakawy, FACI, is a Professor in the Department of Civil 
Engineering at the University of Manitoba. He is a member of ACI 
Committee 440, Fiber-Reinforced Polymer Reinforcement. He received the 
ACI Mete A. Sozen Award for Excellence in Structural Research in 2020. 
His research interests include the design, construction, durability, large-
scale testing, and rehabilitation of reinforced concrete structures using FRP 
reinforcement.

ACKNOWLEDGMENTS
The authors would like to express their sincere gratitude to the ACI Foun-

dation, the Natural Sciences and Engineering Research Council of Canada 
(NSERC), and the University of Manitoba Graduate Fellowship (UMGF) 
for financial support. The GFRP reinforcement was generously provided by 
Pultrall Inc. The valuable assistance received from C. Klowak, S. Abraha, 
and D. Szara, as a part of the W.R. McQuade Structures Laboratory tech-
nical staff, is greatly appreciated.

REFERENCES
1. Mattock, A. H.; Chen, K. C.; and Soongswang, K., “The Behavior of 

Reinforced Concrete Corbels,” PCI Journal, V. 21, No. 2, Mar.-Apr. 1976, 
pp. 52-77. doi: 10.15554/pcij.03011976.52.77

Table 4—Experimental capacities and summary of test results

Series Corbel ID

V, kN εt, με εs, με Δ, mm wcr-flex, mm wcr-dia, mm Failure 
modeUlt. Serv. Ult. Serv. Ult. Serv. Ult.

A

S-15-10-33 1432 1640 6770 2.36 5.39 0.26 1.96 0.05 1.15 DC

G-15-0-33 845 6880 — 3.34 4.31 0.62 1.73 0.00 0.91 DC

G-15-10-33 897 5160 4420 2.82 4.15 0.53 1.26 0.00 0.47 DC

G-20-0-33 1042 6730 — 2.65 3.84 0.70 1.33 0.00 0.00* SP/DC

G-20-13-33 1062 7210 6030 2.87 4.55 1.07 2.05 0.36 1.13 DC

B

S-15-10-66 826 2400 14,010 2.40 5.99 0.37 2.71 0.07 1.08 TY/FC

G-15-0-66 656 10,840 — 3.57 5.90 1.78 3.29 0.00 0.00* SP/DC

G-15-10-66 736 8580 13,870 3.46 6.56 1.18 2.39 0.50 1.37 FC

G-20-0-66 509 6540 — 3.13 3.81 1.21 1.62 0.00 0.00* SP

G-20-13-66 854 7660 6850 3.34 6.37 1.09 2.20 0.33 1.30 SP/FC

*Specimens in which failure occurred immediately following first diagonal strut crack.

Note: V is ultimate capacity of corbel; εt is strain in main tie reinforcement; εs is strain in secondary reinforcement; Δ is deflection; wcr-flex is flexural crack width; wcr-strut is diagonal 
strut crack width; DC is diagonal-compression failure; SP is diagonal splitting failure; TY is tie-yielding failure; FC is flexural-compression failure. Quantitative results are 
provided at corbel service load (Serv.) and ultimate load (Ult.). 1 kN = 0.2248 kip; 1 mm = 0.0394 in.

Fig. 12—Load capacity-shear span-depth ratio relationship.



243ACI Structural Journal/May 2024

2. Schlaich, J.; Schäfer, K.; and Jennewein, M., “Toward a Consistent 
Design of Structural Concrete,” PCI Journal, V. 32, No. 3, May-June 1987, 
pp. 74-150. doi: 10.15554/pcij.05011987.74.150

3. Fattuhi, N. I., “Strength of SFRC Corbels Subjected to Vertical 
Load,” Journal of Structural Engineering, ASCE, V. 116, No. 3, Mar. 1990, 
pp. 701-718. doi: 10.1061/(ASCE)0733-9445(1990)116:3(701)

4. Dawood, A. A.; Kadhum, A. K.; and Abdul-Razzaq, K. S., “Strength 
of Reinforced Concrete Corbels – A Parametric Study,” International 
Journal of Civil Engineering and Technology (IJCIET), V. 9, No. 11, Nov. 
2018, pp. 2274-2288.

5. Kriz, L. B., and Raths, C. H., “Connections in Precast Concrete Struc-
tures–Strength of Corbels,” PCI Journal, V. 10, No. 1, Feb. 1965, pp. 16-61. 
doi: 10.15554/pcij.02011965.16.61

6. Solanki, H., and Sabnis, G. M., “Reinforced Concrete Corbels  — 
Simplified,” ACI Structural Journal, V. 84, No. 5, Sept.-Oct. 1987, 
pp. 428-432.

7. Campione, G.; La Mendola, L.; and Mangiavillano, M. L., “Steel 
Fiber-Reinforced Concrete Corbels: Experimental Behavior and Shear 
Strength Prediction,” ACI Structural Journal, V. 104, No. 5, Sept.-Oct. 
2007, pp. 570-579.

8. Abu-Obaida, A.; El-Ariss, B.; and El-Maaddawy, T., “Behavior of 
Short-Span Concrete Members Internally Reinforced with Glass Fiber- 
Reinforced Polymer Bars,” Journal of Composites for Construction, ASCE, 
V. 22, No. 5, Oct. 2018, p. 04018038.

9. Jeremic, N., and Sheikh, S. A., “Performance of Glass Fiber- 
Reinforced Polymer Bent Bars,” ACI Structural Journal, V. 118, No. 2, 
Mar. 2021, pp. 273-285.

10. Johal, K. S., “Investigation of Creep Rupture Phenomenon in Glass 
Fibre Reinforced Polymer (GFRP) Stirrups,” master’s thesis, University of 
Toronto, Toronto, ON, Canada, 2016, 146 pp.

11. Vint, L., and Sheikh, S., “Investigation of Bond Properties of Alter-
nate Anchorage Schemes for Glass Fiber-Reinforced Polymer Bars,” ACI 
Structural Journal, V. 112, No. 1, Jan.-Feb. 2015, pp. 59-68.

12. Yang, J.-M.; Lee, J.-H.; Yoon, Y.-S.; Cook, W. D.; and Mitchell, D., 
“Influence of Steel Fibers and Headed Bars on the Serviceability of 
High-Strength Concrete Corbels,” Journal of Structural Engineering, 
ASCE, V. 138, No. 1, Jan. 2012, pp. 123-129. doi: 10.1061/(ASCE)
ST.1943-541X.0000427

13. Mohamed, A. M.; Mahmoud, K.; and El-Salakawy, E. F., “Behavior of 
Simply Supported and Continuous Concrete Deep Beams Reinforced with 
GFRP Bars,” Journal of Composites for Construction, ASCE, V. 24, No. 4, 
Aug. 2020, p. 04020032. doi: 10.1061/(ASCE)CC.1943-5614.0001039

14. Benmokrane, B.; Mohamed, H. M.; Manalo, A.; and Cousin, P., 
“Evaluation of Physical and Durability Characteristics of New Headed 

Glass Fiber–Reinforced Polymer Bars for Concrete Structures,” Journal of 
Composites for Construction, ASCE, V. 21, No. 2, Apr. 2017, p. 04016081.

15. Johnson, D. T., and Sheikh, S. A., “Performance of Bent Stirrup and 
Headed Glass Fibre Reinforced Polymer Bars in Concrete Structures,” 
Canadian Journal of Civil Engineering, V. 40, No. 11, Nov. 2013, pp. 1082-
1090. doi: 10.1139/cjce-2012-0522

16. ACI Committee 440, “Building Code Requirements for Structural 
Concrete Reinforced with Glass Fiber-Reinforced Polymer (GFRP) Bars—
Code and Commentary (ACI CODE-440.11-22),” American Concrete Insti-
tute, Farmington Hills, MI, 2022, 260 pp.

17. CSA S806:12 (R2021), “Design and Construction of Building Struc-
tures with Fibre-Reinforced Polymers,” CSA Group, Toronto, ON, Canada, 
2021, 201 pp.

18. CSA S6:19, “Canadian Highway Bridge Design Code,” CSA Group, 
Toronto, ON, Canada, 2019, 1182 pp.

19. CSA A23.3:19, “Design of Concrete Structures,” CSA Group, 
Toronto, ON, Canada, 2019, 301 pp.

20. ACI Committee 318, “Building Code Requirements for Structural 
Concrete (ACI 318-19) and Commentary (ACI 318R-19) (Reapproved 
2022),” American Concrete Institute, Farmington Hills, MI, 2019, 624 pp.

21. CSA A23.1:19/CSA A23.2:19, “Concrete Materials and Methods of 
Concrete Construction/Test Methods and Standard Practices for Concrete,” 
CSA Group, Toronto, ON, Canada, 2019, 882 pp.

22. CSA S807:19, “Specification for Fibre-Reinforced Polymers,” CSA 
Group, Toronto, ON, Canada, 2019, 67 pp.

23. ACI Committee 440, “Guide Test Methods for Fiber-Reinforced 
Polymer (FRP) Composites for Reinforcing or Strengthening Concrete and 
Masonry Structures (ACI 440.3R-12),” American Concrete Institute, Farm-
ington Hills, MI, 2012, 23 pp.

24. ASTM D570-22, “Standard Test Method for Water Absorption of 
Plastics,” ASTM International, West Conshohocken, PA, 2022, 4 pp.

25. ASTM D2584-18, “Standard Test Method for Ignition Loss of Cured 
Reinforced Resins,” ASTM International, West Conshohocken, PA, 2018, 
3 pp.

26. ASTM D3418-21, “Standard Test Method for Transition Tempera-
tures and Enthalpies of Fusion and Crystallization of Polymers by Differen-
tial Scanning Calorimetry,” ASTM International, West Conshohocken, PA, 
2021, 8 pp.

27. ASTM D5117-17, “Standard Test Method for Dye Penetration of 
Solid Fiberglass Reinforced Pultruded Stock,” ASTM International, West 
Conshohocken, PA, 2017, 4 pp.

28. CSA W59-18 (R2023), “Welded Steel Construction,” CSA Group, 
Toronto, ON, Canada, 2018, 549 pp.



ARE YOU A RESEARCHER?
SIGN UP FOR  TODAY!

ORCID provides a digital identifier that distinguishes you from every other researcher 
and, through integration in key research workflows such as manuscript and grant 

submission, supports automated linkages between you and your professional 
activities, ensuring that your work is recognized.

ORCID services are FREE and it’s as easy as 1-2-3.

1

2

3

Register

Use your ORCID ID

Share

WWW.ORCID.ORG



from ACI
An ACI Technical Publication 

SYMPOSIUM VOLUME

S
P-

34
5

Materials, Analysis, Structural Design 
and Applications of Textile Reinforced 
Concrete/Fabric Reinforced 
Cementitious Matrix 

Editors: 
Barzin Mobasher and Flávio de Andrade Silva

+1.248.848.3700 • www.concrete.org

N
EWSymposium

Publications

SP-346: Field Applications of  
Non-Conventional Reinforcing and 
Strengthening Methods for Bridges  
and Structures

A sustainable built environment requires a 
comprehensive process from material selection 
through to reliable management. Although 
traditional materials and methods still dominate the 
design and construction of our civil infrastructure, 
nonconventional reinforcing and strengthening 
methods for concrete bridges and structures can 
address the functional and economic challenges 
facing modern society. 

Available in PDF format: $69.50
(FREE to ACI members) 

An ACI Technical Publication 

SYMPOSIUM VOLUME

S
P-

34
6

Field Applications of Non-Conventional 
Reinforcing and Strengthening Methods 
for Bridges and Structures

Editors: 
Yail J. Kim, Steven Nolan, and Antonio Nanni

SP-345: Materials, Analysis, Structural 
Design and Applications of Textile 
Reinforced Concrete/Fabric Reinforced 
Cementitious Matrix

Several state-of-the-art sessions on textile-
reinforced concrete/fabric-reinforced 
cementitious matrix (TRC/FRCM) were organized 
by ACI Committee 549 in collaboration with 
RILEM TC MCC during the ACI Fall 2019 
Convention in Cincinnati, OH, and the ACI 
Virtual Technical Presentations in June 2020. The 
forum provided a unique opportunity to collect 
information and present knowledge in the field 
of TRC and FRCM as sustainable construction 
materials. 

Available in PDF format: $69.50
(FREE to ACI members) 



246 ACI Structural Journal/May 2024

NOTES:

from ACI

+1.248.848.3700 • www.concrete.org

N
EWSymposium

Publications

SP-348: Foundations for Dynamic 
Equipment

This special publication grew out of the Technical 
Session titled “Application of ACI 351-C Report on 
Dynamic Foundations,” held at the ACI Spring 2019 
Convention in Québec City, Québec. Following this 
event, ACI Committee 351 decided to undertake 
a special publication with contributions from 
those session participants willing to develop their 
presentations into full-length papers. Three papers 
included in the current publication were contributed 
by these presenters and their coauthors, with six 
additional papers provided by others.

Available in PDF format: $69.50
(ACI members: $39.00) ($30.50 savings)

SP-347: Recent Developments in High 
Strain Rate Mechanics and Impact 
Behavior of Concrete

This Symposium Volume reports on the latest 
developments in the field of high-strain-rate 
mechanics and behavior of concrete subject to 
impact loads. This effort supports the mission of 
ACI Committee 370, Blast and Impact Load Effects, 
to develop and disseminate information on the 
design of concrete structures subjected to impact, 
as well as blast and other short-duration dynamic 
loads. 

Available in PDF format: $69.50
(ACI members: $39.00) ($30.50 savings)



247ACI Structural Journal/May 2024

NOTES:



248 ACI Structural Journal/May 2024

NOTES:



ACI
STRUCTURAL
J O U R N A L

J O U R N

The American Concrete Institute (ACI) is a leading authority and 
resource worldwide for the development and distribution of 
consensus-based standards and technical resources, educational 
programs, and certifications for individuals and organizations involved 
in concrete design, construction, and materials, who share  
a commitment to pursuing the best use of concrete.

Individuals interested in the activities of ACI are encouraged to 
explore the ACI website for membership opportunities, committee 
activities, and a wide variety of concrete resources. As a volunteer 
member-driven organization, ACI invites partnerships and welcomes 
all concrete professionals who wish to be part of a respected, 
connected, social group that provides an opportunity for professional 
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